25.

Fisica Quantica (2009-2010)

Na mecanica quantica, a barreira de potencial é um exercicio modelo para
estudar o fenomeno de tunelamento quantico, ou efeito tunel. A barreira de
potencial numa dimensao tem a seguinte forma (V4 > 0):

0 para =<0
V(z) = Vo para 0<z<a
0 para = >a

Portanto, para resolver a equacao de Schrodinger é preciso considerar as trés
regioes em separado e depois aplicar condicoes de fronteira paraz =0e z = a
de tal forma que a funcao da onda e a sua primeira derivada sejam continuas.

n2k2 n2k?

Mostre que a funcao da onda para ' = 54 = Vo + o

> Vj, dada por

A, etk | A,e—1hoT para x <0
Y(z) = Btk | Bge_iklglj para 0<z<a
Otk 4 ¢~ ikow para T > a
A,, B,, C., Ay, By e Cy constantes, é uma solucao da equacao de Schrodinger.

Mostre que as condicoes de fronteira, dadas por

ay
dx

w10 =%t

Ya L 0)=d(x10) e -

resultam nas seguintas equacoes:

A +A, =B, +B, e ik (Ar — Ag) =ik (BT — Bg)

Mostre que as condicoes de fronteira, dadas por

ay
dx

@lay=L@ra) |

Y la)=d(xTa) e =

resultam nas seguintas equacoes:

Breik;la 4 Bze—ikla _ Creikoa + Cee—ikoa

Z’kl <Br€ik1a _ Bge_ikla) _ Zk() (Creikoa . Cee—ik0a>

Solution:



We first consider two solutions, v; and vy with eigenenergies £ = E; = FE,, of the general
Schrodinger equation Hvy = FE1. It should, in particular, be noticed that the linear combination
A1 4+ Astbe is another solution of the Schrodinger equation Hiy = FEi), since

H {App1 + Agtpo} = ALHYy + AgHpy =

= A1 E1y + As Bty = A1Ey + AsEpy = E{A191 + Asihe}

a. For x < 0 and = > a the potential vanishes (V' (z) = 0). Hence the Schrédinger equation to be
solved reads

n? 2

 2m da?

() = Ey(x)

Now, for ¢?R07 and ¢~ 0% we have

d2 . .
e eizkoa: _ _kg eizkoa:

We obtain then in the Schrodinger equation

k3
2m

The lefthand side is a positive number and for the righthand side we are informed that £ > V > 0,
which is also a positive number. Hence, kj is a normal real number.
ikol‘ —Z]{Z()I

Furthermore, since e and e are eigensolutions of the Schrédinger equation for the same

eigenenergy E, any linear combination, like A,etf0T 4,6~ 0T and O, etho 1 0e=hoT  are
automatically also solutions.

For 0 < x < a one has V(z) = Vi > 0. Hence the Schrédinger equation to be solved reads

h* d?
o n? Y(x) + Vo (z) = E(x)

Now, for eR1T and e R1T e have

d2 . .
— eizkla: _ —kf eizkla:

We obtain then in the Schrodinger equation

n’k?

2m

—E-V

The lefthand side is a positive number and for the righthand side we are informed that £ > V4,

hence E — Vj is also a positive number and so k; is a normal real number.

ik x and e—zkla:

Furthermore, since e are eigensolutions of the Schrodinger equation for the same

eigenenergy E, any linear combination B,e®¥1% 1 B,e~R17 i automatically also a solution.




b. The wave function below x = 0 equals
P(r <0) = Ayethot o g e~ ikox

At x = 0 we obtain . .
W(x 1 0) = Akl 4 4,070 — 4 4 4,

The wave function just above z = 0 equals
(x> 0) = B,neiklx + Bge_iklgc

At z = 0 we obtain ‘ _
Uz ] 0) = Bet?0 4 g~V p 4 p,

For the boundary condition ¢ (x | 0) = ¢ (x T 0) we obtain thus
B+ B =1z L 0) =¢(xT0) = A + A

The derivative of the wave function below x = 0 equals

d s
¢(x < 0) =ikoA, kot _ 1koAge ikox

dx
At z = 0 we obtain
dy :
I —(z 10) =ikoA, — ikoA,
The derivative of the wave function just above z = 0 equals
d _
d¢(x > 0) =ik B, eh1T _ ik1Bye i1z
x
At z = 0 we obtain
dr) .
T —(z | 0) =ik B, — ik By
For the boundary condition dw —(z ] 0) = dqxﬂ (x 1 0) we obtain thus
d d
iler — ileg = %([B l 0) = %([B T 0) = ik‘oAT — ikoA[

Note the following property.
A2+ A = A AL+ AAL =

%MAWA@+&£+&@+A£ AAD — AAT + AAT)
1
=5 {(Ar + Ap) (A7 + A7) + (A, — Ap) (A7 — A))}
1 " .
=3 {(Ar + Ag) (A + Ag)" + (A — Ag) (A — Ag)"}
1 . ki kq
= — (BT + Bg) (BT + Bg) (B Bg) (B Bg)
2 ko ko
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c. The wave function just below x = a equals
U(r <a)= B,etf1® 4 Bge_iklx

At © = a we obtain ‘ ‘
(a1 a) = BeMa 4 Bt

The wave function above z = a equals
(x> a)= Creikox + Cge_ikox

At © = a we obtain , ,
(x| a)= Crelkoa + Cge_lkoa

For the boundary condition ¢ (x | a) = ¢(x T a) we obtain thus

Orel'ko& 4 Oee—l'koa _ Breikl& 4 Bee—ikla

The derivative of the wave function just below x = a equals

d . .
d—¢( <a)= iki B,e"™1T _ ik, By~ 1T
T

At x = a we obtain

d . .
—¢( Ta)= ilereZkl& — ilege_Zkl&

dx
The derivative of the wave function above = = a equals
d . .
d—i( >a) = ikoC,nelkOx — ikoCre ikox
At x = a we obtain
dip

T(@la)= iko etk _ ko e~ 1hoa
s

For the boundary condition %(1’ la)= %(1’ T a) we obtain thus

kO cth0a _ i cue—ikoa _ g p cikia g p ~ikia

Note the following property.

{(BT +Bo) (Br + By)” + a (B, — By) b (B, — Be)*} B

A2+ A =
| A"+ A ko ko

N | —



k k
{(Br + Be) (B + Bj) + 1 (By = Br) 1~ (B} — BZ)}
0 0

N —

=3 {(Brezkla —|—Bge_lk1a> (B:e_lklajLBZeZkla) i

+ﬁ (Breikla o Bze—ik1a> E (B:e—ikla o B;@ikla>
]{?0 kO

5 {(BreZkla—i—Bge_Zkla) (BreZklajLBge_Zkla) 4

_i_ﬁ (Breikla _ Bge_ik1a> E (Breikla _ Bze—ikch)*}
ko kO

+ <Cr6ik0a o Cze—l'koa) <Creik0a - Cze—ik0a>*}

{(C, +C) (Cr +C)" + (G = Cp) (Cr, = Co)"}

DN —

= |C* + |Gl

Hence the sum of the intensities of the right moving (r) and left moving (¢) modes are the same,
left, |A,|> + |A,” and right |C,.|> + |Cy|” of the barrier.



26. Considere a barreira de potencial numa dimensao do exercicio (25).

n2kg _
2m

a Mostre que a funcao de onda para F = Vo, dada por

A ethot  A,e—ikow para x <0
W(x) = By + Byr para 0<z<a
Cethot 1 e~ hoT para > a
A,, By, C., Ay, By e Cy constantes, é uma solucao da equacao de Schrodinger.

b Mostre que as condicgoes fronteiras, dadas por

ay
dx

w10 =%t

YL 0)=d(z10) e =

resultam nas seguintas equacoes:

AT + Ag = Bl e Z]{Z() (Ar — Ag) = BQ

C Mostre que as condigoes fronteiras, dadas por
_ dip _dy
bala=v(la) e —(wla)=""(ala)

resultam nas seguintas equacoes:

B + Bya = Creikoa + Cge_ikoa
B, = iky (aé’fo@ — cge—“%@)

Solution:

a. The cases © < 0 and x > a are identical to the corresponding cases of problem (25). So, here
we concentrate on the case 0 < x < a. For F =V the Schrodinger equation to be solved reads

n o d?
o 42 ()= (£ —=W)¢()=0
This equation has two independent solutions

(x) = constant and P(z) =z
Hence, the linear combination (B, By constants)

w(.fﬂ) = Bl + BQ.CE s

is a general solution of the Schrodinger equation in the interval 0 < x < a when E =V, > 0.



b and c. Most of the work is already done in problem (25). Here we concentrate on the solution
in the interval 0 < z < a. We observe

Y ]0) = B
v(xTa) = B+ Ba
%(x 10) = B
dvy B
%(x Ta) = B

b. For the boundary condition ¢(x | 0) = ¢(x 1 0) we obtain then

Bi=t(x]0)=v(@10)=A4 +4

whereas, for the boundary condition %(1’ 10)= %(1’ 1 0) we find now
d d . :
By = %(.T 10)= d—iﬁ(x 10) =ikoA, —ikoAs

c. Similarly, for the boundary condition (x| a) = ¢(z T a) we obtain
Creikoa + Cge_ikoa = By + Bya

whereas, for the boundary condition %(1’ la)= %(.T 1 a) we find

ikoCetFo@ _ i 0,00t —



27. Considere a barreira de potencial numa dimensao do exercicio (25).

3 h2k2 h2K?
a Mostre que a fungao da onda para 0 < E = o = Vo~ o

< Vp dada por
Areikox + Age_ikox para z < 0
Y(r) = B,e "M% 4+ BeMT para 0<z<a
C etkot o ¢ e~ tkox para T > a
A,, B,, C., Ay, By e Cy constantes, é uma solucao da equacao de Schrodinger.

b Mostre que as condicoes de fronteira, dadas por

ay
dx

w10 =%t

Ya L 0)=d(z10) e -

resultam nas seguintas equacoes:

Ar + Ag = BT + Bg (S Zl{io (Ar - Ag) = —K1 (BT — Bg)

C Mostre que as condicoes de fronteira, dadas por
_ dip _dy
bala=v(ela) e —(wla)=""(ala)

resultam nas seguintas equacoes:

Bre—/ﬁa + Bee/ﬁa _ Creikoa + Cee—ikoa

1K (Bre_/il& _ Beel“lea) — Zko (Creikoa . Oge_ikoa)

Solution:

a. The cases © < 0 and x > a are identical to the corresponding cases of problem (25). So, here
we concentrate on the case 0 < x < a. For 0 < E < V, the Schrodinger equation to be solved
reads
n? o d?
——¥(@) = (B - Vo) () = — (Vo — E) ¢(2)

 2m da?
Note here that Vy — E > 0 when 0 < £ < V4.

2,2
This equation has two independent solutions (With hiky Vo — E)

2m

Y(x) =e MY and Y(z) =M
Hence, the linear combination (B,, By constants)
Y(z) = Bye” M1 4 Bt
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is a general solution of the Schrodinger equation in the interval 0 < x < a when 0 < E < Vj.

b and c. Most of the work is already done in problem (25). Here we concentrate on the solution
in the interval 0 < z < a. We observe

(x| 0) = B, + By

Y(xTa) = Bre M4 4 BeM?

d

d—i(x 10) = —kiB, +r1By

d —

d—f(x Ta) = —rBee M4 g B¢

b. For the boundary condition ¢(x | 0) = ¢(x 1 0) we obtain then

B+ Bi=t¢(x | 0)=¢10)=A+A ,
L Y
whereas, for the boundary condition %(1’ 10)= %(1’ 1 0) we find now

d d . .
—Kk1 B, + k1 By = %(1’ 10)= %(1’ 10) =ikoA, —ikoA,

c. Similarly, for the boundary condition (x| a) = ¢(z T a) we obtain

Crel.k’oa_‘_cze—ikoa _ Bre—lila_i_BeeIila 7

whereas, for the boundary condition %(9& la)= ill_x(x 1 a) we find

ikOCreZkoa — iknge_Zkoa = —r1Be M 4 i, B

Note, that all the above could have been obtained by substituting k; of problem (25) by ix;. This
follows from

h2k2 h2 K2
L_FE-V, and —1

2m m

=V,— F

The lefthand expression is positive for £ > V > 0 (problem 25), whereas the righthand expression
is positive for 0 < E < Vj (the present problem).



28.

Considere mais uma vez a barreira de potencial numa dimensao do exercicio
(25). Pretendemos agora estudar uma onda que vem de z = —o0 e que se
desloca no sentido positivo. A onda é suposta ser reflectida em parte (em
x = 0) e na outra parte ser transmitida (em x = a) pela barreira de potencial.

21.2
Esta situacao é representada por uma funcao de onda para F = %Q =
R2k?
Vo + 550 > Vo, dada por
kot o= R0T  para 2 < 0
Y(z) = Breiklx + Bge_iklx para 0<z<a

tetko para z>a

idéntica a fungao de onda do exercicio (25), mas com A, = 1, Ay = r (co-
eficiente de reflexdo), C, = t (coeficiente de transmissao) e C; = 0 (nao hd
sinal que se propague no sentido negativo para x > a, mas apenas um sinal
transmitido que se propaga no sentido pdsitivo).

Usando as condigoes

A+ Ag=B,+ B, , iko(A, — A)) =ik (B, — By)

Breik;la 4 Bze—ikla _ Creikoa + Cee—ikoa

iky <Br6ik1& _ Bee—ikl&) = ik, <Creik0a . Og@—il%a)
obtidas no exercicio (25), mostre que

k .
(14 r)cos (kia) + k—o(l —r)isin (ka) = t etkoa
1

1

1ky {(1 + r)isin (kja) + %(1 — 1) COS (kla)} = ik (t eikoa)

Mostre que
(k2 — k})sin (kya)
r= )
(k¢ + k3) sin (k1a) + 2ikoky cos (k)
e
2koky {sin (koa) + i cos (koa)}
t =

(kg + k3) sin (k1a) + 2ikoky cos (kia)

10



¢ A intensidade relativa T' do sinal transmitido é igual ao quadrado do mdédulo
da coeficiente de transmissao t. Mostre que

1

Vg 02
m S1n (kla/)

T(E >V, >0) = e TH+HR=tf+ =1 .

1+

d O caso 0 < F < Vi obtém-se da alinea c através da substituicao ky — ikq.
Mostre que

1

TO< E<Vy) = 72

1+ WO—FJ) SiIlh2 (/ﬁa)

Solution:

Here, we consider
A=1 , Ay=r , C.=t and C,=0

A, is the amplitude for exp (ikox) which represents a wave coming from x = —oo and moving to
the right (subscript r) towards x = +o00. At the barrier (z = 0) part of the wave is reflected,
represented by exp (—ikox) (with amplitude A, = r), moving back to the left (subscript £) towards

r = —0OQ.

Similarly, C, = t is the amplitude for exp (ikox) which represents the part of the wave which passes
(amplitude ¢ for transmission) through the barrier (x > a) and moves to the right (subscript r)
towards = 400. No wave is supposed to come from z = 400 moving towards the barrier.

Consequently, the amplitude for exp (—ikoz) is supposed to be zero for x > a, i.e. C, = 0.

The equations for the amplitudes in problem (25) reduce to
1+r = B, + B
iko(L—1r) = ik (B, — By)
Breikla + Bge_ikla _ 4 ctkoa
ik, (Breikla B Bge_ikch) — ik (t 6ik0a>
a. Using (1) and (2), we express B, and By in the amplitudes r and t.

1 k 1
Br = 5{1"‘7"“—]{—?(1—7“)}:2—]{1 (ko+k1)-(]€0-]€1)7"}

1 ko 1
By, = 5{1+r—k—1(1—7“)}—2—k1 — (ko= k1) + (ko + k1) 7}

whereas, from Egs. (3) and (4) we obtain
(ko — k1) Boe™1% 4 (ko + ky) Bre ™10 —

11



Hence, by substitution

(ko — k) {(ko + k) = (ko — k1) 7} M1 4 (ko + k) {= (ko — ko) o+ (ko ) 1y e M1 =0
or
{(ko — k)’ etha _ (ko + k1) e_ikla} r= (kg - k%) {eikla - e_ikla} = (kg - kf) 2isin (kya) .

Which gives
(k2 — k?) 2isin (kya)

T =

(ko — kl)Q eikla - (ko + kl)Q G_ikla

From this expression we may determine expressions for B, and By.

leBTeikla = {(ko + k1) — (ko — k1) 1} ethia _

(kg . kf) {ez’kla . e—ikla}

= (ko + k1) €F19 — (ko — ky) ethra

(ko — kn)? eF10 — (kg 4 ky)? e~ iR00

(ko + 1) (ko — k1) €2M18 — (kg + ky) (ko + ka)* — (ko — kr) (k2 — k3) {210 — 1}

(ko — k1)? €M1 — (ko + ky)? e~ a0

(ko + k1) (Ko — kr)* €210 — (kg + ka)* — (ko + K1) (ko — ka)* {27R10 — 1}

(ko — k1)? 10 — (kg + k)2 e h1a

— (ko + k1)” + (ko + k1) (ko — k1)”

(ko — k)2 etF10 — (ky + k)2 e~ Th10

—4 (ko + k1) koky

(ko — k)2 etF10 — (ky + )2 e~ TRra

and similarly

2k13€€_ik1a ={— (ko — k1) + (ko + k1) r} e~ tkia _

. (kg . kf) eikla . e—ikla .
= — (ko — kl) 6_2k1a + (ko + ]{31) { } 6_2k1a

(ko — k)2 etF10 — (ko + )2 e~ TR10

_ (ko — ]{51)3 —+ (ko — ]{}1) (ko + k1)2 6—22'/{;1@ + (kO + kl)Q (kO . kl) {1 o 6—22.1516!}

(ko — ky)? etF10 — (g + k)2 e~ Ph10

— (ko — k1)* + (ko + k1)* (ko — ky)

(ko — kn)? eF10 — (kg 4 ky)? e~ iR00

12



4 (ko — ky) koky

(ko — k1) €F10 — (kg + ky)? R0
Furthermore, from relation (3) we have
2yt etK00 — 2k, B,eh10 1 9k, B R0 —
—4 (ko + k1) koky 4 (ko — ky) koky

= : —— + : :
(ko — k1)2eF10 — (kg + k)2 e R0 (kg — k)2 etF1@ — (kg + )2 e~ PR10

—8koh?

(ko — k)2 etF10 — (K + )2 e~ TR1a

Hence, .
—4k0]€16_lk0a
t =

(ko — k1) €F10 — (kg + ky)? e~ thaa

b. We determine

(ko — k1)? €1 — (kg + ky)? e7R10 =

= (K2 + K2 — 2koky) €1 — (K2 4 k2 + 2koky ) e~ K10
_ (kg i k%) {61'/{:1@ . e—ikla} — ok {eikla 4 e—ikla}

= 2i (kg + k7 ) sin (kya) — 4koky cos (kra)

Consequently,
(k2 — k%) 2isin (k)
b 2i (k2 + k%) sin (kya) — 4koky cos (kya)
(k2 — k?)sin (kya)
B (kg + k) sin (k1a) + 2ikoky cos (k1a) ’
and
—dkok e~ hoa
t =

2i (k2 + k?) sin (kya) — 4koky cos (kia)

Qikokle_ikoa

(kg + k) sin (k1a) + 2ikoky cos (k1a)

13



c. The intensity 7" of the transmitted signal is obtained from the transmission amplitude by
Kok

T =t =

k2k? cos? (kia) + zle (k2 + k2)° sin® (kia)

k2K 1

= 2 . 2 1.2)\2
k3RS + 4 (K8 — k) sin® (kaa) 14 (B BD™ 2 o
4k2k?
1

1+ Ve sin? (kya)
4E(E - Vo) '

This formula works also for the other cases as we will see below.

But, first let us determine the intensity of the reflected signal R = |7"\2.

We obtained before
(k2 — k?) sin (kya)

r =
(k& + k3) sin (kya) + 2ikoky cos (kra)

This can also be written in the form

—& (k2 — k3) sin (k1a)

T =

k’okl COS (]{316L> — % (l{?g + k%) sin (k;la)

Consequently R takes the form

1 /72 N2 . 2
, 7 (kg — k7)"sin® (k1a)

k2k? cos? (kia) + le (k2 + k2)? sin® (kya)

If we add this expression to

kokt
T= ;
k3k? cos? (kia) + % (k2 + k2)? sin® (kia)
then we obtain
k2k? + le (k2 — k2)? sin? (kya) k3k? cos® (kia) + le (k2 + k2)? sin® (kya)
RAT = _ _q

k2k? cos? (kia) + % (k2 + k2)° sin® (kja)  k2k2 cos? (kia) + % (k2 + k2)* sin® (kia)

14



The sum of the intensities of the reflected and the transmitted signals, R + T, equals the initial
intensity |A4,]* = 1.

d. For 0 < E <V}, we just perform the substitution k; — ix; and also observe

sin (i) = 5 (e —e ) = i sinh(z)
We obtain
1 1
T — =
V2 -, V2 -
1 — m Slnh (/‘ila) 1 + m Slnh (/‘ila,)

For the case F = V|, we take the limit k; | 0.

2 2 . 2
(k2 — k) sin? (kya) = (k2 — k3)” a? (sm (k:m)) -~ kia? _ mVya?
4k2 K3 4k32 kia koo 4 2h*

Consequently,

1

T pu—
14 mVpa?
2h°

In figure 1 we show how the transmission 7" develops with the energy E of the initial wave.

T |
0.8+

0.6+

0.4+

0.2

Figure 1: A typical curve for the development of the transmission 7" when E is varried. For 0 < E <V}
we observe that some signal passes the barrier (T' > 0). That is the phenomenon of quantum tunneling.
The green line indicates the classical situation: Zero transmission untill the energy is large enough. For
large enough energy (E > V}) the transmission is 100%.
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