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Chapter 1

Fluid flow patterns in two
dimensions.

Although in principle restricted to the flow of incompressible fluids in cases where
the Reynolds number is large, the subject to be studied in this chapter has also
given an important contribution to the development of the shape of objects which
move with high velocities in air or water. Consequently, the subject can be found
in the literature under the alternative names: Hydrodynamics, Fluid Dynamics and
Aerodynamics.

In this chapter we consider non-viscous or frictionless fluids and furthermore we
only study flow patterns in two dimensions. The basic formulas will not be derived
here with great rigor, but are introduced following an intuitive approach. At first we
will introduce the stream function, the velocity potential and the complex potential
for the study of flow patterns in two dimensions. Then we enter the subject of
forces and moments excerted on obstacles emersed in a fluid flow. At that stage we
introduce the law of Bernoulli for the relation between pressure and velocity in a
fluid flow. Moreover subjects like analytic functions and complex contour integration
will then be discussed. At the end of the chapter we give some practical applications
of the theory for objects moving in air.

1.1 The equation of motion.

The quantities which represent the state of a fluid (liquid or gas) are its density (p)
and its velocity (7). The density can differ from place to place and thus is a function
of the position vector, 7. Moreover, the density of a fluid at a given position can
change with time. Consequently, the density is also a function of time, ¢. In general
is the density p of a fluid represented by a function of position and time, according
to:

p=p(1). (1.1)

The motion of a fluid can be characterized in each point of space by a definite
direction, represented by a vector (j), which in general might also be a function of
time, i.e.:



j=7(71). (1.2)

This vector is called the current of the fluid flow. Its length | j | indicates the
amount of fluid passing per unit of time through a unit surface perpendicular to the
direction of the current.

It might be clear that there must exist a relation between the change in time of
the density p at a given position 7" and the behavior of the current 7 in the vicinity
of that position. When, for example, in a small domain the current vectors are all
directed outward, then this indicates that the density at the position of this domain
must decrease in time. Now, the amount of fluid which flows away from a given
position is represented by the divergence of the current (V j), whereas the decrease
in density is given by minus its derivative in time (—0dp/0t). The related equation

is the continuity equation, given by:

9 B}
0.0+ V- J(71) = 0. (1.3)

Later on we will discuss a more elegant derivation of this equation.

For incompressible fluids the density is constant in space and independent of
time. In that case the continuity equation (1.3) reduces to the following differential
equation:

V67 1) = 0, (1.4)

where ¥(7, t) represents the velocity of the fluid at a certain position at a certain
time. In the following we concentrate on incompressible fluids.

1.2 Examples of flow patterns in two dimensions.

In this and the following sections we concentrate on fluids for which the velocity
pattern does not depend on one of the space dimensions (for example the vertical
direction in the case a stream of water). The two remaining space directions will be
indicated by z and y. In the case of incompressible fluids the equation of motion
(1.4) reduces then to:

vy (x,y) N Ovy(x,y)
ox dy

Here we ignore the time dependence, since it is not of much relevance because no
derivatives in time appear in (1.5). The above equation (1.5) is the basic equation
of the present chapter.

In general, the space of pairs of functions (v, v,) which form a solution of equation
(1.5) is infinite. Only after imposing a sufficient amount of boundary conditions, a
specific solution can be well determined. Here, however, we will not specify those
boundary conditions, but, with the help of several examples, demonstrate how one
can construct solutions which have certain well defined properties.

A first inspection of equation (1.5) reveals that for any reasonable function ¢ (x, y)
of the two variables x and y, a solution is given by:

= 0. (1.5)
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x x
Lwéy’ v and vy(x,y) = —Ll)éx’ y) (1.6)
For the moment we will not define "reasonable”, but just discuss below some
characteristic examples of fluid flows.
All properties of a given fluid flow can be derived from the knowledge of its related

function ¢ which for that reason is called the stream function.

'Ua;(xay) =

Example 1.

P(z,y) = —wsin(a) + y cos(a). (1.7)
Using relation (1.6), we find in this case for the velocity vector field the expression:
U(z,y) = (va(,y), vy(x,y)) = (cos(a), sin(a)),

which represents a constant unit vector field which makes a fixed angle o with
the horizontal axis. The corresponding situation is shown in the figure below:

y
vz, y)
,y

We observe that this case represents a constant fluid flow in a direction which
makes an angle « with the z-axis or, alternatively, the flow pattern around an
object which moves in the opposite direction ( i.e. towards the left in the above
figure) through a fluid at rest.

The representation of a vector field, like in the figure above, is intended to facilitate
the discovery of the pecularities of such vector field. To each point in space (the
xy-plane in this case) is associated a vector (the velocity at that point in this case).
In the above figure we selected several points to depict the vector which represents
the ”value” of the vector field associated with the stream function ( 1.7), at that
point. For example, the vector value @(x,y) of the field at the point (z,y) has in
the figure the same point (x,y) as its point of application.



Example 2.

Y(z,y) = 2xy. (1.8)

Again using relation (1.6), we find here for the velocity vector field the expression:

ﬁ(m,y) = (vx(aj,y),vy(x,y)) = (21‘, —23/),

which represents a vector field which has different directions in different positions
and of which the absolute values, given by:

| 72, y) |=2y/a* + 2,
also vary with place.

The corresponding situation is shown in the figure below:

VNN
NN
I/ /-
|/

This case represents a fluid flow against a wall. For obvious reasons we have only
shown the velocity vector field in the upper half (z,y) plane.

Notice that the scale for the velocity field differs from the scale for the position
vectors: 1m/s is represented by 1/8 of the unit which represents 1m.

At the point 7 = (z = 0,y = 0) the velocity vanishes. Such point is called a
stagnation point of the fluid flow. In a river it is a place where objects collect which
float in water, such as branches and leafs of trees and plastic material.



Example 3.

W(z,y) = arctg <%> : (1.9)

Another time using relation (1.6), we find here for the velocity vector field the
expression:

o) = (o) v = (5 s ).

2ty
The absolute values of the velocities are inverse proportional to their distances
from the center, i.e.:
[ #(w,9) |=
v(x = —.
MERVEEST

The corresponding situation is shown in the figure below:
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This field represents the flow of a fluid around a source situated in the center of
the coordinate system.

Notice that here the scale for the velocity field is the same as the scale for the
position vectors: 1m/s is represented by the same unit which represents 1m.



Example 4.

(z,y) = %log(al:2 + 9. (1.10)

Once more using relation (1.6), we find here for the velocity vector field and its

absolute values the expressions:

U(SL’,y) = (Ux(xay)avy(ny)) = <£L’2 +y2’ ZL‘2 _|_y2> ’

and
1

| U(x,y) |= N

The corresponding situation is shown in the figure below:

The vector field of this example represents the flow of a fluid around a vortex
which is situated in the origin of the coordinate system.

Notice that also here the scale for the velocity field is the same as the scale for
the position vectors: 1m/s is represented by the same unit which represents 1m.



1.3 Stream lines.

The trajectory of a small object (point particle) which is taken by the stream of a
fluid flow, is described by a curve in the two-dimensional space. Such curve is called

a stream line.
Let us denote the position vector of the object at a given instant, t, by:

r(t) = (x(t),y(1)).

In the figure below we have illustrated of such object its trajectory as well as its
position vectors at various different times (¢, < to < t3):

time

/

At each point (x,y) of this curve, the direction of motion of the object is given by
the local velocity vector ¥(z,y) of the fluid flow. Consequently, the velocity vector
U(x,y) is tangential to the stream line at the position (x,y), as depicted in the figure

below:

stream line




Let us assume that at instant ¢ the position vector is given by 7(¢) and at instant
t+ At by 7(t + At). The components z(t + At) and y(t + At) of the position vector
7(t + At) can be related to the components x(t) and y(t) of the position vector 7(t)
via the following Taylor expansions:

x(t—l—At)::c(t)—i—(d—x >At+---
dt at 1
and
d
y(t+At):y(t)+<—y >At+---.
dt |at ¢

Rewriting the above expressions, one finds the components Az and Ay of the
displacement vector A7 = 7(t + At) — 7(t), i.e.

Aajzaj(t—FAt)—x(t):(d—x >At_|_...
dt ot ¢
and
d
Ay =y(t+At) —y(t) = <d_g; >At+---.
at t

However, the derivative with respect to time of x(t) at the given instant ¢ rep-
resents the z-component v, of the velocity vector at the position (z(t),y(¢)). And
similar for the derivative of y(¢). So, we obtain for the components of the displace-
ment vector Kr, the following expressions:

Az =v,(x,y)At+--- and Ay = v, (z,y)At +---.

In the limit for At — 0, one finds:

d_.%' _ 'Ua;(ajay)
dy @.1) vy(x,y)' (1.11)

In the figure below a geometrical derivation of the above relation (1.11) is shown:
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At each point of the stream line the stream function 1 has a definite value depend-
ing on the position (x,y). Now, because x and y at the stream line are parametrized
by ¢, the stream function becomes at the stream line a function of time according
to:

Its derivative with respect to time is given by:

oy dy| Oy

t 02l (a(t), y(ry) Al O

| _ dv
dt |, dt

(x(t), y(t)

Using the definition (1.6) of the stream function as well as the general definition
of velocity @ = di’/dt one finds:

dip
= v (2 (2), y(t) {—vy(x(8), y(£))} + vy(x(t), y (1)) ve(z(t),y(t)) = 0. (1.12)

The derivative of the stream function with respect to the stream line parameter
time ¢, vanishes. Consequently, the stream function is constant along a stream line.
Or, in other words: Stream Lines are lines which connect points of constant value
for the stream function. Below we show some examples:

11



Example 1.

Y(z,y) = —xsin(a) + y cos(a). (1.13)
The lines which connect points for constant values of v are given by:
Y
=uat
y=wztg(e)+ cos(@)”

which relation represents a set of straight lines, parametrized by v, which all make
a definite angle o with the horizontal axis. The corresponding situation is shown in
the figure below (compare example (1.7)):

R

For the angle between the stream lines and the x-direction in the above example,
tg(a) = 1/3 (o &~ 18.4°) has been chosen. The various stream lines in the figure
correspond to the values —7, —6,---, +6, +7 for 1.

12



Example 2.

Y(z,y) = 2zy. (1.14)

The lines which connect points for constant values of ¢ are given by:

Y

y:%;

which relation represents a set of hyperbolas, parametrized by v, visualizing the
flow of a fluid against a wall (z-axis) as shown in the figure below (compare example

(1.8)):

/ y \
¢ =7 =47
2_
¢ = -5 =45
Y =-3 1 =43
Y =0
| |
-1 0 +1 X
The various stream lines in the figure correspond to the values —8, —6, -+, 4+6, 48

for 1. Notice that the stream function is constant (¢» = 0 in this case) along the
surface of the wall (z-axis). In general, stream lines are smoothly varying functions
of position, except at the stagnation points where two different stream lines intersect
at 90° angles.

13



Example 3.

W(x,y) = arctg(%). (1.15)

The lines which connect points for constant values of v are given by:

y =z tg(v).

This relation represents a set of straight lines starting in the origin under different
angles with the x-axis and which are parametrized by . As is shown in the figure
below, it corresponds to the flow around a source of fluid in the origin (compare
example (1.9)):

=27 =71 =71
y
4_
o= _ p=1
Y= — T T T P =0
-4 i 4 X
—s 1 = 1lm
6 - 6
v="F b= v="F

The various stream lines which are shown in the above figure correspond to the
values 0, 7/12, 27 /12, - - -, 237 /12 for 1.

14



Example 4.

1
v(@y) = 5 log(@® +y°). (1.16)
The lines which connect points for constant values of ¢ are given by:
2® +y* = {exp()}*.

This relation represents a set of circles around the origin with different radii
R = exp(t)) parametrized by . This case corresponds to the fluid flow around a
vortex in the origin (compare example (1.10)):

The stream lines in the above figure correspond to the values -1, 0, 1 and 2 for .
The radii, R, grow exponentially for increasing values of ¢). In the limit ¢y — —o0,
the radius vanishes.

15



Example 5.

P(z,y) ={1— %}{—x sin(a) +ycos(a)}, for z*+y* > R (1.17)

An expression of y in terms of x for the lines which connect points for constant
values of ¢ is rather difficult in this case. However, for some special choices of
coordinates it is reasonably simple to determine the values of :

In the first place we might consider points (x, y) at the circle given by z*+y* = R2.
At those locations we find ¢» = 0. Consequently, the circle with radius R represents a
stream line of the fluid flow. Next we observe that ¢ also vanishes at the (stream)line
given by y = xtg(a). Furthermore, we might notice that for large values of 22 + y?,
the expression (1.17) tends towards the relation (1.13). So, we may expect that at
large distances from the origin the stream lines in the present case tend towards the
stream lines of example 1, (1.13). Finally, it is also relatively easy albeit tedious,
to determine the coordinates of points for definite values of ¢ at the line given by
y = xtg(a+ /2).

Below we show the computer result for a = 0,3 (~ 17,2°) and R = 2:

W

\

.

The above figure corresponds to the flow of a fluid around a circular obstacle.
Notice that the surface of the obstacle itself represents a stream line.

16



Problem 1:
Consider in example ( 1.17) the points at the line given by y = x tg(a + 7/2),
which might be parametrized by:

(z,y) = (=gsin(a), gcos(e) ) , |q|> R.

Show that the point(s) of intersection of this line with the stream line given by
1, is determined by:

R Y — Y2 +4R? | ¢ <0

Verify the above formula, selecting R = 2, for the values ©» = —6, - - -, +6 with the
figure of example ( 1.17).

{w+¢w2+4R2 , v>0 ,and
2q =

1.4 Velocity potential and equipotential lines.

The velocity potential ¢(z,y) is a function of the two variables x and y which is
related to the velocity vector field ¥(z,y) in the following way:
0 0
9 993 (1.18)
oz’ dy

As a consequence of the above definition for the velocity potential ¢ and the
definition (1.6) for the stream function ¢ there exists the following relation between
those two functions:

U(z,y) = Vo = (

op _ oY
oxr Oy

9 _ %

= —— 1.1
oy ox (1.19)

Problem 2:
Verify that the velocity potentials corresponding to the preceding examples (1.13),
(1.14), (1.15), (1.16) and (1.17), are respectively given by:

d(x,y) = xcos(a) + ysin(a), (1.20)
¢($, y) = '7'2 - y27 (121)
Br.y) = 5 log(a® +47), (1.22)

17



o(z,y) = —arctg (%) , (1.23)

and

o(z,y) ={1+ %}{x cos(a) +ysin(a)}, for z*+y* > R? (1.24)

Lines which connect the points of constant velocity potential in the (z,y)-plane
are called wvelocity equipotential lines, or just equipotential lines, and can be found

from the relation:

0:d¢:%d@" + %dy:vmdxikvydy,

ox dy
which leads to the following equation:
dx vy (z,y)
— == . 1.25
dy  vi(2,y) (1.2

When we compare the above formula with the relation given in formula (1.11),
then we find that the tangential directions for respectively a stream line and an
equipotential line in any point of the (x,y)-plane are perpendicular. In some of the
preceding examples it is relatively easy to demonstrate this property:

Problem 3:
Verify that the velocity equipotential lines and stream lines corresponding to the

preceding examples numbered by 1, given in (1.13) and (1.20), by 3, given in (1.15)
and (1.22) and by 4, given in (1.16) and (1.23), are perpendicular in their points of

intersection.

18



Example 2.
For the case of the fluid flow against a wall, (1.14) and (1.21), the lines which
connect points for constant values of ¢ are given by:

y'=a’ - ¢.

The corresponding equipotential lines are shown below.

In the above figure we also show the stream lines in this case. Notice that stream
lines and equipotential lines all intersect under angles of 90°, except in the origin,
i.e. in the stagnation points of this example.

19



Example 5.
For the case of the fluid flow around a circular obstacle, (1.17) (1.24), the lines
which connect points for constant values of ¢ are shown below:

The above figure is the computer result for a = 0,3 (~ 17,2°) and R = 2. We also
show the stream lines in this case. Notice that stream lines and equipotential lines
all intersect under angles of 90°, except in the two stagnation points at the surface
of the obstacle. These latter points are for ( 1.17) given by (R cos(«), Rsin(«)) and
(—Rcos(a), —Rsin(«)), which are just opposite of each other.

20



1.5 The complex potential and analyticity.

Points in two dimensions can be represented by vectors or alternatively by complex
numbers. For example, a point which is characterized by the position vector 7 =
(x,y), can equally well be represented by a complex number, i.e.

z=x+1y.

In the literature one finds the velocity potential ¢ and the stream function
combined into a complex function €2, defined as follows:

Qz=a+1y) = d(x,y) + iv(z,y). (1.26)

This function is called the complezx potential and like the stream function, it con-
tains all information about the system of a two-dimensional steady-state flow of an
incompressible non-viscous fluid.

Problem 4:
Verify that for the five examples ( 1.20 to 1.24), the respective complex potentials
are given by:

Q(z) = ze ', (1.27)

Q(2) = 22, (1.28)
0(2) = log(2), (1.29)
O(z) = ilog(2), (1.30)

and

for |z|>R. (1.31)

In section 1.1 we introduced the stream function ¢ (x,y) as any "reasonable”
function of the two variables x and y. In the following we will specify the term
"reasonable” in more detail.

An important class of complex functions of complex variables is formed by the
class of analytic functions:

A complex function f(z) of the complex variable z, is called analytic in a region
R, of the complex z-plane, if the derivative of the function with respect to z, f'(z),
exists in all points of the region R.

21



The derivative of the complex function f(z) with respect to z, is defined in the
usual way:

Az —0 Az
However, Az = Ax + iAy can be any complex number. One might for instance
select real values for Az, ©.e. Az = Azx. In that case one finds for the derivative
(1.32) the expression:

(1.32)

f'(zzx”y):Aaﬁiﬂoﬂx+m+2_ﬂx+iy) _ Bf(g;iy)

‘y constant '
(1.33)

But one might equally well select Az purely imaginary, i.e. Az = iAy. In that
case one obtains for the derivative (1.32) the following:

A . .
flo—s+iy)= lim flatiy+idy) - fle+iy)  Of(@+iy)
1Ay — 0 iAy diy

x constant .
(1 . 34)

The two expressions (1.33) and (1.34) do not necessarily give the same result for
an arbitrary function f of z. Let us for example consider the function f(z) defined
by:

f(z =a +1iy) = Re(z) = x.
For the two partial derivatives (1.33) and (1.34), one finds respectively the results:

0f(2) 0f(2)

=1
ox and oty

y constant

=0.
x constant

In such cases the limit (1.32) cannot be well defined and consequently, the deriva-
tive of f(z) does not exist.
In general, one says that the derivative of f(z) can be defined if:

1. the limit (1.32) exists, and
2. is independent of the choice of Az.

Such functions are called analytic. A function f(z) is said to be analytic in a
point z = zy of the complex z-plane, when there exists a region R around that point
where the function is analytic.

A necessary condition that f(z = x + iy) = h(x,y) + ig(x,y) be analytic in a
region R of the complex z-plane, is that its real part h(z,y) and its imaginary part
g(x,y) satisfy the Cauchy-Riemann equations in that region, i.e.

oh  Og oh dg
—=— and — =-——".
or Oy oy ox

If moreover, these partial derivatives are continuous in R, then the Cauchy-
Riemann equations (1.35) are sufficient conditions that f(z) be analytic in R.

(1.35)
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Problem 5:

Using the relation (1.19), show that the complex potentials ©(z) defined by (1.27),
(1.28), (1.29), (1.30) and (1.31) are analytic everywhere in the complex z-plane,
except the point z = 0 for (1.31).

Any analytic complex function €2(z) can serve as the complex potential which
describes the two-dimensional steady-state flow of an incompressible non-viscous
fluid. This way the term "reasonable” of section ( 1.1) has found a more precise
definition.

The velocity vector in two dimensions can also be represented by a complex num-
ber, i.e.

v(z =z +1y) = vp(x,y) + ivy(x,y). (1.36)

Its relation with the complex potential can be established by using the fact that
(z) is an analytic function which satisfies the Cauchy-Riemann equations ( 1.35
and 1.19). We obtain:

Q'(z:x+iy):@—% 9% _

_ 9 — *
= or +Zax = vg(z,y) —ivy(z,y) =07 (2),

or equivalently:

v(z) ={Q'(2)}", (1.37)

where the superscript * stands for complex conjugation.

Problem 6:

Verify that the velocity vector fields of the examples ( 1.7) to (1.10) can also be
derived from the complex potentials given in respectively the formulas ( 1.27) to
(1.30), using the above relation ( 1.37).
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1.6 Obstacles in a fluid flow.

In the following we study the forces excerted on obstacles which are emersed in a
fluid. The scalar quantity related to forces in fluids is the force per unit area, or
pressure p. In general this quantity will depend on position and thus becomes in
two dimensions a function of the coordinates = and y or equivalently of the complex
position z, i.e.

p=p(r,y) = plz =z +iy). (1.38)

However, different from the previously defined quantities, pressure is just a scalar
local constant of proportionality and is therefore always represented by a real num-
ber. The force F(x,y) excerted by the fluid on a given surface element AS of the
obstacle, is in absolute value equal to the product of the area of AS and the local
pressure p(z,y). Its orientation is perpendicular to the surface and directed towards
the inside of the obstacle (see figure below).

Forces act locally
perpendicular

to the surface.

surface

In two dimensions a surface element AS'is represented by a line element, let us say
Az = Ax+1Ay, whereas the whole surface of the obstacle is represented by a closed
line. Let us assume that we go around the obstacle in counterclockwise direction.
In that case, the vector which has the same absolute value as Az and which is
perpendicular to the surface and directed inward is represented by —Ay + iAw.
Consequently, the complex force at the above surface element is given by:

AF(z,y) = p(x, y){—Ay + iAz} = ip(z, y){ Az + iAy} = ip(2)Az.

The above result represents the contribution to the total force of the force at the
surface element Az. The total complex force excerted by the fluid at the obstacle
is consequently given by:

F=F,+iF,= 2 ip(2). (1.39)

Next, we need a relation between the pressure p(z) and the complex potential
Q(2) or, equivalently, the complex velocity v(z). Such relation exists and is referred

closed line counterclockwise
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to as Bernoulli’s theorem, which for a horizontal fluid flow reduces to the following
relation:

p(z) + 5 | 8(e,y) P= . (1.40)

where p represents the fluid density and where p, is a constant along any stream
line. In the next section Bernoulli’s theorem will be discussed. But for the moment
we will anticipate on the result of that section. Moreover, as we have seen in the
previous examples, the boundary of an obstacle coincides with a stream line of the
fluid flow. Consequently, p, is constant along the surface of the obstacle.

So, using the equations (1.37), (1.39) and (1.40), we find for the total force F' on
an obstacle which is emersed in a fluid, the following:

. P l 2
b= closed stream line counterclockwise dz ifpo - 2 [ 2(=) [} (1.41)
In order to proceed with this complex integration, we must be familiar with the
properties of closed contour integrals in the complex plane. To this aim, we will
study in the following the necessary theory of complex integration. However, first
we still have to discuss Bernoulli’s theorem. So, the coming sections are devoted to
these two subjects. After this preparation we will return to the issue of forces and
moments on obstacles emersed in a fluid.

Problem 7:
Let the boundary of the circular obstacle in example ( 1.17) be described by:

=R ,
and let moreover the density of the fluid be equal to p = 1 and the constant of

formula ( 1.40) be given by py = 1. Show that the pressure p(y) along the surface
of the obstacle as a function of the angle ¢, yields:

(@) = cos(2a — 2¢p).

25



1.7 Bernoulli’s theorem.

Let us consider a tube of fluid which is enclosed in a surface of stream lines. Such
tube of fluid is called a streamtube. In two dimensions it is represented by the area
in between two stream lines v; and v, as is shown in the figure below:

streamtube

stream line ¢,

“stream line 1)y

In the above represented streamtube we select a certain quantity of fluid M which
at a given instant of time occupies a certain area of the streamtube, indicated by
C in the figure below. For this quantity of fluid we will study its gain in kinetic
energy AK when it moves through the streamtube. The area C is bounded by two
equipotential lines, indicated by ¢; and ¢,, as depicted in the figure below:

gl

2
d1
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We assume that the direction of the fluid flow is from the left to the right. At the
lefthand side of the area C acts a force indicated by F} on the quantity of fluid M.
One might consider that this force pushes through the streamtube all fluid which
encounters itself to the right of the equipotential line ¢;. At the righthandside of C
acts a force Fy on all fluid which is in the streamtube to the right of the area C. The
difference in work done by F; and F, must be equal to the gain in kinetic energy
AK of the quantity of fluid M in C.

In the above figure we show the position of the quantity of fluid M at a later
time. It ocupies a different area, C’, still in the same streamtube as before, but in
between two different equipotential lines, ¢} and ¢f,.

The difference between the areas C' and C is characterized by the two areas A;
and A, as indicated in the figure below:
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Furthermore shows this figure that in moving from the area C to the area C',
the boundary of M at the lefthand side is displaced by a distance Al; and at the
righthand side by a distance Aly;. From the figure above we also learn that at the
lefthand side of M the distance in between boundaries ¢4, and v of the streamtube
is given by AS}, and at the righthand side by AS,.

The quantity of fluid M in C is the same as in C’. Moreover, is the fluid incom-
pressible. Consequently, the areas A; and A, must be the same. This implies the
following:

AS; x Aly = {area A} = {area Ay} = ASy x Als. (1.42)

The difference in work AW done by F) and F, is, according to the definitions of
the quantities represented in the above figures, expressed by:

AW :| ﬁl | All— | ﬁg | Alg

Using moreover the relation between force and pressure, the above expression
takes the form:

where p(1) and p(2) represent the pressures in respectively the areas A; and As.

The total kinetic energy, K, of the quantity of fluid M when it ocupies the area
C is equal to the sum of the kinetic energies of all of its volume elements AzAy.
The mass of such ”volume” element equals AzAyp. So, in agreement with the usual
definition of kinetic energy of a point particle with given mass and velocity, we find
for the total kinetic energy of the fluid in the area C, the expression:

K(C) = /c %dx dy p | 5(z,y) |* . (1.44)

The difference in kinetic energy between the situation where the quantity of fluid
M ocupies the area C' and the situation where it ocupies the area C, is thus given
by the difference of two ”volume” integrals, one over C' and one over C. From the
quantities defined in the above figures and using equation (1.44), one can easily
deduce that this leads to the expression:

AK = K(C) = K(O) = [ drdy §|dw,y) |~ [, dedy | #la,y) P
For infinitesimally small distances AS; o and Al 5 this gives the following:

AK = {area Ag}g | 7(2) |* —{area A1}§ | (1) %, (1.45)

where #(1) and #(2) represent the velocities in respectively the areas A; and As.
In combining the equations (1.43) and (1.45), using also the relation (1.42), one
finds Bernoulli’s equation (1.40) in the form:
p

p(1)+519(1) P=p2)+ 5 | 52) .
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1.8 Complex contour integration.

With respect to complex contour integration, we only have to know the following
properties for analytic functions:

1. If Cis a closed contour in the complex z-plane and if f(z) is an analytic
function in a domain R which includes the contour and its interior (see
figure below), then:

7{(1 dz f(2) = 0. (1.46)

Property ( 1.46) is in analysis known as the theorem of Cauchy.

2. If ¢ and Cy are two closed contours in the complex z-plane and if f(z)
is an analytic function in a domain R which includes both contours and
the part of the complex z-plane which is in between C and Cs (see figure
below), then:

7{01 dz f(z) = 7402 dz f(z). (1.47)

The above property ( 1.47) is even true when f(2) is not analytic in the domain
indicated by & in the above figure.
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Problem 8:
Consider the set of complex functions:

fn(z)=2" n=---,-2,-1,0,1,2,--- (i.e. integer).

For the integral contour C' take a circle around the origin in the complex z-plane,
defined by:

z= Rew, R arbitrary, but fixed.

Prove that, independent of the radius R, holds:

0 for n # —1
%(J (2 = Re'¥) dz 2 { +2ri forn=-1" (L.48)
Show moreover that the result for n = —1 depends on the direction of integration,

i.e. +2mi for counterclockwise integration and —27i for clockwise integration.

The functions fn(z) = 2" are analytic in the whole complex z-plane for integer
values of n, except for the point 2 = 0 when n is a negative integer. This point is
called a singularity for those functions. In case the singularity is of first order (i.e.
n = —1) then the complex integration at a closed contour around the singularity
does not vanish, as we have seen in the previous problem (1.48).

Problem 9:

Determine the contour integrations, in counterclockwise direction, of the set of
functions gn(z) = (2 — 2)" (n integer), at circles around the point z = 2, which are
given by 2 = 2 + Rel¥.

In general, when an analytic function f(z), has a singularity at the point z =
2p in the complex plane, then for the integration of f(z) over a closed contour
around that singularity, we first determine the Laurent series expansion of f(z) in
the neighborhood of z = 2z, given by:

Q) =t o

+ag+ar(z — 2) +as(z — 20)* + . (1.49)

The contour integral is then readily determined by:
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]

4 - dz anz"" = £2mia_ 1.50
%C'(around %) “ /(2 2 %C’(around 20) s mia-,  (1.30)

n—=—0oo

because, according to formula ( 1.48), the contributions of all other terms in the
sum vanish.

The coefficient a_; of the term which is proportional to (z — zp) ™! in the Laurent
expansion (1.49) is called the residue of the function f(z) at the singularity z = z.

Problem 10:
Determine the complex contour integral, in counterclockwise direction, at a circle
around the point z = 2, given by z = 2 + Re'¥, of the function f(z) defined by:

32T 44
f(Z)— (2_2)2

Finally, one should also know the following property of complex contour integra-
tions:

3. When a closed contour contains in its interior region more than one
singularities of a function f(z), then the contour integral of f(z) over
this contour equals £27i times the sum of the residues at each of the
singularities inside the contour.

Below we show a symbolic representation of this property:

R R (1.51)

31



1.9 Forces and moments on obstacles in a fluid
flow.

In section ( 1.6) we found for the force on an obstacle emersed in a fluid flow, the
following expression (see 1.41):

. p ! 2

F = dz i{po — = | (2 .
surface {po 2 ¥ T

By now we know from the results of section ( 1.8) that the integration over py
does not contribute (see formula 1.48). So,we are left with:

. P ! 2
F = dz i{—= | Q(z . 1.52
) face 215 1 Y(2) ) (1.52)

The surface of an obstacle represents a stream line (see 1.41). Consequently, the
imaginary part of Q(z) is constant (see equation 1.26 and section 1.3). Therefore
we have that d(2 is real. As a consequence we obtain for the integrand in ( 1.52) the
following expression:

*

2 dQ (dQ\* Ld9* (dQ\T o [ (a2’

—di— | — | =dFf = [—) =d*{[= ,
dz \ dz dz dz dz

which leads for ( 1.52) to:

, 10\ 2 *
i

Jo— d* (£
2" Jsurface {(dz) } ’

. dQ 2
Fr=L 7{ dz (20 1.53
2p surface ® (dz) ( )

Below we will apply this formula to calculate the forces on various obstacles in a
fluid flow. But first we derive a similar expression for the moment of the forces on
an obstacle.

The moment of a force F' which acts at position 7 on a material point of a body,
is in general defined by:

or equivalently to:

—

M=7xF.

In two dimensions is the moment perpendicular to the zy-plane, according to:

—

M =Mz , where M = xFy —yFy. (1.54)

In terms of the complex force F' defined in ( 1.39) and the complex position
variable z, we obtain:

M = Re{izF*}, (1.55)
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where Re stands for " real part of’. So, the contribution AM to the total moment

M of the force AF which acts at a surface element Az located at position z, is given
by:

AM = Re{izAF*}.

Using expression ( 1.53) for the force on the obstacle at a certain point z, we find
for AM the relation:

i 0\
AM = - oAz [ — | Y.
§Re{zz2p z<d2> }

On integrating this over the whole surface of the obstacle, one obtains:

M= -LRet dx 2 2} (1.56)
-t surface 2\ dz ’ ’

Below we will discuss several examples:

1. A tennis ball without spin.

When a tennis ball without spin moves straigth through the air, then it has a
flow pattern around it which resembles the fluid flow pattern of the streamfunction
for the infinite circular cylinder defined in ( 1.17). So, we ”approximate” the tennis
ball by an infinite circular cylinder. In that case the complex potential is given by
(compare formula 1.31)

R2€ZO[

z

Q(z) = v (ze_m + ) , for | z|> R, (1.57)

where vy represents the speed of the tennis ball.

We observe here the following: The first term in the complex potential ( 1.57),
which reads:

voze L&,

represents an uniform fluid flow (compare 1.27 and 1.7). This is how the air
"moves” at large distances in the coordinate frame attached to the center of the
tennis ball and moving parallel to an inertial frame at rest. For small values of
the angle a, the velocity of the fluid is pointing towards the right (see for example
the figure of example 1.7). So, in that case the tennis ball moves towards the left.
This we will assume here and in the following. When we consider moreover the
x-axis to represent the horizontal surface of the Earth and the y-axis the vertical
perpendicular to the Earth’s surface, then the above term represents the tennis ball
coming down towards the Earth at an angle equal to « in the negative direction of
the z-axis.
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The second term in the complex potential ( 1.57), i.e.:

RZBiO!
Vo )
z

becomes more important near the origin. It takes care of the deviation from an
uniform motion of the fluid in the vicinity of the tennis ball. We also might notice
that this term is singular at the origin, which represents the center of the obstacle.
So, we may expect non-vanishing integrals when we integrate expression ( 1.53) on
the contour | z |= R in the complex plane, which represents the surface of the
cylinder.

Next we must determine the integrand of ( 1.53), in order to find the force on the
cylinder: First we calculate the derivative with respect to z of the complex potential
defined in ( 1.57). This gives:

dQ . R2€ia
E = ’Uo{e o _ 7} (158)
Of this expression we need the square, i.e.:
'\ , R Rz o0
(%) = (vo)*{ a2 +e }. (1.59)

We find here that the integrand for the contour integration of formula ( 1.53) has
no residue at the singularity at z = 0, because there is no term linear in 1/z in
expression ( 1.59). Consequently (see 1.48 and 1.50), the total force on the tennis
ball due to the fluid flow around it equals zero, i.e.:

F=0. (1.60)

In order to determine the moment on the tennis ball, we must multiply the ex-
pression ( 1.59) with z. This gives:

dQ 2 R4 2l 2R2 Yy
( ) = (vo){ o — =L 4 e 2ioy (1.61)

dz 23 z

So, in this case the integrand of the contour integration of formula ( 1.56) has a
residue at the singularity z = 0, which is equal to —2v3R?. Consequently, we find
for the integral of formula ( 1.56) the result:

2
]{ dx (B ZoricoR?) = —aminR2.
surface dz 0 0

The real part of this expression vanishes, which gives for the total moment on the
tennis ball due to the fluid flow around it, the result:

M =0. (1.62)

The tennis ball does not feel any force (see 1.60), neither any moment in the fluid
flow. This result might also have been obtained from a simple symmetry argument.
In example ( 1.17) we have represented the flow pattern for this case. Now, we
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might observe that this pattern is completely symmetric for a rotation of 180° in
the xy-plane. This implies that the speed (i.e. | ¥(x,y) |) of the fluid flow near
the surface of the cylinder is the same at two opposite points. As a consequence,
according to Bernoulli’s law, the pressure at one place of the surface of the cylinder
is the same as the pressure at the opposite point, thus resulting in forces which
compensate each other. Which gives as a result that the total force on the cylinder
vanishes.

Problem 11:
Show that formally, using the relation ( 1.58) for the complex velocity, one has
the following identity:

| 7(z = R T180%)y 12| 52 = ReW¥) |

This shows in formula the above discussed symmetry.

2. A tennis ball with spin.

A tennis ball which rotates (spinning) when it moves through the air, has a
different flow pattern around it than the tennis ball without spin ( 1.57). Here,
again in the infinite cylinder approximation, we might use the following complex
potential to represent its motion:

R2€ZOé

z

i K
Q(2) = vy (ze oy ) + 22—log(z), for |z |> R, (1.63)
7
where vy as in the previous case represents the speed of the center of mass of the
tennis ball with respect to the air and where k represents the amount of spin.
The first two terms of the complex potential ( 1.63) are the same as in the previous
example of the tennis ball without spin. So the third term:

z% log(z)

is supposed to describe the effect of rotation of the tennis ball in this case. By
comparing this term to the formulas ( 1.30), ( 1.16) and ( 1.10), we see that it indeed
corresponds to a rotating flow around the origin. Remember that the tennis ball is
supposed to move from the right to the left. So, when its spin is counterclockwise,
then the air moves relatively clockwise as in the figure related to formula ( 1.10).
The latter motion is described by positive values of the vortex parameter x.

Notice moreover that this logarithmic term is singular at the origin as is the term
linear in 1/z in ( 1.63).
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The flow pattern corresponding to the above complex potential ( 1.63) is shown
in the figure below:

\#

In order to determine the force and the moment acting on the tennis ball due to
the fluid flow, we follow the same procedure as in the previous case: For the contour
integral of formula ( 1.53) we find then:

7{ dz s 2 = 27ri{iﬁvoe_m} = —2kuge 1
surface dz T '

Inserting this into formula ( 1.53) and taking the complex conjugate, we obtain for
the force on the tennis ball due to the fluid flow around it, the following expression:

Q0

F = ipruge”™ = prug{—sin(a) + i cos(a)}.

The force F is then given by:

F = prug{— sin(a) + cos(a)§}. (1.64)

What is the interpretation of this result? Let us consider that the z-axis is parallel
to the surface of the Earth and the y-axis perpendicular to it and pointing towards
higher altitudes. Then, when the tennis ball moves horizontally from the right to
the left (which implies @ = 0), the direction of the force ( 1.64) depends here on
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the sign of x: For k > 0 the force acts upward and for x < 0, downward. Now
the direction of rotation can be studied from the flow pattern which belongs to the
stream function given in ( 1.10). If we take that figure (which is for a positive value
of k) in front of us, then we notice that while the ball is moving in the negative
x-direction, it appears like rolling on the air. So, the velocity of the air with respect
to the surface of the ball is at the bottom side smaller than at the top side. This
gives according to Bernoulli’s theorem ( 1.40) a larger pressure at the bottom side
than at the top side of the surface of the tennis ball. And consequently an upward
resultant force.

In a tennis game, while the motion of a tennis ball without spin is more or less the
motion of a projectile, in the case of a horizontal spin (which means that the axis of
the related cylinder is horizontal), the ball deviates accelerated from a projectile’s
orbit in upward, or downward directions. The latter is of course the preferred spin
in a tennis game, because it might result in having the ball drop right behind the
net.

In order to determine the moment excerted by the fluid on the cylinder, we also
follow the procedure outlined in the previous case for a tennis ball without spin. For
the integrand of the contour integral in formula ( 1.56) we find:

)\’ K\ 2
d 20 —omid— () —2u2R?Y.
%surface °c (dz) i { (27r> o }

This expression has no real part and thus results in a vanishing moment, also in
the case of a tennis ball with spin, i.e.:

M =0. (1.65)

As a consequence, the angular momentum (spin) which is initially given to the
ball will not change due to the forces described here.

The fact that the moment vanishes in this case can be understood from symmetry
arguments, similar to the ones for the vanishing force in the previous example: From
the flow pattern one notices that there is a mirror symmetry around the axis which
makes an angle given by « with the vertical. To each point at the right of this
symmetry axis corresponds a similar point at the left of it. Consequently, there is as
much force acting at one side of the axis (which incidentally also passes through the
C.M. of the body) as on the other side, which leads to compensating contributions
to the total moment.
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3. The lift arm.

In the examples ( 1.57) and ( 1.63), the center of mass of the obstacle coincides
with the origin of the coordinate system. This we assume always to be the case. In
such cases, indicates the moment of a force the lift arm with respect to the center
of mass of the object. In general one has for a force F which does not act in the
center of mass of a body, the following: Let the point of application of F be given
by @ = az, as depicted in the figure below:

gl

C.M.

ST

The moment of the force is then, according to ( 1.54), given by:

M = aFy. (1.66)

The quantity a in the above formula is called the [ift arm of the force due to the
fluid flow.

In the previous example of the tennis ball without spin, the moment vanishes and

therefore so does the lift arm in that case. Consequently, the force is supposed to
be applied in the center of the tennis ball.
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4. A primitive air wing.

Let us consider for an air wing an infinitely long cylinder with an elipsoidal cross
section. In order to find the complex potential for such case one must study the
deformation of a circle into an ellipse. However, one must at the same time keep
the analyticity property of the complex potential. Now, an ellipse can be obtained
from a circle by the following analytic transformation:

z:%<<+%>. (1.67)

The study of the details of the above transformation, is left as an excercise for
the reader.

Problem 12:

Show that the part of the complex (-plane exterior to the circle given by | ( |= R
with R > 1, is by ( 1.67) transformed into the part of the z-plane which is exterior
to the ellipse given by:

R+ R R—-R7!

where Re stands for " real part of’ and Im stands for ”imaginary part of’.

er N [%r _1 (1.68)

The pricipal axes of the ellipse ( 1.68) are along the x- and y-directions and their
lengths are given by (R+ 1/R) and (R — 1/R) respectively. In the (-plane we take
for the complex potential the following expression:

w(¢) = vy (Ce_m + @) + z% log(¢), for |¢|> R, (1.69)

which is exactly the same expression as given in ( 1.63) for the tennis ball with
spin, but where z is everywhere substituted by (. In the z-plane we will now study
the complex potential which is defined by:

Q(z) = w(C(2)), (1.70)
where ((z) represents the inverse of the transformation given in ( 1.67).

We notice that the fluid flow at large distances might still be given by an expression
which represents a constant fluid flow, i.e.
2U0z6_m,

as in the case of the tennis ball. Large values of z correspond to large values of
¢ (the small values of ¢ are excluded in formula 1.69), according to relation ( 1.67).
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So, except for a factor two, the long distance behaviour is the same as for the other
cases. But at short distances the situation is different.
The flow pattern for this complex potential is shown in the figure below:

//

N

In order to establish the force and the moment of the force on the surface of the
elipsoidal cylinder, we proceed as follows: First we determine dz in terms of d(, i.e.:

dz 1 1

Next, we find the expression for dQ2/dz in terms of dw/d(:
@ _dCdw _ (dz\Tdw 2 dw
dz  ded¢ \dC) dC_1=CZ2dc

So, for the integrand of the contour integral of formula ( 1.53) we obtain here the

following:
o\’ 2 [dw\’
dz [ 22} =agc—= (&)
<d> <1—<2<d<>

The contour in the z-plane is the ellipse defined in ( 1.68) and the corresponding
contour in the (-plane is the circle | ¢ |= R. So, in going from one variable to the
other, we find for the contour integrations the relation:
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dQQ 2 2 dw 2
?illipse e (%) N ?iircle dcl_ig—Z (d_g> : (1.71)

In order to proceed, we must find the residue of the integrand in the righthand
side of the above formula ( 1.71) at the singularity at ¢ = 0. For this purpose we
might introduce the following Laurent expansions ( 1.49):

1
_1 —2 —4
1 _ 4—72 + C + C + Y
and
dw vo R2et N ik /2m e
— = Vg€
d¢ ¢ ¢ ’

Combining these expansions one obtains for the full Laurent expansion of the
relevant integrand in ( 1.71) the expression:

16"

9 dwo\ 2 -2 (2%)2 + 21}36_2@0‘ —4vlR* 4 (2’%) ve 'Y

(1.72)

The wanted residue at the singularity ¢ = 0 is the coefficient of the term which

is linear in 1/¢. After performing the contour integral of formula ( 1.53), taking the

complex conjugate and identifying the components of the force, one finds for the
force excerted on the air wing by the fluid flow, the following:

F = 2prve{—sin(a)z + cos(a)§}. (1.73)

In order to determine the moment of the above force, we must multiply the ex-
pression ( 1.72) with z = (¢ + 1/¢)/2. This gives:

2 (dw>2 - —(1/2m)? + 202200 _ 42 R? N

L—¢? \d¢ ¢
So, the residue at the singularity ¢ = 0 is thus given by:

1 N
§(C+C D)

—(k/27)% + 21}36_2m — vg R%.

The real part of this expression does not contribute to the moment of the force on
the air wing, but the imaginary part does. After performing the contour integration
of formula ( 1.56) and taking the real part of the result, one finds for the moment:

M = —g%e{2m(—2v§isin(2a))}

= —2mpug sin(2a). (1.74)

The lift arm of the rotation induced by this non-zero value for M follows from
the expression ( 1.66), i.e.:
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M

a=—.
Fy

Using the results ( 1.73) for the force and ( 1.74) for the moment excerted on the
air wing, one finds for the lift arm here:

a=—2m <%> sin(a). (1.75)
K
The circulation of the air around the air wing which comes from the logarithm in
the complex potential ( 1.67), is in the case of real air-planes caused by a slightly
more fancy construction of the air wing than an elipsoidal infinite cylinder, and sets
in at high velocities. The moment is necessary for the lift of an air-plane.
5. The ping-pong ball in an air stream.
The situation of a light ping-pong ball which is lifted by an air stream directed

towards the floor, is at first very surprising. Of course, when the airstream and
gravity both work in the same direction, why would a ping-pong ball be going

NS

upward? But the theorem of Bernoulli solves this miracle and shows that the force

Nz
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of the air stream is always directed towards the source and not depending on the
weight of the ball. So, for a light ball the resultant might very well be upward. The
flow pattern is shown in the above figure.

As in the examples of the tennis ball, we ”approximate” the ping-pong ball by an
infinite circular cylinder. The corresponding complex potential is given by:

2 2
Q(Z)Zﬂlog{z—i—R——ZO—R—}, zo real and | zg |> R. (1.76)
2m z 20

In order to determine the force and the moment on the obstacle in this case,
we first study the singularity pattern of the above complex potential. We notice
that the argument of the logarithm can be factorized, which gives for the complex
potential the following expression:

Q(z) = ﬁlog{l(z B zo)} |

2 z 20

In this form the singularities of the analytic function Q(z) are more obvious, i.e.
the points:

The first and the second singularity are inside the circle | z |[= R which repre-
sents the surface of the obstacle. The third singularity is outside the obstacle. So,
according to the formulas ( 1.51) and ( 1.50), we must know the residues at the first
two singularities of the integrands of the expressions ( 1.53) and ( 1.56).

Let us start with the integrand of formula ( 1.53) which gives the force at the
obstacle. Its Laurent expansions at the poles z = 0 and z = R?/z, are respectively
given by:

1 Z
(gf:(%)? %+@+... , (1.77)
and
3
(@)2_<£>2 1 +2m+... (1.78)
dz ]  \2x (Z—g—j)2 z—};—j . |

Performing the integral ( 1.53) by use of the residues which can be extracted from
the above Laurent expansions, and taking the complex conjugate of the result, gives
then for the force the expression:

2 RZ
F=pt— .
21 20(2§ — R?)
This force is along the z-direction because the position of the source z; is along
the z-axis as indicated in the formula for the present complex potential ( 1.76).
Moreover, its direction is determined by the sign of z;, since all other factors in the

(1.79)
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expression for the force ( 1.79) are positive. For negative values of z; the direction
is towards negative values of x and for positive values of 2z, towards positive values
of . From which we may conclude that the force is always pointing towards the
source.

For the moment of the force we may use a similar symmetry argument as for the
tennis ball with spin: The moments stemming from the forces on one side of the
ping-pong ball are in equilibrium with the moments coming from the other side.
The total moment must thus vanish, 7.e.:

M =0. (1.80)

Alternatively one might use the above Laurent expansions ( 1.77) and ( 1.78) to
calculate the moment of the force. This is left as an excercise to the reader.

So, in experiment one observes the following: The ping-pong ball is atracted by
the source, but the ping-pong ball does not start rotating as a consequence of the
forces.

A warning is in place here: The reader might think that 2, in the formula ( 1.76)
for the complex potential can be substituted by any complex number. That is
however not true. It would lead to different conclusions about the direction of the
force with respect to the position of the source than in the above case. But the
choice of the radius parameter R determines the choice of z5. A real value of R
implies a real value of z,.
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Chapter 2

Transformations and invariant
quantities.

At present one believes that the laws of physics are the same for any observer in
the Universe. As a consequence it has to be assumed that the description of a
phenomenon, which takes place either in a laboratory provoked in an experiment
or uncontrolled somewhere in the Universe, can be formulated in such a way that
for two different observers the related equations have the same appearance. For
example, the total energy and the linear momentum of a point particle might differ
from observer to observer, but its invariant mass (rest mass) is the same for all
observers.

In mechanics an observer is characterized by a coordinate system. Each observer
describes a point in space and time by a set of coordinates. However, two different
observers might use different coordinates for the description of the same point. The
mathematical relations between two different sets of coordinates are called trans-
formations. Examples are Galilean transformations, Poincaré transformations and
general coordinate transformations.

Physics is in fact the discovery of those transformations and the related invariant
quantities. For simple mechanical systems, observers may select a different origin
for their coordinate system (translation), rotated coordinate systems (rotations)
and moving coordinate systems with constant relative velocities (boosts), without
changing the formulation of the laws of physics.

Before the discovery of special relativity, it was thought that inertial systems
are connected by Galilean transformations. After Einstein we know that Galilean
transformations are only approximately obeyed by Nature for low relative veloci-
ties. In special relativity the allowed coordinate transformations are called Poincaré
transformations, which include translations and Lorentz transformations. The latter
include boosts and rotations. But also the Poincaré transformations of special rela-
tivity are only approximately valid in the case of weak gravitational fields. Einstein
showed that in the presence of a gravitational source physics laws can be formulated
in such a way that they remain invariant under general coordinate transformations.

In this chapter we will concentrate on rotations and study the invariant quantities
related to those transformations.
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2.1 Rotations in two dimensions.

Although our aim is the study of the properties of rotations in three dimensions, it is
rather instructive to first limit ourselves to rotations in two dimensions. Therefore,
let us consider a two dimensional orthogonal coordinate system S characterized by
coordinates x; and x5 and by the orthonormal basis vectors é; and é;. A vector &
is in this system represented by the expression:

= (Zb'l,l'g) = l‘lél + l‘gég = xZé’L (21)

The expression at the righthand side of the above formula ( 2.1) is sometimes

referred to as the Einstein summation convention, or equivalently as a contraction

of the index ¢. The orthonormality of the basis can be expressed by means of the
Kronecker delta symbol as follows:

é;é; =06 ij=1,2. (2.2)

(N vy

Furthermore we consider a different orthogonal coordinate system S’ characterized
by coordinates x| and zf, and by the orthonormal basis vectors €] and é},. The basis
vectors of the coordinate system S’ are related to the basis vectors of the coordinate
system S by a rotation R(Z, «) around the origin over an angle indicated by «, i.e.:

é) = cos(a)é; —sin(a)é; and &, = sin(a)é; + cos(a)és.

The above basis transformation can be written in a more compact formulation,
when we first define for the rotation R(Z,«) a matrix given by:

R(z,0) = ( o e ) - ( cos(a) = sin(a) ) | (23)

sin(a)  cos(«)

In terms of the matrix elements of the above defined rotation matrix R(Z, «) one
finds for the above basis transformation and its inverse respectively the expressions:

A, f— ..A- A. f— -.A,
€ = Rjjé; and é; = R;;é;. (2.4)

The relations between the coordinates of the unprimed system S and the coordi-
nates of the primed system S’ can be found using the above expressions ( 2.4) and
realizing that the same vector & can be represented in either system by an expression
similar to ( 2.1), i.e.:

xe
1“1

SN
|

= xjéj = xj{Rijé% = {RUTL‘]}éIZ

From this relation we deduce that for the coordinates z; (i =1,2) of ¥ in S and
the coordinates z; (i = 1,2) of Z in & yields the following transformation rule:

r; = Rjx;. (2.5)
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Problem 13:
Show that the reverse of the above relations ( 2.5) is given by:

T
r; = <R )ij .Z‘} = Rjixllj' (2.6)

From the result of the above problem one can also infer that for rotations holds:

RT = p, (2.7)

Matrices which have this property are said to be orthogonal. It implies that rows
and columns of such matrix represent orthonormal vectors, as can be seen from:

RijRjp. = Ry, (RT) . (RRT>Z_], - (RR‘I)Z.]. = (1);; = 6. (2.8)

Problem 14:
Show that also:

RkiRkj = (5” (2.9)

Notice moreover that the determinant of the rotation matrix ( 2.3) equals one.
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2.2 The rotation group SO(2).

It can easily be shown that rotations around the origin in two dimensions form a
group.

Problem 15:
Show that rotations R(Z, «) as defined in ( 2.3) form a group, i.e. show that:

(i) The product of two rotations R(Z,a) and R(Z,[) is again a rotation,

R(zZ,a+ 3).
(ii) The product has the property of associativity, i.e.:

{B(2, ) R(2, B)} R(2,7) = R(z, ) {R(2, B)R(Z,7)} -

There exists a unit operation, R(Z,0) =1
The inverse of a rotation exists and is also a rotation.

111
iv

—~
~— —

This group is called the special orthogonal group in two dimensions, abreviated by
SO(2). Orthogonal, because it consists of operations for which relation ( 2.7) holds
and special, because the determinant of the defining matrices equals one (in general
the determinant may be one or minus one for an orthogonal matrix).

The group elements can be characterized by one parameter, the rotation angle;
that is that all possible rotations in two dimensions are given by:

R(z2,a) , —7<a<+m. (2.10)

In the neighbourhood of the unit operation (o = 0), the above defined matrices
form a one dimensional continuous matrix field. So, we might define the matrix A
which is given by the derivative of the matrix field at e = 0, as follows:

a:():((l) _(1)>. (2.11)

The matrix A is called the generator of rotations in two dimensions. In the
following it will become clear why: For angles different from zero one has similarly:

w60 = (Tt ey )= (1 70) () o)

= AR(% ),

A= LR a)

~ da

which differential equation can be solved by:
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R(z, o) = exp{aA}. (2.12)

How do we interpret this exponential of a matrix? To answer this question, we
first mention the following properties of the matrix A defined in ( 2.11):

2 (0 —1 0 —1 _ 3 _ 4 _
oo (U0 e

Using the above properties of the generator A, we find for the exponential ( 2.12)
the following interpretation:

= aA)? +

exp{ad} = 1+ad+ 2'(

1 1,
3 —(ad)? + 1 —(aA)* +

2 3 4
o a9 Q53 Ay
= 1+aA+2!A +3!A +4!A +

2 CY4 6 CY3 CY5 7

R BT LR R Ik T

= cos(a)l +sin(a)A

= R(%,a).

Because of the above representation of a rotation in terms of a parameter, «,
and the matrix A, it is that this matrix is called the generator of rotations in two
dimensions.
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2.3 The rotation group SO(3).

Similar to the group of rotations around the origin in two dimensions, we have
the group of rotations around the origin in three dimensions, called SO(3). An
important difference with rotations in two dimensions is that in three dimensions
rotations do not commute. The three rotations around the principal axes of the
orthogonal coordinate system (z,y, z) are given by:

1 0 0 cos(¥) 0 sin(¥)
R(Z,a)=| 0 cos(a) —sin(a) |, R(y,9) = 0 1 0 ,
0 sin(a) cos(a) —sin(d) 0 cos(v)
cos(p) —sin(p) 0
and R(zZ,p) = | sin(p) cos(p) 0 |. (2.14)
0 0 1

Problem 16:
As an example that rotations in general do not commute, show that for the rota-
tions over angles of 90° around the z- and y-axis yields:

R(&,90°) R (5, 90°) # R(§, 90°) R(%, 90°). (2.15)

Rotations in three dimensions are characterized by three parameters. Below we
will give two different possibilities. First we consider a rotation which rotates a
point d, defined by:

d = (sin(?) cos(p), sin(9) sin(p), cos(¥)) , (2.16)
to the position [_)', defined by

b = (sin(9') cos(¢'), sin(¢) sin(¢), cos(9')) . (2.17)

Notice that there exist an infinite number of rotations which may perform this
operation. So, the above outlined procedure, which is left as an excercise for the
reader, does not characterize unambiguously this rotation. Only when one also
defines the rotation axis, then one is left with just one possibility.
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Problem 17:
Show, using the definitions ( 2.14), ( 2.16) and ( 2.17), the following results:

From the results of the above problem, we may conclude that a rotation which
transforms @ ( 2.16) into b ( 2.17), is given by:

R(gp’) v — 197 QO) = R(éa @I)R(ga V' — ﬁ)R(éa _30)' (2'18)

This parametrization of an arbitrary rotation in three dimensions is due to Eu-
ler, the three independent angles ¢', ¥ — ¢ and ¢ are called the Fuler angles.
The difficulty here is to also indicate the rotation axis which procedure, although
straightforward, is a tedious calculation.

For that reason we consider a second parametrization which involves the gener-
ators of rotations in three dimensions, as, similar to the matrix A ( 2.11) for two
dimensions, are called the following three matrices which result from the three basis
rotations defined in ( 2.14):

J 00 0 J 00 1
Alzd—R(JE,a) =00 -1], AF@R(@,&) — 000
o a=0 01 0 Y =0 10 0
y 0 -1 0
and A3:d—R(2,g0) =11 00 ]. (2.19)
v =0 0 00

For now and for later use, let us introduce the Levi-Civita tensor € ik given by:

+1 for 5k = 123, 312 and 231.
eijk‘ = —1 for 5k = 132, 213 and 321. (2.20)
0 for all other combinations.

This tensor has the following properties:

(i) For symmetric permutations of the indices:

€iki = €kij = Cijk- (2.21)
(i) For antisymmetric permutations of indices:

€ikj = €jik = €kji = ~Cijk- (2.22)
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In terms of the Levi-Civita tensor, we can define the matrix representation ( 2.19)
for the generators of SO(3) by:

(Al)jk = _Gijk' (2.23)
The introduction of the Levi-Civita tensor is very useful for the various derivations
in the following, since it allows a compact way of formulating matrix multiplications,

as we will see. However, one more property of this tensor should be given here, i.e.
the contraction of one index in the product of two Levi-Civita tensors:

€ijkCilm = C€jk€ilm T €2jkClm T €35kim

= 010k — Ojm Ok (2.24)

As a demonstration of their use, let us determine the commutator of two gen-
erators ( 2.19), using the above properties ( 2.21), ( 2.22) and ( 2.24). First we
concentrate on one matrix element ( 2.23) of the commutator:

(A Al = (4455 — (A48 = (A) e (A = (A km (A3
Cikm€iml — €5 kmS&iml = Smikmlj — ¢mjk®mli

= 0310k — 0i50k1 — (0510k; — 95i0k1) = 0310k 5 — 010k;

= Emijemlk = ~€ijmEmkl = Cijm(Am)

= (&5mAm)p-

So, for the commutator of the generators ( 2.19) we find:

(A5 Aj] = € mAm. (2.25)

This establishes, moreover, their relation with the so-called angular momentum
operators in Quantum Mechanics.

In order to determine a second parametrization of a rotation in three dimensions,
we define an arbitrary vector 7 by:

ﬁ = (nl,nQ,ng), (226)

as well as its ”innerproduct” with the three generators ( 2.19), given by the
expression:

—

n-A= 7’1,214Z = TL1A1 + TL2A2 + TL3A3. (227)

In the following we need the higher order powers of this ”innerproduct”. Actually,
it is sufficient to determine the third power of ( 2.27), i.e.:
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(71 A)° = (njA;) (njA;) (g Ag) = njnjng A A Ay

We proceed by determining one matrix element of the resulting matrix. Using the
above property ( 2.24) of the Levi-Civita tensor, we find:

(- D%y = ngnjnpd 4454, g = ningng (A ac(Af) g (Ag) gy
= NN ac€ jedChdh = ~ ik 9id0aj — 0ijOad}€kdb
= —ngnangepgy + W ngegqy =0 —n’ny(Ag) gy

= {-n%i- A},

The zero in the forelast step of the above derivation, comes from the deliberation
that using the antisymmetry property ( 2.22) of the Levi-Civita tensor, we have the
following result for the contraction of two indices with a symmetric expression:

ezjkn]nk = —eikjnjnk. = —eikjnk.nj = —eijknjnk, (2.28)
where in the last step we used the fact that contracted indices are dummy and
can consequently be represented by any symbol.
So, we have obtained for the third power of the ”innerproduct” ( 2.27) the follow-
ing:

(77 - A)® = —n?ii - A, (2.29)

Using this relation repeatedly for the higher order powers of 7 - ff, we may also
determine its exponential, i.e.

- | . S
exp{ﬁ-A} = 1+ﬁA+§(n )2+§(ﬁA)3+I(ﬁ )4+
- 7 1 1\2 1 2> F 1 2(=  1\2
= 1+7 A+i( )+§(—nn- )+I(—n(n )7) +
2 g4 b -
= 1+{1—3,+5 ot - A) +
1 n* nt nt L g
+{2' TR <7 A)
n3 n® n’ o
= 1+{n—3'+a—ﬁ+--}(n A) +
2 4 6 8
e - Dy A



We recognize here the Taylor expansions for the cosine and sine functions. So,
substituting these goniometric functions for their expansions, we obtain the following
result:

exp{ii - A} = 1 +sin(n) (7 - A) + (1 — cos(n)) (7 - A). (2.30)

Next, we will show that this exponential operator leaves the vector 7 invariant.
For that purpose we proof, using formula ( 2.28), the following:

{(- A)iiy; = (i~ A)jjnj = (nAg)ijng = np(Ap)ing = —ngeging =0,
or equivalently:

(it~ A)it = 0. (2.31)

Consequently, the exponential operator ( 2.30) acting at the vector 7, gives the
following result:

exp(ii - Ayt = [L+7i- A+ -] ii = Lii = 7 (2.32)

So, the exponential operator ( 2.30) leaves the vector 7 invariant and of course
also the vectors aii, where a represents an arbitrary real constant. Consequently, the
axis through the vector 7 is invariant, which implies that it is the rotation axis when
the exponential operator represents a rotation, i.e. when this operator represents an
orthogonal transformation with determinant one. One way to demonstrate this, is to
consider vectors perpendicular to 77 and study how they transform. When, as indeed
one finds, the operator ( 2.30) acts as a rotation on those vectors, then, by writing
an arbitrary vector as a linear combination of 77 and two vectors perpendicular to
i, one finds that the operator ( 2.30) acts as a rotation on all vectors of the three-
dimensional space and hence represents an orthogonal transformation. As a result
one finds moreover that the rotation angle equals the length of the vector 7. In fact
there might be a minus sign which depends on the choice of the direction of 7.

Here we will however not follow this procedure, but just study one example in the
following problem:

Problem 18:

Show, that for 7 = (0,0,n) where n > 0 and hence n = (0,0,1), we find that
the exponential operator defined in ( 2.30) represents a rotation around the z-axis
(2.14):

exp{it - A} = R(,n).
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Concludingly, we may state that we found a second parametrization of a rotation
around the origin in three dimensions, i.e.:

R(ny,ny,n3) = exp{it - A}, (2.33)

where the rotation angle is determined by:

n =\/n? +n3 + nj,

and where the rotation axis is indicated by the direction of 7.

A warning is here in place: For matrices B and C it is in general not true that
the product of their exponentials equals the exponential of their sum, as is the case
for real numbers, i.e.:

=exp(B+C) if [B,C]=0
exp(B) exp(C) { # expEB + C’; in [gener]al.

So since the generators ( 2.19) do not commute (see 2.25), in general the product
of two rotations represented by expressions similar to ( 2.30), is not equal to the
exponential of the sum of the two exponents, but only when the exponents commute.

For small rotation angles one might for ( 2.30) use to a certain accuracy, a first
order approximation, i.e.:

0 —nN3 N9
exp{i-A}m14+7-A=1+| ny 0 —-ng |. (2.34)
] ny 0

This expression is often referred to as an infinitesimal rotation. Notice that the
operator 77 - A is here represented by an antisymmetric matrix and hence traceless.

2.4 Tensors and invariants under rotations.

In section ( 2.1) we have discussed the transformation rules in two dimensions for
vectors under an orthogonal basis transformation induced by a rotation. Here we
will generalize the formalism to any dimension.

Let us consider an orthogonal coordinate system S in n dimensions character-
ized by coordinates x; (¢ = 1,---,n) and by the orthonormal basis vectors é; (i =
1,---,n). And let us furthermore consider in the same n-dimensional space a differ-
ent orthogonal coordinate system S’ characterized by coordinates a:’Z (t=1,---,n)
and by the orthonormal basis vectors €/ (i = 1,---,n). The orthonormality of the
basis vectors is expressed by:

éi - = 62] and é" - é/- = (5 (2.35)

J 5T
The basis vectors of & and &’ are related via linear transformation rules, given
by:

é% = Rijéj and éi = (R_I)Z‘jé}-. (2.36)
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Using the orthonormality relations ( 2.35), we find for the matrix elements Rj;
of the transformation matrix R, the following property:

bij = & e = (Rikék) : (leél) = RjpRjjey, - ¢

_ _ T
= RipRjjdp = RipRjj = Ry (R )kj

= (rrT), .,
]
or equivalently:
RRT' =1 or RT =R (2.37)

Linear transformations for which the transposed of the matrix equals the inverse
of the matrix, are said to be orthogonal. The determinant of such matrices equals
+1, as can be seen from:

{det(R)}? = det(R)det(R) = det(R)det(RT ) = det(RRL) = det(1) = 1.  (2.38)

Rotations have determinant +1, anti-orthogonal transformations have determi-
nant —1. Here we will mainly concentrate on rotations, but some properties are as
well valid for anti-orthogonal transformations.

Let the position vector Z in S be given by:

i€ » (i=1-n), (2.39)
and in &' by:

¥=uaje; , (i=1,---n), (2.40)

The relation between the coordinates of Z in S and the coordinates of Z in &',
using the orthonormality property of the basis vectors ( 2.35), the linear relations
between the two different bases ( 2.36) and the definitions of the coordinates ( 2.39)
and ( 2.40), follows from:

or equivalently:

JJIZ = RZ]SL'] (2.41)
And similarly follows for the inverse relations:
= (R, = (RD) o= Ry (2.42)
T, = ijxj = ijx]_ it .
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Under orthogonal transformations various quantities remain invariant. One of
them is the innerproduct of two vectors. Consider two vectors Z and ¢, the coor-
dinates of which transform as given in formula ( 2.41). Their innerproduct is in S
given by:

a:-y:a:iyi.

In & we find, using the transformation rules ( 2.41) and the orthogonality property
( 2.37) of the rotation matrices:

¥ = Rigrp Ry = Rip Rijoyp = 0oy = Ty (2.43)
In particular this implies that the length of a vector is invariant under orthogonal
transformations. Quantities which are invariant under arbitrary orthogonal transfor-
mations are called scalars for orthogonal transformations. Formally, one might use
the name tensor of rank zero under orthogonal transformations, but usually these
quantities are just referred to as scalars. The latter habit is misleading though com-
mon practice. Misleading, because a quantity might be a scalar for one group, but
not for another group of transformations. However, when the context is clear then
it is of course a bit cumbersome to every time refer to this context.
Any function of a scalar is also a scalar. More general, a function f of the
coordinates is a scalar under orthogonal transformations when it satisfies:

f’(.Z'Il,"',.Z';L):f(l‘l,---,xn). (244)

Quantities which transform similar to the components of the position vectors as
in formula ( 2.41), are called vectors or tensors of rank one. The gradient of a scalar
function f(Z) is an example of a vector, i.e.:

of axj of aRij’k of . 83:’1{: of RS of
TS A A = =R 5 = Ridkis—
Bxi 833Z- 833]- Bxi ij J Bxi ij J 2833]-

or equivalently:

aof' 0
a—ii = Z]% (2.45)
i J
When we compare the resulting relation to the formula given in ( 2.41), then we
see that the transformation rule for the gradient of a vector is exactly equal to the
transformation rule for a position vector.

An n component function of position ¥(Z) given by:

_)(f) = (Ul (f)v Tt Un(f)) )

is called a wvector field under orthogonal transformations when its components
transform like a vector, i.e.

<

viah, - an) = Rijug(n, -, ). (2.46)

The gradient of a scalar field is an example of a vector field.
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The divergence of a vector field is a scalar field as follows:

Bv% _ Oz}, OR; v, ov; 81)]-

t] ") J
— R R — 5.
Bx% Bx% Oz, ikt ox}, ]kaxk’

or equivalently:

dv; avj (2.47)
o’ 833]-
An example of a tensor of rank two is the set of n? quantities defined by:
o avi(xla e 7xn)
tij (@, an) = o1 , (2.48)

where ¥(Z) represents a vector field. Using similar transformation rules as in
( 2.45), one finds that the quantities ( 2.48) transform under an orthogonal trans-
formation, as follows :
!
o' ) aRZ’kvk .

t%j:ax’l.: i, = Ry Rty (2.49)
J

Each index of the tensor field is in the above transformation rule, separately
contracted like the index of a vector field. Notice that the relation ( 2.49) might
also be written as:

t = RtRL. (2.50)

For the particular case of three dimensions we will frequently make use of the
Levi-Civita tensor €iik introduced in ( 2.20). For example, the vector product of

two vectors in three dimensions can be expressed in terms of this tensor as follows:

oL
I
QL
X
>

= (azb:s — asby, asb; — aibs, a;by — a2b1)

(Gljkajbk., 62jk'ajbk'= 63jk'a’jbk)=
or equivalently:

Cj = €00 (2.51)

Also, the determinant of a 3 x 3 matrix B can be expressed by:

det(B) = ¢;;1,B1iByj By, = €1 Biy Bjy By

In particular, one finds for a rotation R in three dimensions the following expres-
sion for the determinant:
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€iij1iR2jR3k = Eijl{:Rile2Rk3 =det(R) = 1. (2.52)

This relation can be generalized, using the orthogonality properties of a 3 x 3
rotation matrix, to give:

€ijkBaiBpi Beg = €k Ria RjpREe = €gpe- (2.53)
These equations show also the transformation properties of the Levi-Civita tensor
under rotations. So, under rotations this tensor transforms as a tensor of rank three.
But, be careful, under orthogonal transformations in general there is an extra minus
sign involved for anti-orthogonal transformations. The complete transformation rule
for the Levi-Civita tensor can then for orthogonal transformations be expressed as
above in ( 2.53) but multiplied with the determinant of the transformation matrix.
Such quantities are called pseudo-tensors or azxial tensors.
From the relations ( 2.53) one may also infer the following identities:

ik ikl = Bim B jneimn and €k R = BBy eqny (2.54)

Problem 19:

Proof the identities ( 2.53) and ( 2.54).

A possible strategy to proof these identities is to first define three vectors which
are in the following way related to the rows of a rotation matrix R:

E(Z) — (R. R:

71777127

Ri3)a
or in a more compact notation:

(R’(U) —R.-.

i Y

For these vectors, using the orthogonality property of the rotation matrices ( 2.37),
the definition of the vector product ( 2.51) and the fact that det(R)=1, it is easy to
verify that:

R0 A0 = g,

The remaining details of the proof are then straightforward.

wd ) s 7)o ),

An example of an axial vector field is the vector product ( 2.51) of two vector
fields. Using the relations ( 2.54) we find for their transformation under rotations
the following rule:

— e, Rijambn = Ry (@ x b);. (2.55)
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We find, as expected, that the vector product transforms as a vector under rota-
tions. But, for an anti-orthogonal transformation O, which has a negative determi-
nant, i.e. det(O) = —1, one obtains a different result. For example, space inversion
leads for the vector product ( 2.51) to:

a% = —a; and b}- = —bj,

consequently ¢}, = c.

That is that the components of the vector product ¢ = a x b transform different
than the component of the vectors d and b. Consequently, the vector product is
not a vector, but an axial vector under orthogonal transformations. One may show
that the complete transformation of a vector product involves a determinant of the
transformation matrix O, as follows:

C;: = det(O)OijCj. (2.56)

One may similarly modify the transformation rules for the Levi-Civita tensor given
in (2.53).

A second rank tensor t has two important quantities associated with it, which
are invariant under rotations: its determinant and its trace. That these quantities
are scalars under rotations can, using the transformation property of a second rank
tensor ( 2.50), be seen as follows: For the determinant we use the general properties
of matrix multiplication, i.e. det(AB) = det(BA) = det(A)det(B), and the fact
that for an orthogonal transformation the transposed equals the inverse:

det(t) = det(RtRL) = det(tRT R) = det(t), (2.57)

For the trace we return to the transformation rule of the second rank tensor ( 2.49)
and use the orthogonality property ( 2.37) of the rotation matrices, to find:

TT(t/) = t%i = RikRiltkl = 6kltkl =Tr(t). (2.58)

A third invariant quantity associated with a second rank tensor is related to the
fact that the product of two second rank tensors also forms a second rank tensor,
i.e.

A'B' = RARTRBRT = RABRT = (AB).

Consequently, also the trace of the product of two second rank tensors forms an
invariant under rotations, i.e.:

Tr{(AB)} = Tr{A'B'} = Tr{AB}.

When we apply this latter property to the product of a second rank tensor with
itself, then we find the following invariant quantity under rotations:
Tr{f’} = () = ¢

t (2.59)

ijtji
The above defined three invariant quantities of a second rank tensor will play an
important role in the coming chapters.
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A second rank tensor M which is symmetric, remains symmetric under a rotation
of the coordinate system, i.e.

T T
Mj; = (RMR®)j; = Ry My (R" )y
= (R iy = (RMRT); ;= M. (2.60)

Similarly, remains an anti-symmetric second rank tensor anti-symmetric under
rotations.

Because of the above properties, the space of all possible second rank tensors can
be organized in at least three subspaces which are invariant under rotations:

1 All second rank tensors which are proportional to the unit matrix. The
orthogonality property ( 2.37) guarantees that such matrices transform
into themselves under rotations and thus remain in the same subspace.

2 All traceless symmetric second rank tensors. Since the trace is an in-
variant under rotations (see formula 2.58) and the symmetry preserved
( 2.60), rotations transform these tensors amongst each other.

3 All anti-symmetric second rank tensors which are also transformed
amongst themselves by rotations.

An arbitrary second rank tensor can always be written as the sum of three second
rank tensors, each out of one of the three above defined subspaces, as follows:

1
M TT(M)(SU +Sij+ti

== (2.61)

B
where n represents the dimension of the coordinate system and where the matrices
s and t are respectively defined according to:

1 1
Sij = 5 (MZ] + Mjl) — ETT(M)(SU’ (2.62)
and
1
tij = 5 (Mlj — Mjl) . (2.63)
Problem 20:

Show, that when M represents a second rank tensor with respect to rotations,
then for s and ¢ defined as above in respectively the formulas ( 2.62) and ( 2.63)
yields:
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(i) s is traceless and symmetric,
(ii) ¢ is anti-symmetric, and
(iii) s and t are second rank tensors under rotations.

2.5 Quadratic surfaces.

The main topic of this section consists of quadratic surfaces in two dimensions.
However, most of the formalism can without difficulty be extended to three or more
dimensions. In two dimensions quadratic surfaces (i.e. a quadratic line in the zy-
plane) are circles, ellipses or hyperboles centered in the origin and can be represented
by equations of the following type:

azx? + 2bxy + cy? = constant, (2.64)

i.e. an expression quadratic in z and y (a, b and c¢ represent here constants).
We assume that we can always arrange things such that the constant at the right
hand side of equation ( 2.64) equals 1. Furthermore, as before (see section 2.1), we
prefer to refer to x and y as x; and x, respectively. This way we can compactify the
notation of the above equation ( 2.64) as follows:

Mjjwia; =1, (2.65)

where:
Mll =a , M12 + M21 =2b and M22 = C.

In general, the off-diagonal matrix elements of the matrix M could be chosen to
be different, as long as their sum equals 2b. But one prefers to select a symmetric
matrix M for the representation of a quadratic surface, 7.e.:

My = My = .

So, instead of defining a quadratic surface by the relation ( 2.64), one might just
refer to the matrix M as to represent a quadratic surface. For example, the unit
circle is represented by the unit matrix 1 whereas a circle of radius r is represented
by the matrix 1/r%. An ellipse which has its principal axes along the z-axis (of
length 2a) and the y-axis (of length 2b), is represented here by a matrix given by:

-2

M{ellipse (a,b)} = ( R > | (2.66)

The same surface can also be described in the rotated coordinate system S’ as
defined by the relation ( 2.4). The related equation similar to ( 2.65) would in the
primed system read:

!
MZ] ; ] =1. (2.67)

Clearly, there must exist a relation between the above defined matrix M’ which de-
scribes the quadratic surface in the coordinate system S’ and the previously defined
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matrix M which describes the same surface in the unprimed coordinate system. This
relation can most easily be deduced by substituting in the above equation ( 2.67)
the expressions ( 2.5), which relate the coordinates of a vector in the unprimed
coordinate system with its primed coordinates in the system &', leading to:

MZ{jRikkajlxl =1.

Comparing the above result with the equation ( 2.65), one finds for the elements
of the two matrices:

MR Ry = My,

which implies in terms of the matrices the following transformation rules:

RIMR=M , or M =RMRTL. (2.68)

From the above transformation rule, in comparison with formula ( 2.50), one
concludes that the matrix M transforms as a second rank tensor under rotations.

As an example, let us determine the matrix which describes the above defined
ellipse ( 2.66) in the rotated system S’ given by the rotation R(Z,«) defined in
( 2.3). Using the above transformation rule ( 2.68), we find:

cosa22(a) + sinb22(a) cos(a) sin(a){% - b—12}
M'{ellipse (a,b)} = » ) . (2.69)
cos(0)sino) {1 — Ly S {a) o fa)

Notice that the above matrix is again symmetric.

Matrices, like the above symmetric matrix ( 2.69), might also be considered as
the most general parametrization of all possible ellipses in the zy-plane which have
the center in the origin. The constants a and b indicate the lengths of the principal
axes (i.e. 2a and 2b respectively), whereas the angle « refers to the orientation of
those axes with respect to the z-axis, i.e.:

cos(;(a) i Siﬂ;(a) cos(av) sin(a){% - b_12}

MAellipse (a,b, )} =

.2 2
cos(0)sin(o) {1 — Ly S (o), cosfo)
(2.70)

Reversely, we may also conclude from the above example ( 2.69) that any symmet-
ric matrix describes a circle or an ellipse centered in the origin, when its eigenvalues
are positive.

In section ( 2.4) we discussed some general properties of the transformation of
matrix operators like the above matrix M, under orthogonal coordinate transforma-
tions, below we will verify the relevant results of that section to the above matrix
M defined in formula ( 2.66):
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First we observe that the matrix ( 2.69) is again symmetric. This is a general
result for a symmetric tensor operator (i.e. a matrix for which My = My, ) under
an orthogonal basis transformation as is shown in equation ( 2.60). Next, we notice
that for the traces of the matrices ( 2.66) and ( 2.69) holds the following:

cos’(a) sin’(a)  sin*(a)  cos?(a 1 1
Tr(M') = 2()+ ()—i- ()+ ():—+—2:TT(M).

a b? a? b? a? b

This is also generally true for orthogonal basis transformations, as has been shown
in (2.58).

One also might compare the determinants of the matrices ( 2.66) and ( 2.69), in
order to find:

det(M') =

(cos;(a) . sin;(a)> (sin;(a) . Cos;(a)>

) 1 1 11
— cos*(a) sin®(a) (? - ﬁ) =5 p- det(M).

This general property of orthogonal basis transformations is shown in formula
( 2.57).

Let us return to the expression ( 2.69) in order to discuss one more property
of orthogonal basis transformations. In the system S, the matrix ( 2.66) which
represents the ellipse, has the two eigenvectors ¢ = (1,0) and @ = (0, 1), respectively
corresponding to the eigenvalues a2 and b 2. The directions indicated by @ and
are called the principal axes of the ellipse. The eigenvalue relations are in this case
given by:

M{ellipse (a,b)}7 = a 27 and M {ellipse (a,b)}@ = b 0. (2.71)

In the rotated coordinate system S’ given by the rotation ( 2.3), the vectors ¢ and
w are respectively given by the expressions:
N

¥ = cos(a)é) +sin(a)é, and & = —sin(a)é| + cos(a)é,

One may easily verify that expressed in the above components these vectors are
the eigenvectors of the transformed matrix M’ ( 2.69), i.e.:

M {ellipse (a, )} ( cos(a) ) —q? ( cos(c) )

sin(a) sin(a)
and
et ) () ) =0 () )

From this example we might conclude that in general the principal axes of a
quadratic surface are indicated by the eigenvectors of the corresponding symmetric
matrix in any orthogonal coordinate system.
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Consequently, there exists always an orthogonal coordinate system for which the
symmetric matrix which describes a quadratic surface, is diagonal. One finds such
system by first determining the eigenvectors of the matrix and then selecting the
unit vectors of the new coordinate system in the direction of those eigenvectors.
Whether or not the related basis transformation R represents a rotation depends on
the order of the unit vectors.

In three dimensions, quadratic surfaces are spheres, ellipsoids and hyperboloids
centered in the origin. A circle of radius r is given by the relation:

&y 42 =17

or equivalently by an expression similar to ( 2.65) but now with the implicit
summations running from 1 to 3 and where:

M{sphere (radiusr)} = 0 »72 0 |. (2.72)

An elipsoid which has its principal axes along the x-axis (length 2a), along the
y-axis (length 2b) and the z-axis (length 2c¢), is represented by:

7\ 2 2 2\ 2
SRONOR
a b c
or equivalently by the matrix:

a? 0 0
M{ellipsoid(a,b,c)} = 0 b2 0 |. (2.73)
0 0 c¢?

Hyperboloids which have their principal axes along the x-, y- and z-axis are
obtained by replacing one or two of the diagonal elements of the matrix defined in
( 2.73) by minus that diagonal element.

The properties of tensor operators under orthogonal coordinate transformations
which are shown in this section for two dimensional quadratic surfaces, are also valid
in three dimensions.

65



66



Chapter 3

The theory of small deformations.

For the study of deformable media, i.e. solids which are not considered as rigid
bodies, but which can change their shape and volume, it is necessary to first set
up a framework for the description of deformation itself. Here we will concentrate
on small deformations of a solid. Large enough to reveal the properties of the
material of which the solid body is made. But small enough to allow for reasonable
approximations.

When a solid is stretched, twisted or compressed, the material points of the solid
are displaced. For small deformations, one assumes that the local structure of the
solid remains in tact. It means that neighboring material points do not move far
away from each other and remain neighboring points throughout the deformation.
An accurate definition of a small deformation is somewhat tedious to be formulated.
For here, we rely on common sense. For instance an elastic spring can be stretched
quite a lot before it looses its elastic properties. But a piece of ceramic should not be
dealt with in a comparable way. A more practical definition might be to consider a
small deformation, any change of form of a solid which can be described by methods
to be studied below.

This chapter is organized as follows: First we set up a simple mathematical frame-
work for the description of small deformations in two dimensions. Then, once we
obtained a formalism which is suitable for generalization, we study the general the-
ory of small deformations in three dimensions. At the end of this chapter a practical
application of the formalism is shown, which is related to the consequences of crystal
symmetries.

3.1 Deformations of the unit circle.

In section ( 2.5) we have seen that the unit circle is a quadratic surface which can
be represented by the unit matrix 1, i.e.:

0jj xjxj = 1. (3.1)

In this section we will study deformations of the unit circle, such that the resulting
"surface” is again quadratic.

Let us consider the unit circle to be drawn on a thin rubber sheet in the zy-plane.
In fact we have here in the back of our mind an zy-plane which is depicted on
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top of our desk and a rubber sheet which can move freely over the same desk. A
deformation of the rubber sheet is supposed to have as a consequence that the circle
is deformed into an ellipse. In practice this will be only true for infinitesimally small
deformations of a realistic rubber sheet, but from the mathematical point of view
that does not bother us here. Later on in this chapter, we will understand why it is
useful to study the above described idealized deformations.

We indicate the coordinates of material points in the undeformed rubber sheet by
Z and the coordinates of the same points on the sheet after a certain deformation
by X. Below we will study a few examples:

1. Stretching the rubber sheet in the direction of the x-axis.

As a first example we pull the rubber sheet on both sides such that it is stretched
in the direction of the z-axis. When we stretch the rubber sheet in the direction of
the z-axis, then the y-coordinates of the points on the sheet are supposed to remain
the same, i.e.:

X2 = X9. (32)

We might organize things in such a way that the points which are on the y-axis
remain on the y-axis. In that case the new z-coordinates of material points on the
sheet after the deformation (i.e. X7), are supposed to be proportional to the old
z-coordinates of the same points before the deformation (i.e. x1). When we select
for the proportionality constant the symbol a, then we find for the transformation
which describes the above deformation, the following:

Xy =ax; , a>0. (3.3)

In order to find the quadratic surface which follows from the deformation of the
unit circle under the above transformations ( 3.2) and ( 3.3), we may just perform
the following substitution of the inverse transformations in the relation ( 3.1):

Xy
a

2
1= 6ij LT = (21)% + (22)* = < > + (Xo)2 (3.4)

This equation describes an ellipse which has its principal axes along the z-axis
and the y-axis (compare the representation 2.66 for an ellips in two dimensions).
The sizes of the principal axes of the ellipse are indicated by a in the z-direction
and by 1 in the y-direction (which means that these sizes are equal to 2a and 2
respectively).

The transformations ( 3.2) and ( 3.3) which describe the deformation under con-
sideration of the rubber sheet, could also have been represented by a matrix D,

defined by:
(2)-(0)(m)-r(z) »-(s0) oo

We will refer here to the matrix D as the deformation matriz.
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The inverse of the transformations ( 3.2) and ( 3.3) are then represented by the
expression:

x; = (DX, (3.6)

ij
Inserting this into the relation for the unit circle ( 3.1) leads to the following
relation:

1=0;; (D7) Xp(D7) X = {0 D} XX, (3.7)

When one substitutes next the definition ( 3.5) of the matrix D into the above
relations, then one obtains again the equation ( 3.4) for the ellipse. The relations
( 3.7) are however more general and can be used for any linear deformation of the
unit circle.

The area of the unit circle ( 3.1), equals 7; the area of the ellipse ( 3.4), ma. So,
we may conclude that the areas of the deformed figures are in this case all a factor
a larger than the areas of their originals. For a small "volume” element A¢ this
might be seen as follows:

Let the "volume” element before the deformation be a ”small” parallogram and
let its position be indicated by the position of one of its corners (see figure below):
i.e. § = (p1,p2) before the deformation and P = (apy,p2) after the deformation.
The positions of the other two nearby corners are indicated by:

P+A7= (p1+Aq , pp+Ag) and p+ A= (p + Ary, ps + Ary)
before the deformation, and by:
P+ AQ = (a{p+ Aqi}, p2+ Ag) and P+ AR = (afpi + Ari}, pa+ Ary)

after the deformation. The above described situation is illustrated in the figure
below for the case a = 3/2.

Yy Yy
AT AR
Aq AQ
— :> —
D D P
x x
before deformation after deformation

Before the deformation the area Ao of the paralellogram is given by:

. AQ1 A?"l
Ao =] det (AQZ Ay >| (3.8)

After the deformation the area AY of the deformed paralellogram is given by:
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o AQl ARl . U,Aql aAm
AE_|det<AQ2 AR2>|—|det<Aq2 Ar2>|

B a 0 Aqgi Arp - a 0
{5 0)(3 8 i (2 0)) s

So we may conclude that the size of figures increase here by a factor which is
equal to the determinant of the deformation matrix ( 3.5).

2. Stretching the rubber sheet in both the z- and the y-direction.

As a second example we pull the rubber sheet as well in the z-direction as in the
y-direction. Let the corresponding deformation matrix be given by:

a 0
D_<0 b> , a,b>0. (3.10)

Using the same techniques as in the previous example ( 3.7), we find for the
”deformed” unit circle in this case the relation:

1= (B) s (B .11

This represents an ellipse which is centered in the origin and has its principal axes
in the directions of the z-axis (length 2a) and the y-axis (length 2b).

One might consider the above deformation as being the result of two consecutive
deformations of the rubber sheet: First we stretch the sheet in the direction of the
x-axis, such that the new z-coordinates of all points of the sheet are a factor a larger
than their old z-coordinates. This can be given by (compare 3.5):

Dx:<8 ?) (3.12)

Then we perform a similar deformation in the y-direction, for which the propor-
tionality constant equals b, represented by:

Dy:<(1) 2) (3.13)

The complete deformation of this example is then simply represented by the ma-
trix product of D,, representing the deformation in the z-direction ( 3.12), and D,,
representing the deformation in the y-direction ( 3.13), i.e.:

D = D,D,.

It is left to the reader to verify that the result of this matrix multiplication is
indeed equal to the matrix given in ( 3.10).
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The area of the ellipse ( 3.11) described by the deformation matrix ( 3.10), is here
a factor ab larger than the area of the unit circle, which factor is, as in the previous
case, equal to the determinant of the deformation matrix.

3. Stretching and rotating the rubber sheet.

We leave the rubber sheet in the deformed situation of the previous case ( 3.10)
and then rotate the sheet over an angle given by a. Let the corresponding rotation
matrix be given by:

R(a) = ( cos(a)  —sinfa) ) | (3.14)

sin(a)  cos(a)

The resulting new coordinates of points on the sheet are related to their original
positions before any deformation, by the matrix product:

D = R(2a)D,D,
- (o e )G ) e

The matrix which describes the quadratic ”surface” of the deformed unit circle
(see 3.7) is here consequently given by:

T cos;(a) + sin;(a) cos(a) sin(a){% — blz}
(0 D |
cos(a) sin(a) {5 — 7} Smaz)(a) " cost(a)

This is exactly the result we found earlier for a rotated ellipse (see 2.70), as of
course had to be expected.

One should notice that the form of the ellipse has not changed here with respect
to the ellipse of the previous example ( 3.11). A rotation does not involve any de-
formation, but merely changes the orientation of circles and ellipses. Consequently,
the area of the ellipse is here as in the previous case without a rotation, a factor
ab larger than the area of the unit circle. A factor which might also have been
concluded from the determinant of the deformation matrix D ( 3.15) as follows:

det(D) = det(R(Z, «))det(D,D,) = det(D,D,),

where we have used the fact that the determinant of a rotation matrix equals one,
which too demonstrates that rotations do not involve any deformations.
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4. Shear.

As a final example we will study here a deformation of the rubber sheet which
is known in the literature as shear and which is given by the following deformation
matrix:

1 e
D-(e 1) . le] < L. (3.16)

Below is graphically represented (for the case e = 0.1), the effect of the deforma-
tion defined by the above matrix D on various points of the unit circle:

Y Y
[ ] o
° ° . ¢
[ ]
- = 5 x
° ° o ¢
[ ] [ ]
before deformation (e) after deformation (e)

The unit circle seems to transform under the deformation defined by the matrix
D given in ( 3.16) into an ellipse which has its principal axes into directions which
make angles of about 45° with the x-axis. But let us follow the procedure outlined
in the first example ( 3.7) of this section, in order to see which quadratic surface one
obtains here. We start by determining the product of the transposed of the inverse
of the above matrix D and the inverse itself, to obtain:

T et 1 1+e*2 —2e
(D7) D _m< —2e 1+e2> (3.17)
The relation for the quadratic surface which represents the deformed circle on the
rubber sheet, follows by substituting the above result ( 3.17) for the product of the
transposed of the inverse of D and the inverse of D itself, into the expression ( 3.7).
However, besides ending up with a quadratic expression in X; and X3, not much
information would be gained from the resulting expression.
A more instructive method is to first inspect the expression ( 3.17) for its eigen-
vectors and eigenvalues. There is in fact no difficulty to find that the eigenvectors
are given by (X, Xs), = (1,1) and (X, Xz), = (—1,1), d.e.:

e (e ) ()= () e

Consequently, the principal axes of the related quadratic surface are in those di-
rections which thus should be chosen as the axes of an orthogonal coordinate system
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for which the matrix ( 3.17) is diagonal. The related basis transformation might be
given by the following rotation (in general there are four different possibilities):

(1)
V2 —-11

This matrix corresponds to a rotation angle of —45°, in agreement with the guess

we made before about the angle of the principal axes with respect to the z-axis.

More explicitly, this matrix corresponds to the choice & = é;/v/2+¢é;/v/2 and é), =

—é,/V/2+¢,/+/2 for the basis in the primed coordinate system. The diagonalization

of the matrix which describes the quadratic surface of the deformed unit circle, is just

performing this rotation on the matrix obtained in ( 3.17) using the transformation
rule ( 2.50), which gives the following result:

rR{(pHYTpyrT = | O ;6)2 ) , (3.19)
(1—¢)*

One obtains the matrix corresponding to an ellipse, the principal axes of which
have the respective lengths 2(1 + e) and 2(1 —e).

Consequently, we may conclude that the above deformation D is equal to stretch-
ing the rubber sheet in a direction which makes an angle of 45° with the z-axis,
because in that direction half the axis of the ellipse is longer than the radius of the
unit circle by a fraction e, and squeezing the sheet in the perpendicular direction
in which direction half the axis of the ellipse is shorter than the radius of the unit
circle by the same fraction.

From the expression ( 3.19) it follows that the area of the ellipse is here (1+¢)(1—e)
times smaller than the area of the unit circle. Notice that, as in the previous
examples, this factor follows directly from the determinant of the deformation matrix
(3.16). One can proof this relation with the procedure outlined in the first example.

3.2 The general form of the deformation matrix.

At this point we might discuss the forms which the deformation matrix D can take
for a rubber sheet. Stretching and compressing the sheet is limited here to a linear
relation, like the one in formula ( 3.5), between the initial and final positions of the
material points of the sheet. The simplest general form is the deformation matrix
( 3.10) discussed in example 2 of the previous section. The deformation is there
represented by a symmetric matrix with positive eigenvalues a and b. The constants
a and b of ( 3.10) cannot be negative independently. For instance, a deformation
described by a matrix similar to ( 3.10) but with @ > 0 and b < 0 involves a mirror
transformation around the x-axis. Such deformation implies that the material points
of the rubber sheet have to pass through each other; a process which we judge not to
occur for a small deformation. However, both ¢ < 0 and b < 0 in ( 3.10) represents
a possible deformation. But in that case we can decompose the deformation matrix
into a deformation of the type ( 3.10) followed by a rotation over 7 radians, i.e.:
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a 0 —1 0 —a 0
o= (oy)-(7 V)50
= R(%,180°)D(—a,—b) , a,b<0,

where:

0
Dé(}?&)z(ﬁ q> , p,g>0. (3.20)

The matrix D} is symmetric and has positive eigenvalues.

So, in ( 3.20) we have represented a deformation matrix D by the product of a
symmetric deformation with positive eigenvalues D¢ and a rotation R. We will
assume in the following that this is the most general form for a small deformation.
That is that we assume that any reasonable deformation, also in three dimensions,
can always be represented by the following product:

D = RD;. (3.21)

In three dimensions, three negative eigenvalues for D represents a deformation
which involves space inversion, which is rejected by us as a possible realistic defor-
mation of a solid. Also one negative and two positive eigenvalues for D implies space
inversion and is thus rejected for the same reason. Only a deformation matrix with
two negative and one positive eigenvalues may represent a realistic deformation as
in those cases the deformation can be seen as the result of an allowed deformation
which is represented by a matrix with only positive eigenvalues and a rotation.

In the above discussion, we have implicitly understood that the deformation ma-
trix has only real eigenvalues. But that is in fact not the case. For a symmetric
matrix, however, one can prove that all its eigenvalues are real. Consequently, only
in the case that the rotation angle of R in formula ( 3.21) equals zero or , the
deformation matrix has real eigenvalues. So, what about the other cases?

Let us assume for R in ( 3.21) an arbitrary rotation angle. The form of the matrix
in ( 3.7) which describes the ”deformed” quadratic surface, is in the general case
( 3.21) given by:

(0o HT'p-t = [(Rpg)—l]T (RD;)™ =R (Df) R (3.22)

Here we have used the fact that for a rotation holds R7 = R~! and for a sym-
metric matrix Dz = Ds.
Next, let us assume that  is an eigenvector of D with eigenvalue A, i.e.:
DiZ=XT, A>0. (3.23)

We find then that for RZ, which represents the rotated vector & after a rotation
given by R, the following holds:

1
(DY DRz = 2R (3.24)
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Apparently represents RZ the eigenvector of the matrix which describes the ”de-
formed” quadratic surface. Consequently, RZ indicates a principal axis of the
quadratic surface (see section 2.5, formula 2.71), whereas moreover two times its
eigenvalue (i.e. 2)\) represents the length of that principal axis.

When, in the three dimensional case \;, Ay and A3 are the three positive eigenval-
ues of DY, then the volume of the ”deformed” quadratic surface as given by formula

(3.7) is

times larger than the volume of the original unit sphere.

3.3 Infinitesimal deformations of the unit circle.
In this section we consider deformations of the unit circle which are small enough
to allow first order approximations, and which can be described by deformation
matrices of the form:
D=1+¢,

where € represents a matrix for which all matrix elements are much smaller than
unity.

1. Infinitesimal rotation.

Let us consider the deformation of the unit circle given by the following deforma-

tion matrix:

1 —k
D_</-€ 1> , el < 1. (3.26)

Below is graphically represented (for the case k = 0.1), the effect of the deforma-
tion defined by the above matrix D on various points of the unit circle:

Y Y
[ ] [ ]
° ° o ¢
o
- - 5 x
° . . ¢
[ ] [ 4
before deformation (e) after deformation (e)
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By eye we guess that the effect of D on the unit circle probably only results in a
rotation of the unit circle. This is to first order in k confirmed by calculations, as
we will see below. First let us determine the inverse of the matrix D to first order

in K, t.e.:
1 1 & 1 &
71_ ~
D =7 KQ( . 1>N< . 1>. (3.27)

The above equation implies that the inverse of D is to first order in k equal to
the transposed of D (compare the expressions 3.26 and 3.27) which is the defining
property of an orthogonal matrix (see formula 2.37). In fact corresponds the defor-
mation matrix here to a small rotation over an angle which is equal to x, as can be
seen from the following:

R(2,K) = ( cos(k) - —sin(x) ) ~ ( L= ) . for |k| < 1. (3.28)

sin(k)  cos(k) ko1

The relation for the "deformed” circle follows by substituting the above result
( 3.27) for the inverse of D into the expression ( 3.7) in order to find:

IZ{D Dil}lele :51{11 Xle, (3.29)

which is again the relation for the unit circle. Consequently, we may conclude
that the above deformation D is to first order in x equal to a rotation of the rubber
sheet, which does not lead to any deformation.

2. Simple shear.

An infinitesimal deformation which is known in the literature as simple shear
consists of the combination of an infinitesimal shear deformation (see example 3.16)
and an infinitesimal rotation. The related deformation matrix is given by:

1 2¢
D_<0 1> , el < 1. (3.30)

Each point of the sheet suffers a deformation in the z-direction which depends
linearly on its y-coordinate. So, points on the z-axis remain in their positions, but
points at growing distances from the z-axis suffer larger and larger deformations.
When we take € positive, then the effect is in the direction of the positive z-axis
for points in the upper half xy-plane and in the opposite direction for points in the
lower half plane. Below this is graphically represented (for the case ¢ = 0.1) for
various points of the unit circle:
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As in the case of shear, the unit circle seems to transform under the deformation
defined by the matrix D given in ( 3.30) into an ellipse which has its principal axes
in directions which make angles of about 45° with the z-axis. But, it is easy to
show that in this case the angle is not exactly 45°, but smaller by an amount €. In
order to do so, we first write equation ( 3.30) as the combination of two infinitesimal
deformations, a rotation R(Z, —e¢) and a shear deformation of an amount also given
by €. In the resulting matrix multiplication we allow only first order terms in €, i.e.:

weama=(49)(1)- (15 2)-(31).

or equivalently:

RD:{1+<_OE 5)}{1+(2 8)}%1+<_06 5>+(2 5) (3.31)

The result is to first order in € equal to the deformation matrix ( 3.30) of this
example.

A rotation does not imply any deformation of a material object, but changes the
orientation of the principal axes of quadratic surfaces like the deformed circle of this
example. Consequently, the only real deformation comes in this example from the
last matrix on the righthandside of equation ( 3.31), which is the symmetric part of
the deformation matrix.

The eigenvectors of the symmetric part of the deformation matrix have been
discussed previously (see formula 3.18). Here we find that, according to relation
( 3.24), the eigenvectors are found by performing moreover the above rotation to
the eigenvectors of formula ( 3.18), as follows:

remo s (1) = (1) - (=)

mecos (1) = (35) - ().
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Notice that the determinant of the symmetric part of expression ( 3.31) is to
first order in € equal to one. Using formula ( 3.25), this means that to first order
approximation no changes in volume are involved in a shear deformation.

As a conclusion for this section, we might state that any infinitesimal deformation
consists in general of three parts (compare equation 3.31), the unity, an antisym-
metric matrix which represents a rotation, and a symmetric matrix which represents
a real deformation.

3.4 The displacement vector and the strain ten-
sor.

In this section we study small deformations of elastic materials and its consequences
for infinitesimal volume elements. As a preparation we first consider here some
examples and then we go in the next section into the formal theory.

1. Stretching an elastic string.

In the figure below we show the deformation of an elastic string when it is
stretched. We assume that the string is along the x-axis and stretched in the pos-
itive direction of the z-axis. Moreover, we have fixed one extremum of the elastic
string in the origin.

o a b ¢ (@) o 4 B o (X)
° L ® ° — ° ® ® ®
D
L | | | L | | |
before deformation (e) after deformation (e)

The material points (point particles) of the string which before the deformation
are in the positions indicated by z = o, a, b and ¢, are after the deformation found
in the respective positions © = O, A, B and C. The points indicated by x = o0 and
x = O come here both in the origin of the z-axis, because they represent the fixed
extremum of the string. For an ideal elastic string the deformation is linear, which
means that the ratio’s OA/oa, OB/ob and OC/oc are equal. A deformation which
has that property, is called a homogeneous deformation.

For a homogeneous deformation we might represent the above ratio by (1 + ¢),
where € is here supposed to be a small number. Consequently, if the initial position
of a material point of the string is indicated by x and its final position after the
deformation by X (z), then one has for a homogeneous deformation:
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X(z) = (1+¢€)z. (3.32)

As a consequence, the displacement of a material point depends on its initial
position. In the figure below this fact is demonstrated.

0 a b ¢ (7) O A B ¢ (X)
— o o o — — o e o
D H —
s(a) (b)) s(o)
before deformation (e) after deformation (e)

The displacement of the material point which initially is in the position x = a is
in the above figure indicated by s(a) and similarly are indicated the displacements
of b by s(b) and ¢ by s(c). So, instead of the expression ( 3.32) for the relation
between initial positions = and final positions X, one might also describe the above
deformation by the displacement of a material point which has the initial position
x, according to:

s(x) = X(z) — . (3.33)

For a homogeneous deformation the displacement of material points depends lin-
early on its position with respect to the fixed extremum of the string. In that case
one obtains for the displacement function the expression:

s(x) =X(z)—z=(1+¢ez—a=e. (3.34)

In the following, we are interrested in the deformation of a small region around a
certain point with initial position . Thereto, we study the effect of a deformation
on neighboring points. In the figure below we have two neighboring points which
are indicated by z and = + Ax.

X Az X X+AX
® ® ® == ® ® °
D — —
s(z)  s(z+Ax)
before deformation (e) after deformation (e)

After the deformation the initial distance Az in between the two neighboring
points = and x + Ax changes to AX which is the distance of the new positions X
and X + AX of those points after the deformation. This can be expressed in terms
of the displacement function as follows:
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AX = {X+AX}-X
(3.35)
= {z+Azr+s(x+ Ax)} —{z+s(z)} = Az + s(x + Az) — s(z).

The above expression for the new distance of two neighboring points after a small
deformation, can be further developed by making a Taylor expansion of s(z + Ax)

around the point x, 7.e.:
1 (d?s
A — 22
x> T 2! (da:2

In the specific example of a homogeneous deformation, the second and higher
order derivatives in the Taylor series do not contribute. In general those higher
order derivatives will of course not disappear.

When we insert the Taylor series expansion of s(z + Ax) around the point z in
the expression ( 3.35) for the distance in between two neighboring points after a
deformation, then we find for a homogeneous deformation the result:

s(x + Azx) = s(z) + (%

) (Ax)* +---. (3.36)

AX = Ax + (ﬁ
dx

) Az = Az + eAx. (3.37)
T

The constant e which represents the fractional deformation of any line element
of the string in the case of a homogeneous deformation, is called the strain of the
deformation.

For a strain which is not homogeneous, one can still always define a displacement
function s(x), which describes the displacement of an arbitrary material point x,
which after the deformation comes at the position X (z), i.e.:

X(z) =2+ s(x). (3.38)

The above relation ( 3.37) remains then valid for the differential dX, which is
the limit for Az — 0 of the expression ( 3.35). However, in the general case the
fractional change (strain) differs from point to point in the elastic string and thus
becomes a function of the initial position x. The resulting function is called the
strain function and represented by €, as is shown below:

dX = dx + (ﬁ
dx

) dr = dx + e(z)dx. (3.39)
x

For deformations in two and three dimensions, the displacement function becomes
a vector, the displacement vector, and the strain function a tensor, the strain tensor.
In the following we will study the examples of shear (see example 4 of section 3.1)
and simple shear (see example 2 of section 3.3) in two dimensions.

2. Shear in two dimensions.

The displacement vector 5(Z) for shear in two dimensions is given by (compare
example 4 of section 3.1, formula 3.16):
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5(Z) = (s1(x1,22), sa(wy,22))

= (exq, €xq). (3.40)

In the figure below the effect of the above displacement vector is shown.

Y Y
A ¥ AX _X+AX
S CS(BHATD)
7 AT — §(Z)
D
| x T
before deformation (e) after deformation (e)

The relation between the final and initial position of a material point, equivalent
to formula ( 3.38) for the elastic string in one dimension, becomes here a vector
equation. For each of the two components we have:

X;(21, m2) = x5 + 5;(21, T2). (3.41)

The differential dX of X (#) which is important for the study of the deformation
of an infinitesimal region around the point &, has consequently also two components,

1.e.:
> dx, + (ﬁ > dxs
7 Oz |7

and
> d.ﬂUg.
Z

> d.’L’l + <%
.I_" 83:2

These equations can in general be compactified as follows:

3 9
dX1(7) = da1 + (a—:

3 9
dXo(T) = dia + (a—:

ax(7) = day + | 1| ) der ;. (3.42)
837]- . J

In the case of the above displacement vector ( 3.40) one obtains for the differential
of X the expression:
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Xm d.ﬁUl + €dl‘2 1 € dl‘l
— — . (3.43)
dX2 d.’EQ + Gdl'l € 1 d.Z'Q

The matrix at the righthandside of this matrix equation for the deformation of
infinitesimal distances around the point Z, might be recognized as the deformation
matrix ( 3.16) which was studied in example 4 of section ( 3.1). Consequently, we
know that small circles around any point of the zy-plane are deformed into small
ellipses, the principal axes of which are in directions which make angles of 45 with
the z-axis.

The above equation ( 3.43) can also be written in the following form:

dX, 10 0 € dx,
- + . (3.44)
dX2 0 1 e 0 d.Z'Q

In this form one might compare the equation with the relation ( 3.39) in order to
find that the second matrix on the righthandside of the above equation corresponds
to the function €(x) in the one dimensional case. Indeed, the strain tensor is in the
case of shear given by:

€(7) = . (3.45)

3. Simple shear in two dimensions.

The displacement vector §(Z) for simple shear in two dimensions is given by (com-
pare example 2 of section 3.3, formula 3.30):

§(Z) = (2exy, 0). (3.46)

In the figure below the effect of the above displacement vector is shown.

Y Y
21\ A7 = (@) \AX
o A SRXAAX
AT S(TH+AT) +
T T
before deformation (e) after deformation (e)
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The strain tensor follows from an equation similar to the one in the previous case.
Using expression ( 3.42) we find:

Xm 1 0 0 2e d.Z'l
= + : (3.47)
dX, 01 0 0 dxy

But now we remember that from the study we made in section ( 3.3) it followed
that in this case there is an infinitesimal rotation involved and that in fact one
should split the matrix as follows:

((1)2;):((1)(1)>+<_068>+<25>. (3.48)

The unit matrix together with the antisymmetric tensor define the infinitesimal
rotation. The strain tensor defines the deformation of a small region of the zy-plane.
Consequently, this tensor relates to the deformation of distances, or equivalently of
quadratic surfaces. From section ( 3.1) we know that only the third, symmetric,
tensor is responsible for the deformation of quadratic surfaces and so, is the strain
tensor for this case.

3.5 Deformations in three dimensions.

After all the preparation of the previous pages, the formal theory of deformation is
now straightforward. Let us denote, as before, the position of a material point before
the deformation by Z, and after deformation by X (Z). And let the displacement
vector field which defines the deformation be given by §(#). Then, is the basic
relation for the displacement of material points in a body due to deformation, given
by:

X(Z) = 7+ 5(2). (3.49)

For the study of the behavior of small domains in the body under the a defor-
mation, it for us is sufficient to consider infinitesimal deformations. We thereto
determine the differential of X which follows from the equation ( 3.49) and which is
an expression similar to the one we obtained in the two-dimensional case in equation
( 3.42), the only difference being that the summation over the indices runs here from
1 to 3, i.e.:

dX;(Z) = da; + (% ) daj. (3.50)
83:]- =

The partial derivatives of the components of the displacement vector field form a
tensor as has been shown in section ( 2.4) in the formulas ( 2.48), ( 2.49) and ( 2.50).
The above formula can be rewritten as follows:

) . (8_J
T

s ; 1 ([ 0s;
_ [ 2L . S| 22
f) (8:::@- —»>}de + 2{<8x-

Y J

Osq

83:]-

s

T

dXZ(f) = dz; + %{(
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This way one obtains two tensors: the antisymmetric tensor field Tij (Z) given by:
882'

() = %{( % ) - (279 f)} (351)

and the symmetric strain tensor field ¢;;(7) defined by:

| 682' 83]'
€;5(%) = ﬁ(ﬁ f) + (8—332

J

Using the definitions ( 2.19) of the generators of the rotation group, the relation
( 2.24) for the product of Levi-Civita tensors and the expression ( 2.51) for the
components of the curl of a vector field, the antisymmetric tensor ( 3.51) can be

rewritten according to:
R 1 8Sk 1 8Sk
rij (&) = 51010k — 0501} (a—fcl ﬁ) = 3mijCmkl (a—fcl 4)
T %
1

— 1 3 1
= 5 (Am)y; (=Y xF1z),, = 5 {(V x5 1z) - 4},

Inserting the above into equation ( 3.50) one obtains the following expression for
the differential of X:

dXZ(f) = {52] + % {(V X §|f) A)}U +Ezj(f)} d:Uj ,

f)} (3.52)

Or in terms of the matrices:

AX(@) = {1+ (Vx5]z) - A+ (@)} (3.53)

Provided that the components of the vector curl(3) are small, one may approxi-
mate:

145 (Vx5ls) - Amenly (V x5lg) - A),

which represents a rotation around the vector curl(3), with a rotation angle indi-
cated by half the absolute value of that vector (see formula 2.30). Let us introduce
for this rotation the notation:

R(5,%) = exp{% (Vx5;) - 4. (3.54)

Now, also provided that the matrix elements of the strain tensor € are small, one
might approximate the matrix in equation ( 3.53) by:

1+%(V>< F3) Ate@ ~ RED(L+e@), (3.55)

which represents the product of a rotation field R and a symmetric deformation
field (see also formula 3.21) which describes how volumes (e.g. spheres) deform (into
e.g. ellipsoides).
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For infinitesimal deformations, i.e. §(Z) — 0, the above approximations are of
course exact. But in experiment one deals with finite deformations. Whether or not
the above approximations hold in a realistic situation, depends on the experimental
accuracy one wants to obtain. In the ultimate case one has to return to the Taylor
expansions, like the one in ( 3.36) and take into account higher order terms.

3.6 The dilatation.

In the case of a small deformation for which the approximation ( 3.55) holds, the
deformation of a small sphere centered in the point & of a solid, is described by the
strain tensor according to:

D(@) = 1 + €(3). (3.56)

Following the procedure described in the previous sections (see for example for-
mula 3.9), the volume Ao (Z) of a domain around the point & changes under the
deformation which is represented by the above deformation matrix ( 3.56), to a
volume AX (X (7)), given by:

AX(X () = det{ D(Z)} Ao (). (3.57)

When the matrix elements of the strain tensor are small, then a first order ap-
proximation of this expression might be usefull. In such case, one can easily verify
that the only terms which are linear in the matrix elements of the strain tensor in
the determinant D(Z) ( 3.56) come from the diagonal elements of D, i.e.

det{D(Z)} ~ {1+ €11(Z)}{1+ €x(Z) {1+ e33(2)}

~ 1 + 611(5) + 622(5) + 633(.’5),

or equivalently:

det{D(¥)} =~ 1+ Tr{e(?)}. (3.58)
The latter quantity is moreover invariant under rotations of the coordinate sys-
tem, because the strain tensor transforms as a tensor under rotations (see formulas
3.52 and 2.49) and consequently (see formula 2.58), its trace is an invariant under
rotations. This is not so much surprising, since the the deformation matrix D(Z)
also is a tensor under rotations and thus its determinant is an invariant quantity,
but for a first order approximation this property might have been lost.
The expression ( 3.58) can be further simplified using the definition ( 3.52) of the
strain tensor, to obtain:

= 882'

det{D(¥)} ~ 1+ <a—xlf> =1+ (Vs“’]a—;») (3.59)
The fractional change in volume A(Z) around a point Z in a solid is called the

dilatation of a deformation and can now for small deformations, using the above

expressions ( 3.57) and ( 3.59), be given by:
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For homogenuous isotropic deformations, the strain tensor is constant and propor-
tional to the unit matrix. In that case the above formula for the fractional change in
volume has a very simple consequence for a similar quantity for the change in length.
By comparing the first line in formula ( 3.58) with the above equation ( 3.60), one
finds that the fractional change in length equals one third of the fractional change
in volume for isotropic deformations to first order in the strain tensor diagonal
elements. If the deformations are moreover homogenuous, then this number is a
constant for the whole solid. In practice this is used for isotropic deformations of
materials under pressure or temperature changes: One just has to measure the frac-
tional volume change of such materials in order to find the change in any direction,
or vice versa if that experimentally is more easy.

3.7 Thermal expansion coefficients.

A piece of material deforms when we excert pressure on it. The amount of deforma-
tion is described here by the strain tensor. Consequently, the strain tensor of a given
body is a function of pressure p. Also temperature influences the volume of a body.
Many materials expand for increasing temperature. So, the strain tensor of a body
is also a function of temperature 7. The measurable quantities for such materials,
to be studied in this section, are the so-called thermal expansion coefficients, which
are defined by:

0 = (W)p. (3.61)

The suffix p indicates here that the measurement must be done under constant
pressure or tension. This is a necessary condition for the experimental determination
of the thermal expansion coefficients, but not of much relevance for the subject of
this section.

Like the matrix €, the matrix a is a symmetric matrix which behaves as a ten-
sor under rotations. Moreover, from the definition ( 3.61) it might be clear that
any symmetry of € is also a symmetry of a. Such symmetries exist for crystaline
structures as we will discuss below.

1. Monoclinic structures.

In a monoclinic material exists a crystal axis for which the atomic arrangement
has the same appearance after a rotation of 180° around that axis. Such crystal
axis is called a twofold azis. It implies for such materials that « is invariant under
a rotation of 180? around the twofold symmetry crystal axis. When we take this
axis in the z-direction, then a rotation of 180° around that axis is represented by
the following matrix:
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-1 00
R(2,180) =| 0 —1 0 |. (3.62)
0 01

From formula ( 2.50) in section ( 2.4) we know that under the above rotation of
the coordinate system, the tensor a on one hand transforms as follows:

T a1 Q12 —Q13
a' = RaR" = Q91 Q9  —O23 . (363)
—Q31 —O32 (33

However, since on the other hand the thermal expansion coefficients should in this
case be invariant under the transformation ( 3.62), (i.e. the above matrix ( 3.63)
must be equal to the matrix «), it follows that:

13 = (31 = 0 and Q93 = (392 = 0.
Consequently, the matrix e for monoclinic materials has the following form:

Q11 g2 0
o = Qo1 (2 0 )
0 0 33

which implies that there exist only four non-vanishing thermal expansion coeffi-
cients for monoclinic materials, 7.e. aq1, a12 = a1, @9 and ass.

2. Ortho-rhombic structures.

In a material which has an ortho-rhombic structure, exist three mutually per-
pendicular twofold axes. When we take these axes along the x-, the y- and the
z-directions, then the rotations for which « is invariant are respectively R(zZ, 180°),
R(9,180°) and R(%,180°). One finds in this case for transformations similar to
equation ( 3.63):

Q11 Q12 (g3 Q1 —Q2 —O13
Qo1 Qg (U3 = —Q2 29 Qo3
(31 (32 (33 —Q31 032 (33

11 —0q2 Q13
= —Q2 Quag  —Q23
Q31 —Q32 (33

a1 Q12 —Q13
= Q21 Qg2 —Qg3

—Q31  —Q32 Q33

From these equations one deduces that:
app=a =0, az=a3 =0, ap=azp=0
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This results for ortho-rhombic materials in a matrix for the thermal expansion
coefficients of the form:

11 0 0
a = 0 29 0
0 0 33

Only three non-vanishing coefficients.

3. Cubic structures.

For a material with a cubic lattice all rotations which transform the cube into itself
leave the appearance of the atomic structure of that material invariant. When we
take the axes of the unit lattice cube along the x-, the y- and the z-directions, then
the rotations for which « is invariant are rotations of 90°, 180° and —90° around
those axes. Such crystal axes are called fourfold azes.

The matrix « of the thermal expansion coefficients for such materials is propor-
tional to the unit matrix, i.e. @ = a;; 1 . There is only one independent coefficient

in this case.

Problem 21:
Verify the above affirmation for cubic structures.

4. Hexagonal structures.

A material which has a hexagonal crystal structure, contains a sixfold crystal axis.
The invariance rotations around that axis have rotation angles of 60?, 120°, 1807,
240° and 300°. When this axis is in the z-direction, the matrix a takes the form:

11 0 0
o = 0 11 0
0 0 Q33

There are only two different coefficients.

Problem 22:
Perform the various symmetry rotations for hexagonal structures on the matrix
a as given in ( 3.61), in order to verify the above indicated form for a.
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Notice, that in experiment the measured matrix of thermal expansion coefficients
might come out very different. This is because the x-, y- and z-directions of our
laboratory do not necessarily coincide with the symmetry axes of the crystal.

Let us assume, for example, that the symmetry axis in the case of the hexagonal
structure, is in our laboratory in the direction (1, ¢), then this means that there is
a rotation of coordinate systems involved (see section 2.3), given by:

R0, ¢) = R(2,¢)R(g,7). (3.64)

So, the matrix of thermal expansion coefficients which we would measure in our
laboratory equals:

o = R, o)aRl(0,¢)

11 0 0
= 0 an 0 |+
0 0 Q33

sin? () cos?(¢) sin?(¥9) cos(¢) sin(p) cos(¥?) sin(19) cos(¢)
+(azz—aq;) | sin?(9) cos(¢) sin(ip) sin?(¥9) sin? () cos(19) sin(?)) sin(¢p)
cos(9) sin() cos(p)  cos(?) sin(¥) sin(y) — sin? ("))

Besides being symmetric, the above tensor o’ shows six different matrix elements.
Nevertheless, if we know that the crystal has a hexagonal structure, then we can
use the invariants of a tensor under rotation (see section 2.4) in order to determine
a1 and ags, i.e.:

det(a') = det(a) = (a11)*ass and Tr(a') = Tr(a) = 2ay; + ass.
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Chapter 4

Forces due to stress.

A solid under pressure or stress develops internal reaction forces due to the attractive
and repulsive forces amongst its atoms and molecules. At interatomic distances such
forces might fluctuate enormously from place to place. However, at distances which
are still microscopic, but large with respect to the size of an atom, the average forces
due to stress are here assumed to vary smoothly from one place to the other in a
solid.

Let us no longer refer to the atomic structure of a solid, but instead consider a
small domain A inside an elastic body. At its surface, the domain A is in contact
with neighbouring domains. Consequently, when on the elastic body forces are
excerted which give rise to deformation, like pressure, stretching or frictional forces,
then the domain A is subject to stress forces through its contact at its surface with
the surrounding domains. The basic assumption is here that the resulting force field
which describes these forces at the surface of the domain A, varies smoothly as a
function of position.

Next to forces due to stress, a solid might be subject to external forces, like
gravitational forces, or even internal forces which have a different origin then the
applied stress. Such forces will be called body forces. Their behavior is assumed
to be essentially different from the stress forces. Whereas the stress force fields
represent the contact forces between the material points in a solid due to tension
and consequently depend in strength and direction on the size and the orientation
of the contact surface, the body force field represents the effects of a distant field
source (like the Earth in the case of gravitation) and has therefore a definite direction
in each point of the solid. We assume moreover here, that body forces, like the
gravitational force, are proportional to the density of the solid.

4.1 Hooke’s law.

When we apply pressure at the surface of a solid, then its dimensions change. For
small deformations, the changes in the sizes of an elastic body, like the increase or
decrease of its length, are proportional to the applied force. This observation has
been formulated for the first time in the seventeenth century by R.Hooke.

In the previous chapter we have studied the description of deformation in terms
of the strain tensor, the matrix elements of which have been related to the fractional
changes in dimensions of a solid. It is therefore logic that a generalization of Hooke’s
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law involves the matrix elements of the strain tensor. Here we will follow an intuitive
approach in order to understand in which way Hooke’s law might be generalized. In
the next sections we will follow a more rigorous method for the same purpose.

Let us consider a bar of some elastic material, which has the form of a rectangular
parallelopiped. And let us take its edges along the axes of our coordinate system
(see figure below):

Ly

L,

O
o> Y
[

Let us for convenience only consider two dimensions and a coordinate system S
as indicated in the figure above. The lengths of the sides of the bar are L; in the
x-direction and Ls in the y-direction.

When we apply pressure at the two opposite sides of the elastic bar, then its
length in the direction of the applied force diminuishes. This situation is shown in
the figure below:

)
TTT T
P ———— <—E—p
_— -~ T
AL,

A pressure of magnitude p is applied at the left- and righthand surface of the bar,
because of which its length in the z-direction changes by the amount AL;. Hooke’s
observation for the fractional change in length can here be formulated as follows:

ALy
Ly

= —ap, (4.1)
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where the constant of proportionality a has to be determined experimentally.

The compressed bar contains elastic energy. This can be determined following
the standard procedure: An infinitesimal change d(AL;) in AL; contributes to the
total work W an amount given by:

dW = force x d(AL).

The strength of the force is here equal to the area Lo times the pressure p, and
using Hooke’s relation ( 4.1), one finds:

Ly
= —(AL ALy).
dW aLl( 1) d(ALy)

Integration of this expression leads to the well-known relation of the elastic po-
tential energy and the change in size of an elastic body in one dimension, i.e.:

1/ Ly 9
W= (aL1> (AL, (4.2)

The constant of proportionality (Ly/aL) is called the elasticity constant of the
bar. The constant (1/a) represents an elasticity constant of the material of which
the bar has been made. For a constant, the result ( 4.2) is quite reasonable: A long
elastic string can more easily be stretched than a small string. So, the work might
well be proportional to the inverse of the length L;. Also, a thicker elastic string is
less easily stretched than a thin string. So, the work might perfectly be proportional
to the thickness Ls.

The forces at the left- and righthand side of the bar are opposite and equal in
strength. They are moreover perpendicular to the surface of the bar and directed
towards its interior. We represent these forces by a vector t;, which is called the
tension of the applied force. The strength of #; is equal to the applied force per unit
area. In the above case we have thus:

|4 1= p. (4.3)

The direction of #; is chosen in the negative a-direction, because the force is
directed towards the interior of the bar. Consequently:

t, = —pé;. (4.4)

The index 1 of #; comes from the face where the force acts: The face which is
perpendicular to the z-direction has the index 1 in this context.

The tension related to pressure is always perpendicular to the surface where it is
acting. But, in general the tension ¢; might not be perpendicular to the left- and
righthand faces. This is possible because the surface of a solid body allows frictions,
and frictional forces are parallel to the surface. In two dimensions, the tension #;
may in general have two components, i.e.:

t_i - tllél + tlgég. (45)

For the above example ( 4.4) the two components of #; are given by:
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tll = —p and tlg =0.
Inserting this in formula ( 4.1) one obtains:

AL
Ly

In example ( 4.1) it is suggested that the dimensions of the bar change only in the
x-direction, when a pressure is excerted on its left- and righthand faces. However,
more generally, one might consider the situation that the bar does not only suffer a
deformation in the z-direction, but also in the y-direction when a force is excerted
on the left- and rigthhand extremes of the bar. This is depicted below:

= atu. (46)

Yy
l AL,
p ' P
JE— 4—:—
AL, o
In this case Hooke’s law takes the form:

AL, AL,
- _ d —b

T ap an » D,

where both proportionality constants a and b depend on the material of which
the bar has been made. Or, using the components of the tension defined in ( 4.5),
one equivalently writes:

AL AL
Lll = atn and L22 = —btll. (47)
The deformation matrix might in the above example have the form:
AL,
1+ T, 0
D=
ALy
0 1+ T,

So, for small deformations, the strain tensor, which has been defined in ( 3.52),
takes in this example the following form:
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€= . (4.8)
AL,
0 T,
So we may identify the diagonal matrix elements of the strain tensor and the
fractional changes in size of the elastic bar. This way, we obtain for relation ( 4.7)
the expression:

€11 = CLtH and €99 — —btll. (49)

Next, let us consider the most general case of pressure and frictional forces at the
four faces of the two-dimensional bar, i.e.:

—

l92€9 ty
N t12€9 {
_ lo1€9 A 1

tiie;

—t11€1

—t L —t21€1
—t12€2 b
- —t99é
_f, 22€2

The first observation one might make from the figure is that the forces are in
equilibrium, but for the moments of the forces this is not obvious. Consequently,
in a situation of static equilibrium there must exist a condition which limits the
freedom of all possible choices for the two forces. The moments of the two sets of
opposite forces are given by:

Ml == L1F122A’ and Mg == —L2F212A’. (410)

In ( 4.10) the forces Fi, and F,; are related to the components t15 and ty; of
respectively ¢; and ¢, via the following expression (remember that ¢ represents the
tension force per unit area):

Fig = Lyt and  Fy = Lqty.
Substituting this into ( 4.10) we find that the moments are proportional to the
?volume” (LjLy) of the bar and that the related components of the tension vectors
represent something like the moment per unit volume, i.e.:

Ml = Lngtlg,ZA’ and MQ = —Lngtgl,ZA’. (411)
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As a consequence we notice that for static equilibrium we must impose on the
components of the tension vectors the condition that:

tlg - t21. (412)

In fact one might join the components of the tension vectors into a symmetric
matrix, the stress tensor, given by:

t = ( tll t12 > y tlg - t21. (413)

to1 o2

In general, this matrix describes all possible forces on the elastic bar in two di-
mensions. Its content for a specific situation must therefore be related to the matrix
which describes the effects of those forces in terms of the deformation of infinitesimal
domains of the bar. Small deformations can be represented by a symmetric strain
tensor of the form:

€ — ( ‘i €1 ) , €19 = €21. (414)

€21 €22

According to Hooke ( 4.1) for small deformations are the fractional changes in
size of a solid body linearly proportional to the tension forces. Both, the tension
forces and the deformations are here represented by matrices. So we expect that
Hooke’s law ( 4.9) can be generalized to the matrix elements of those matrices, and
be formulated as follows:

tij :Cijl{:lekl‘ (4.15)
The sixteen material elasticity constants Cijkl (for 4, j,k,l =1,2) are not indepen-

dent. The symmetry of as well the stress tensor ( 4.13) as the strain tensor ( 4.14)
gives the following identities:

These symmetry relations leave us with only nine independent elasticity constants

in two dimensions.
A further reduction of the number of independent coefficients Cijkl can be ob-

tained from the following considerations: In ( 4.2) we found an expression for the
elastic potential energy of the bar in the most simple case. From this formula and
also using the relations ( 4.6) and ( 4.9) we can infer that:

oW OW  LyLi AL LiLs

6611 la(ALl) a L1 a ‘u 1H2il

Here, L, L5 represents the ”volume” of the bar, so if we concentrate on the elastic
potential energy per unit volume w = W/V, then we find for the above expression:

ow

— =ty
Dery 11

In the following sections we will see that this can be generalized according to:
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Ow

S 4.1
8eij t (4.17)

7k

An extra derivative with respect to a matrix element of the strain tensor gives
then, also using the the generalized Hooke’s law as shown in ( 4.15), the following
symmetry relations for the elasticity coefficients:

Otkl - 0w 0%w at@]

867;]' 867:]'86]{;[ (%klaeij Oeg ijkl

Cklij =

These symmetry relations reduce the amount of independent elasticity constants
further from nine to six. So, concludingly we may remark that the reaction of a
two-dimensional solid to tension can for small deformations be completely described
by six independent constants:

2 constants which describe the reaction of the bar in the x- and y-directions
due to an applied force in the z-direction on the right and lefthand faces,

2 similar constants for an applied force in the y-direction on the upper and
lower faces of the bar,

1 constant for shear due to a frictional force in the z-direction at the upper
and lower faces of the bar,

1 similar constant for frictional forces in the left- and righthand faces of
the bar.

For isotropic materials, the number of independent elasticity constants reduces
further to two.

4.2 Stress forces and the stress tensor

Let us represent the internal forces due to stress in a solid by a second rank tensor
field, the stress tensor, given by:

tw(f) , 1,7 =1,2,3. (4.19)

In order to study its relation to the forces due to stress, we consider a volume
element AV inside the solid. We furthermore consider a small element of its surface
AA(Z) located in the point Z of the surface of the volume. This surface element
should be small enough for the stress tensor ( 4.19) to be considered constant in all
of its points. Such surface element is represented by a vector A/Y(f), which has the
following properties:

1. AA(Z) is perpendicular to the surface element AA(Z),
2. | AA(Z) | equals the area of the surface element AA(Z), and

—

3. AA(Z) points outward with respect to the volume AV
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(4.20)

The force AF® | which acts on the surface element AA(Z) due to the stress forces
inside the solid, is defined by:

— t =, R
(AFY). = (AA(x))j i (). (4.21)

Let us first inspect whether the above definition makes any sense. For this purpose
we might choose the stress tensor field to be constant in the domain around a certain

the volume element of the solid. We select for a volume element the parallelopiped
which is indicated in the figure below.

Aﬁl(t) (l‘g—l-Al'g)

| (Al‘lAZCg)ég

\

A | |
| |
| [\ |
T | |
| |
_(A.Z‘lALL’Q:)ég \ | :
| | AF (24)
: Ty ! : TotAzy
| 1 l | 1 y
_____ | | |
E A.Z‘l
Al‘g
T

Its lower left corner in the back is situated at the point (zq,x2,23) and its three
neighbour corners in the z-, y- and z-direction are respectively situated at (z; +
Axy, 9, x3), (X1, Lo+ Az, x3) and (z1, x9, £3+ Ax3z). The sides of the parallelopiped
in those three directions have thus sizes Az, Ax, and Axs respectively.

Let us consider the force due to stress which acts at the top surface of the above
volume element. In the figure this force is indicated by Aﬁlt) (x3+Axs). The top
surface, as also indicated in this figure, is represented by a vector, given by:

—

AA(top surface) = (Azy Azy)és. (4.22)
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So, from the definition ( 4.21) we obtain

(AF"), = (AmAne)ty;
= AnAxydy ity = Axy Asty,
or in vector notation:
AFY = Awi Ay (ta1, tsa, ta3). (4.23)

When we compare this result with forces acting on a surface element in a perfect
fluid, then we observe one main difference: In a perfect fluid the force is always
perpendicular to the surface element, whereas here the force due to stress on a
surface element in a solid is not. The reason is that in solids and viscuous fluids
there exist frictional forces on an interior volume due to stress parallel to the surface
of the surface element, which forces are absent in a perfect fluid.

For the bottom surface of the volume element, the associated vector which repre-
sents that surface element, is pointing in the —é3 direction. For the rest everything is
the same. So, we obtain for the force at the bottom surface, indicated by AF.” (x3)
in the above figure, the following expression:

AFY = —AwyAwy(ty, taa, ta3). (4.24)

This is just opposite to the expression ( 4.23) for Aﬁl(t) and so the two forces
cancel each other in the case of a constant stress tensor field.

Similarly, at the right- and lefthand surfaces of the volume element of the above
figure, one obtains for the forces due to stress the expressions:

:tA.Z‘lA.’L‘g(tQI,tQQ,t23). (425)

And at the front- and backside surfaces act forces due to stress, given by:

:tA.Z‘gA.’L‘g(tll,tlg,tlg). (426)

Three different expressions ( 4.23 and 4.24), ( 4.25) and ( 4.26) for the three
principal directions in a solid, seems quite sufficient to describe the internal forces
due to stress in a solid. Moreover, are the six forces at the various surfaces in perfect
equilibrium for a constant stress tensor field, which means that the net force at the
volume element vanishes.

When the stress tensor field is not constant, then the forces at opposite faces
do not exactly cancel each other. A residual force due to stress remains. In order
to calculate this force for an arbitrary stress tensor field, one must integrate the
expression ( 4.21) over the whole surface of the volume element. Let us perform this
integration for an arbitrary volume inside a solid under stress. The surface integral
for the sum of all forces acting due to stress on all surface elements of the volume,
becomes then:

[ﬁ(t) (volume)]i = /surface (d%f(f))J t5; (). (4.27)
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Using the divergence theorem, this integration can be converted to a volume
— ot.:
[F(t) (Volume)]i :/ B

integration over the whole volume, i.e.:
ot.; Ot.;
V@ 2 )+ (2] )+ (52 )
volume 0, z 0o 7 03 7

or in a more compact notation, using the Einstein summation convention for the
atjl'

terms in the integrand, one obtains:
(1) — 7) [ LY
[P (volume)]i /Volu edV (Z) (ij f) . (4.28)

This expression shows that in the case of a constant stress tensor field one finds
also for an arbitrary volume in a solid that the total force due to stress vanishes,
because then the integrand is zero everywhere.

In general represents the expression in the integrand of the above formula ( 4.28),
the total force due to stress at an infinitesimal volume element in the solid per unit
of volume.

Another important quantity related to rotations due to stress, is the moment (i.e.
MO (Z) = ¥ x FO(&)) which the stress forces excert on a volume element of a solid.
For this we return to the surface of an arbitrary volume element and consider the
contribution AM® to the total moment of one surface element AA(Z) with respect
to the origin of the coordinate system. Using the component expression ( 2.51) for
the curl of a vector and formula ( 4.21) for the definition of the force due to stress
at the above surface element, we find:

AMY(2) = & x AFO(7),

or in components:
T (7 = €T () (7
[AM (x)]l = €kTj (AF (aj))k

= cjprj (AA@), (@),

The total moment due to stress at the volume element is then obtained by inte-
grating the above expression over the whole volume, i.e.:

[]\7[ ® (Volume)] = /

surface

(d/f(f))l tlk(f)eijkxj'

Again using the divergence theorem, one finds the following volume integration:

—
8y
A

- 0
[M(t)(volume)b = /Volumedv [a—xl (%]kx]tlk)‘j’]

= /volume dV(aj)ﬁijk {5ljtlk(x) + i (—axl
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After performing the summation over the first index of the Kronecker delta, which
is the result of partial differentiating x; with respect to zj, we finally end up with:

J
f) } . (4.29)

The integrand of the above expression represents the i-th component of the mo-
ment due to stress which acts on an infinitesimal volume element of the solid per
unit of volume, with respect to the origin of the coordinate system.

atlk

[]\7[(t) (volume)b = /Volume dV(f)eijk. {tjk(f) +; (

4.3 Equilibrium conditions.

When a solid is hold under stress in a fixed position, all volume elements must be
in equilibrium, which implies that the forces acting at each volume element of the
solid must be in equilibrium. Also when a deformation takes place in a quasi-static
process, which means that at each stage of the process the system is in a perfect
equilibrium, the sum of the internal forces must vanish. In the previous section we
have determined the total force due to stress at an arbitrary volume element of the
solid (see formula 4.28). However, next to the contact forces due to tension there
might be body forces acting on the material points of the solid. These forces are
supposed to be volumetric, which means that they can be represented by a force
o (Z) per unit of volume, and proportional to the density p(Z) of the medium. So,
at a volume element of the solid acts the force F® due to body forces which is given
by:

[F(”) (volume)} ;= /

volume

— — b —
AV (@)p(@) £ (@). (4.30)
The total force on a volume element of the solid is then the sum of the contribution
of the stress forces given in ( 4.28) and the above contribution ( 4.30) of the body
forces. Internal equilibrium requires then the following:

[F(t) (volume)]i + [F(”) (volume)]i =0,

or equivalently:

v ) [0
/volurne (7) E

This must be valid for an arbitrary volume element of the solid, hence the inte-
grand must vanish, i.e.:

)+maﬁ%m}=a

T

— b —
. ) +p(@) (&) = 0. (4.31)
J
Also the internal moments must be in equilibrium in the situation that the defor-
mation does not change in time.
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The contribution of the body forces on a volume element of a deformed solid with
respect to the origin of the coordinate system, is given by:

[M(b) (volume)]z. = /volume dV(f)éijk$jP(f)f](€b) (7). (4.32)

Equilibrium of the moments at a volume element of the solid requires then that
the sum of this contribution and the contribution of the stress forces ( 4.29) vanish,
also for an arbitrary volume element. This leads for the sum of the integrands:

Using also the equilibrium condition ( 4.31) for the internal forces, we find that
the second term on the lefthand side vanishes, so we are left with the condition:

) +sas@}] -0

—

T

eljktjk =0.
This is satisfied for a symmetric stress tensor (see formula 2.28), i.e.:

t]l(f) = tij (f) (4.33)
Consequently, static equilibrium requires that the stress tensor is symmetric. In
the section on Hooke’s law we obtained a similar result in two dimensions for a homo-

geneous deformation ( 4.12), the above result is a generalization in three dimensions
for non-homogeneous deformations.

4.4 The work done by deformation.

It is well-known that the system of a stretched elastic string contains elastic potential
energy. This energy has been stored into the system in the process of deformation.
Below we will study the variation W of the total stored energy W in the deformed
solid, caused by a variation of the deformation. A variation of the deformation can
be represented by a variation §5(Z) of the displacement vector field, which has been
introduced in section ( 3.4). We assume here for convenience that the solid has
already suffered a certain amount of deformation, such that a given volume element
of the solid is subject to stress forces, represented by a non-zero stress tensor ¢(Z).

For a small (infinitesimal) variation 05(Z) of the displacement vector field, we
assume that the stress forces at the volume element remain constant. The total
force at a volume element is given by the sum of the forces excerted at all surface
elements due to the contact forces. Consequently, the amount of work, 01/ done
by the stress forces on the volume element by a variation 65(%) of the displacement
vector field, is equal to the sum of the work done at each of the surface elements by
the stress forces, i.e.:

—

5w () (volume) = / dA@)) ;1ji(#)35; (@)

surface (

Using the divergence theorem, this converts into:
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ow B (volume) = [ av() {% (tjiési)‘f}

IV(z atﬂ .
~ Jvolume (7) E AR
Z

) 0si(Z) +1;(7) (W

The first term represents the work done by the stress forces on displacing an
infinitesimal volume element dV (&) over a distance 65(Z). However, here we should
also include the contribution to the total work of the body forces, to obtain:

z

W (volume) = sw () (volume) + sw () (volume)

or equivalently:

ot i
Lo (5 )}

Now, if one assumes that for the variation in the displacement vector field the
system is in equilibrium (i.e. a deformation for which the system at each instant
of time is in equilibrium, or a quasi-static process), then the first term vanishes
according to ( 4.31). For the second term we use the property that for reasonably
smooth functions the derivative of the variation of that function equals the variation
of the derivative, to obtain:

)

Using furthermore the definition of the strain tensor ( 3.52) in terms of the deriva-
tives of the displacement vector field, and the fact that the stress tensor is symmetric,
then one finally finds the wanted expression:

) +p(f)ffb)(f)] 0si(Z) +1;(7) (?

— o
i J

0s;
) | = —L
W (volume) / oz,

volume

dV(f)tjl'(f)(s (

W (volume) = /

volume

dV(f)tij (f)5€u (f) (4.34)

The variation of the energy stored in the solid comes from the changes in the
strain tensor, which indeed describes the the variation of the deformation in terms
of fractional changes in size. The integrand in ( 4.34) can be interpreted as the
variation in work, dw(Z), per unit of volume caused by a variation of the strain
tensor:

dw(Z) = tij (3_3’)56” (7). (4.35)
This is the relation we have anticipated on in ( 4.17).
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4.5 The elasticity constants.

As discussed in the section ( 4.1) in general one may expect the following general-
ization of Hooke’s law (see also formula 4.15 for the two-dimensional case):

tij = Cijl{:lekl' (4.36)
When we insert this linear relation between the tension and the strain into the

expression for the variation of the work done by the stress forces due to a variation
in the strain tensor, then we find:

On integrating this equation, keeping in mind that the work stored in the solid due
to deformation must be zero when there is no deformation, one obtains an expression
quadratic in the matrix elements of the strain tensor for the elastic potential energy
w per unit of volume of the solid. This means that w as a function of the strain
matrix elements contains terms like:

1

> and
501111(611) an C1112€11€12-

This agrees with what we expected to find in comparison to the simple relation
( 4.2) for the one-dimensional harmonic oscillator.

The generalized Hooke’s law ( 4.36) suggests that there are 3* = 81 elasticity
constants ¢; ;. (fori,j,k,l =1,2,3). There are however several symmetry relations

for those material constants, equivalent to the relations ( 4.16) and ( 4.18) but now
for three dimensions. Those relations reduce the number of independent elasticity
constants for an arbitrary material to only 21. This number can also be understood
as follows:

3x3=9 At each of the three faces of an elementary rectangular paral-
lelopiped one can excert pressure. The strain tensor contains
in each of the three cases the information on the deformation
of the small spheres around any material point in the medium
into small elipsoids. This information can be given by means
of the lengths of the three principal axes.

3x2x2=12 One can apply frictional forces at each of the faces of the paral-
lelopiped. There are two independent directions at each face.
For shear forces we assumed that to first order the volume
of the deformed spheres are the same as the volumes of the
original spheres. In that case is the strain tensor traceless (see
formula 3.45), and can be characterized by two independent
constants.

The inverse of the generalized Hooke’s law ( 4.36) allows to determine the defor-
mation of a body as a function of the excerted forces on the body, i.e.:

elj(f) = Uijkltkl(f)' (4.38)
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The proportionality constants o 1.; are called the elasticity compliance constants.

ijk
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Chapter 5

Elasticity constants and
symmetries.

According to the generalized Hooke’s law ( 4.36) there exists a linear relation be-
tween the six independent matrix elements of the stress tensor ¢ and the six in-
dependent matrix elements of the strain tensor €. This would in general amount
to 36 proportionality constants. But, we have seen in section ( 4.5) that because
of the symmetry relations ( 4.16) and ( 4.18) only 21 are independent. However,
when matter has certain symmetries, like cristaline structure, then the number of
independent elasticity coefficients is less than 21.

5.1 The elasticity constants of isotropic media.

An approximation which holds quite reasonable for most materials, is the assump-
tion that the internal structure of the substance out of which the solid is made, is
isotropic. In the context of the theory of deformations, isotropy means that the
relation between the deformation and the induced stress tensor takes the same form
in any orthogonal coordinate system. Or equivalently, that the elasticity constants
are inovariant under rotations.

If we want to know, either in experiment or in theory, whether or not a certain
elasticity constant vanishes, then we might consider the related deformation and
determine the matrix elements of the stress tensor caused by that deformation (or
vice-versa). Here and in the following we are interested in the elasticity constants
for isotropic matter. Thereto, we start by studying the set of coefficients given by
the relation:

tij = Cijnei, (5.1)

which represents the response of the medium to a deformation in the z-direction

and which can be obtained from the generalized Hooke’s relation ( 4.36) by putting

all €;; equal to zero, but €;;. So, we are dealing with a deformation represented by
the following strain tensor:

—_

(5.2)

o O O
o O O
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The above strain tensor ( 5.2) is invariant under rotations around the z-axis, i.e.:

R(i, 0)e{R(z, o)} =e. (5.3)

Problem 23:

Show that the strain tensor ( 5.2) is invariant under rotations around the z-axis,
R(Z,«), defined in formula ( 2.14).

Consequently, since in an isotropic medium one coordinate system is as good as
any other, the stress tensor ¢ must satisfy the same symmetry ( 5.3).
Let us consider a general symmetric stress tensor ¢, given by the matrix:

tir tiz T3
t= t12 t22 t23 . (54)

tiz tog 133
Now, since the above matrix must be invariant under any of the transformations
given by ( 5.3), we might first study some special cases and then check whether or
not the resulting conditions on the matrix elements of ( 5.4) are sufficient to satisfy
( 5.3). Under a rotation over 180° around the z-axis, using the definition in ( 2.14)

for the rotation matrix R(%,a = 180°), the above stress tensor ¢ turns into:

tin —tiz —li3
R(2,180°)¢{R(#, 180} = | —t1n tw tsy |. (5.5)
—t13  laz 133
In comparing the above result ( 5.5) with the matrix shown in ( 5.4), we find
that the stress tensor is invariant under the above transformation when its matrix
elements satisfy:

tip =t13=0.

These conditions are not enough to make ¢ invariant under all rotations around
the z-axis. For example a rotation over 90° around the x-axis gives the result,
already including the fact that four off-diagonal matrix elements must vanish:

ti1 0 0
R(#, 90 {R(# 900 = [ 0ty —ta |. (5.6)
0  —ta3 192

So, we find for the two basis transformations ( 5.5) and ( 5.6) that we must impose
on t the following conditions in order to be invariant under those transformations:

tig =113 =13 =0 and tyy = t33.
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It is an easy task to verify that the resulting matrix:

t;; 0 0
t — 0 t22 0 , (57)
0 0 ta

is invariant under all rotations around the z-axis, i.e.:

R(#, a)t{R(#, o} =t.

Problem 24:

Show that the above stress tensor ( 5.7) is invariant under rotations around the
x-axis, R(Z, ), defined in formula ( 2.14).

So, for the deformation ( 5.2) which is fully determined by the 11-element of
the strain tensor, we find that isotropic media will respond with a stress tensor of
the form ( 5.7). We may then conclude that the off-diagonal matrix elements of
the stress tensor 1, t13 and t93 do not depend on the matrix element €;; of the
strain tensor, and consequently that the corresponding elasticity constants vanish
for isotropic media. We may also conclude that the diagonal matrix elements o9
and t33 respond in the same way to a deformation given by €1, which implies that
the related elasticity constants must be the same for isotropic media. Moreover, is
the response of the matrix element #;; independent of the response of the other two
diagonal matrix elements, which means that the corresponding elasticity constant
may in general differ from the other two elasticity constants. In the table below we
have collected the above observations on the elasticity constants.

| Ciju [ i=1]2]3]
j=1 a 00
2 0 b|0
3 0 0b

Table 5.1: The elasticity constants for a deformation in the z-direction in an isotropic
medium.

The constants @ and b in table ( 5.1) are to be determined experimentally. The
theory only predicts that in the case of isotropy no more than two different exist.

What about the other elasticity constants?

Let us next study the effect on the stress tensor of a deformation given by the
following strain tensor:
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0 0 O
€ — 0 €99 0 y (58)
0 0 O

which corresponds to studying the elasticity constants defined by the relation:

tij = Cij22622' (5.9)

The above strain tensor ( 5.8) describes a deformation in the y-direction. But, it
might be obvious that the response of an isotropic medium does not depend on any
direction. So, one could predict without performing any calculations, which stress
tensor is related to the deformation defined in ( 5.8).

However, formally, one might observe that a strain tensor of the form ( 5.8) can
be obtained from the strain tensor given in ( 5.2) by a rotation over 90° around the
Z-axis, i.e.:

0 0 0 €11 0 0
0 en 0 |=R(:9°)[ 0 0 0 |{R( 907, (5.10)
0 0 0 0 00

Now, since any coordinate system is equivalent for isotropic matter, we may just
use the above basis transformation in order to study the case ( 5.8). For that
purpose we also transform the stress tensor ( 5.7) to the new coordinate system.
Using furthermore the results given in table ( 5.1), one finds:

a€11 0 0 b€11 0 0
R(,90°) | 0 ben 0 |{RGo0NT = 0 an 0 |. (511
0 0 b611 0 0 b€11

So, we deduce from ( 5.10) and ( 5.11) the following elasticity constants in the
new coordinate system, which because of isotropy are also the elasticity constants
in the original coordinate system, as are shown in the table below:

| Cijo [ 1=1]2]3]
j=1 b 010
2 0 a0
3 0 0|b

Table 5.2: The elasticity constants for a deformation in the y-direction in an isotropic
medium.

At this point it might be perfectly clear to the reader how to proceed for the
third direction. We will now concentrate on the off-diagonal matrix elements of the
strain tensor and the stress tensor(s) induced by them, or equivalently the elasticity
constants defined by for example:

tij = Cjjip€12- (5.12)
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However, before attacking this problem, we first study the deformation defined
by the following strain tensor:

€11 0 0
€ — 0 —€11 0 . (513)
0 0 0

Since the relation between the stress tensor and the two diagonal matrix elements
of the strain tensor ( 5.13) are established in the foregoing and collected in the tables
( 5.1) and ( 5.2), we can without difficulties construct the induced stress tensor, to
obtain:

(a — b)€11 0 0
t = 0 (b - a)en 0 . (514)
0 0 0

In itself the above deformation does not give any new information. But, by
introducing at this stage a new coordinate system which is obtained from the old
one by a rotation over 45° around the z-axis, we find for the rotated strain tensor
( 5.13) the following:

0 €11 0
R(2,45°)elR(2,45°0) = e, 0 0 |. (5.15)
0 0 0

This represents exactly the type of deformation of our interest and related to the
elasticity constants defined in (5.12). The stress tensor which is induced by this
deformation, is consequently obtained by applying the same transformation as in
( 5.15) to the stress tensor ( 5.14), resulting in:

0 (a — b)€11 0
R(2,45°)t{R(2, 450 = | (a - b)en, 0 0. (5.16)
0 0 0

Again using the argument that in an isotropic medium one orthogonal basis is as
good as any other, we find the elasticity constants collected in the table below:

| Cijiz [ i=1] 2 [3]
j=1 0 a—>b|0
2 a—0>b 0 0
3 0 0 0

Table 5.3: The elasticity constants for a shear deformation in the zy-plane in an
isotropic medium.

The remaining undetermined elasticity constants follow either by similar argu-
ments as in the above discussed cases, or by using the symmetry relations ( 4.16)
and ( 4.18), from the above tables ( 5.1), ( 5.2) and ( 5.3).

We obtain the result that for isotropic media there are only two independent
elasticity constants,
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for instance : c¢;;11 and  cq9m. (5.17)

All the others can be expressed in terms of those two. In particular, using the
tables ( 5.1), ( 5.2) and ( 5.3), one has the following identity:

C1212 = C1111 — C1122- (5.18)

Summarizing, one might express the above results in the following way:

l11 = Cr111€11 + Cri22€22 + Cr122€33,
loo = Cr122€11 + Cr111€22 + C1122€33,
l33 = Cr122€11 + C1122€22 + C1111€33,
tas = (C1111 — C1122)€23,

tis = (c1111 — c1122)€13, and

tiz = (cri11 — cri22)€r2-

These relations are the generalization of ( 4.1) for isotropic matter. They can be
written in a more compact form as follows:

tii = (ciinn — cuiz)€;; + crize(enn + €22 + €33)0; 5
J J J

= (61111 — CHQQ)GZj + CHQQTT(G)(Sij' (519)

The constants defined by:

A= cze, and 2p = ¢ii11 — Cria2, (5.20)
are known as the Lame elasticity constants. In terms of these constants we may
express the generalized Hooke’s relations for isotropic media ( 5.19) by:

ti - = Q,MGZ']' + )\TT(G)& (5.21)

J (Y
In experiment, one has to verify whether or not a substance may be considered
isotropic. In that case one defines a constant as follows:
y= e (5.22)
C111 — C1122
It measures the degree of anisotropy and is therefore called the anisotropic factor.
Using the identity ( 5.18) one observes that for perfect isotropic media this factor is

equal to one.
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5.2 Elasticity compliance constants for isotropic
media.

In formula ( 4.38) we have defined the elasticity compliance constants for the de-
formation of a body as a function of the excerted forces on that body, which is the
inverse relation of the generalized Hooke’s law ( 4.36). The inverse of the relations
( 5.21) for isotropic media can easily be determined. One might for instance write
these equations as a 6 x 6 matrix relation, as follows:

tll 2,u + A A A 0 0 0 €11
t22 A 2,u + A A 0 0 0 €929
tys | A A 2u+A 0 0 0 €33
toy |~ 0 0 0 2z 0 0 €23
tis 0 0 0 0 2u 0 €13
t12 0 0 0 0 0 2,u €12

Then in order to find the elsticity compliance constants, one has to determine the
inverse of a 6 x 6 matrix, which because of its simple form reduces to calculating
the inverse of two 3 x 3 matrices, one of which is proportional to the unit matrix.
The resulting relations can compactly be denoted by:

1

o= ——{(2 3Nt — XIr(t)d; . }. 5.23

“ij QM(2M+3)\){( pA 3N r(t)d;;} (5.23)

From this expression one might extract the elasticity compliance constants o, ki
as defined in formula ( 4.38), for isotropic media.

Problem 25:

(i) Show, by means of substitution, that formula ( 5.23) is the inverse of
formula ( 5.21).

(ii) Determine the elasticity compliance constants oy111, 01120 and oy912 for
isotropic media in terms of the Lame constants A and pu.

The elasticity compliance constants play an important role in engineering. Knowl-
edge of these constants make it possible to determine the changes in dimension of
the various components of a construction due to pressure and temperature changes.
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Chapter 6

Fluids.

The differences between fluids and solids are well known and do not have to be
discussed here. The similarities in their reactions to pressure are the subject of this
chapter.

6.1 Hydrostatics.

In section ( 4.3) we discussed the equilibrium conditions for a solid which is subject
to stress forces. The related formula is given in equation ( 4.31) for the force per
unit volume in terms of the stress forces tij and the body forces féb), i.e.

Ot -
7 — b —
F + (@ 0" (@) = 0. (6.1)
x|,
J1(Z,1)
Now, in a fluid at rest the stress tensor can only have diagonal components, since
a fluid at rest cannot sustain shear forces and consequently the forces on any surface
element within the fluid are always acting normal to the surface. Moreover, because
of the isotropy of a fluid, have these forces in all directions the same modulus. The
stress tensor takes thus an extremely simple form for a fluid at rest:

—p(Z, t) 0 0
0 0 —p(Z, t)

or equivalently in a more compact notation:

t::(Z,1) = —p(@, 1)

ij ij-

Inserting the above stress tensor in the equilibrium equation ( 6.1), we obtain:
—{Vpl(z ) + @ ) (@) = 0. (6.2)

For most applications the body force f(b) just represents the gravitational field
near the Earth’s surface. If one takes the és-axis along the vertical, then the gravi-
tational field is near the surface of the Earth well approximated by:
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fOF) = —gés. (6.3)

In the case of a gas one needs a further information in order to solve equation
(6.2) for the density p and the pressure p. For an ideal gas at a constant temperature
one has for example the relation:

pressure X volume = constant,

which gives the following relation for the density and the pressure of an ideal gas
at constant temperature:

p(@,t) = 7p(&1). (6.4)
The proportionality constant v depends on the molecular weight and the temper-
ature of the gas.

Problem 26:

Assuming formula ( 6.3) for the gravitational field, ( 6.4) for an ideal gas, then,
using the equilibrium equation ( 6.2), determine the pressure of air at altitude z
above sea level, assuming moreover that the temperature of air is the same at all
altitudes.

Determine a reasonable value for the proportionality constant v in ( 6.4) in order
to find the pressure and the density at 10 km above the Earth’s surface.

The density of a liquid is for most practical purposes constant. This is called the
incompressibility property of liquids.

Problem 27:

Let the atmospheric pressure at sea level be represented by p,¢; and the density
of sea water by p.

Find an expression for the pressure in the sea at a depth d below its surface.
Estimate the numerical value of this pressure in terms of the atmospheric pressure
at ten meters below the surface of the sea.
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6.2 The current vector field.

The amount of fluid which passes at a certain location ' at a certain instant of time
t per unit of time and per unit area, is called the current of the fluid flow and is
defined as follows:
J(Z@t) = p(&, )T(Z, t). (6.5)
The precise meaning of this expression will be made clear in the following: Let
us first consider a simple tube and a fluid of constant density p(Z,t) = p. The fluid
flows with a constant velocity through the tube, as indicated in the figure below:

T
.

Let the cross section of the tube be the same everywhere and its area be indicated
by A. At a certain location of the tube, indicated by P in the figure below, passes
per unit of time an amount of fluid which has a volume given by:

fluid which passes in P = Av per unit of time, (6.6)

where v, which equals the modulus of ¥, represents the speed of the material
points of the fluid flow. The derivation of formula ( 6.6) for the fluid flow in the
tube under consideration, is shown in the figure below:

P
Y
TTTTTT ! area A
1 1
! L
v H H v
— ! ! —
! !
1 1
1 1
D
I 1
-~

The volume Av of fluid inside the domain D passes in one unit of time at the
location P. The reason for this is, that the length of the domain D has the same
value as the speed v of the fluid. Consequently, the amount of matter (i.e. the mass
in the domain D) which passes per unit of time at location P, is given by:

mass which passes in P = Avp per unit of time. (6.7)

When one next considers an unit area U at location P, as is shown in the following
figure,
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unit area U

T
.

I---‘-I\ ~ Ny

then, using the definition ( 6.5) for the current of the fluid flow and the relation
( 6.7) for the amount of matter which passes at location P per unit of time, one
obtains for the amount of matter which passes through the unit area U per unit of
time, the following:

mass which passes per unit of time through 4 =wvp=|J|.

The unit area U in the above figure is perpendicular to the velocity vector ¢, and
hence to the current vector 7, which leads us to the following interpretation of the
current vector field:

1 The vector j(Z,t) is pointing in the same direction as the velocity vector
U(Z,t) at the position Z and at the instant of time ¢.

2 The modulus | j(#,t) | represents the amount of matter which passes
through an area perpendicular to ](a?’, t) per unit area and per unit of
time.

For a surface element which is not perpendicular to the current vector one might
consider the following: In the same tube of the above example let us consider two
different surface elements, one perpendicular to the current and with an area A at
location P, another which makes an angle o with the previous surface element and
has an area B at location (). This situation is shown below:

P Q
Y
area A
Ve ‘CY
U U
—_— —_—

- area B

From the figure one might conclude that the relation between the areas A and B
is given by the formula:

A = Bcos(a). (6.8)
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The amount of matter passing through the surface element A at location P per
unit of time must be equal to the amount of matter passing through the surface
element B at location () per unit of time. This observation is based on the principle
of conservation of matter, and only valid if there are, as we assume to be the case
here, no sources or sinks in between the locations P and Q).

Now, let us represent the two surface elements A and B by a vector (as defined
in formula 4.20). This is depicted below:

P Q
Y

Y

N}
]
Q
e
<.

In the above figure the area A of the surface element at location P is represented
by the modulus of A and similar for B. We find then for the amount of matter
passing per unit of time through the surface elements at P and () respectively, using
the principle of conservation of matter and the formulas ( 6.7), ( 6.5) and ( 6.8), the
following:

pvA = jA:f-/Y

—

= pvBecos(a) = jBcos(e) = J - B.
This way we obtain the following interpretation for the current field:

1 The vector j(&,t) is pointing in the same direction as the velocity vector
U(Z,t) at the position Z and at the instant of time ¢.

2 Through an arbitrary surface element A/T(a?’) at position ¥ passes per
unit of time at instant ¢ the amount of matter given by:

—

(7,1) - AA(Z). (6.9)

<

6.3 The continuity equation.

In section ( 1.1) we mentioned that the density p(Z,t) and the velocity ¢(Z,t) at a
certain position & in a fluid flow at a certain instant of time ¢, are not independent.
The related equation is the equation of continuity ( 1.3). In the following we discuss
a derivation of this equation based on the conservation of matter.

Let us consider a fixed volume element V inside a fluid flow. Fluid enters and
leaves this volume, passing through its fixed surface A. As a consequence, the
amount of fluid which is inside the volume element might vary with time. Once the
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density field p(Z,t) is known as a function of coordinates and time, we can determine
the total mass inside the volume element as a function of time, as follows:

My(t) = /V e WV @0(E ). (6.10)

How this quantity varies with time, is given by its derivative with respect to t,
according to:

d B _ My)(t + At) — My)(t)
atv = \fm Al
volume V At =0 At

or consequently:

%Mv(t) = o VD (% . t)) | (6.11)

The partial derivative of the density field comes in this expression, rather than the
total derivative, because the density is a function of the four independent variables
x1, Tz, x3 and t whereas the derivative of the total mass is only in the fourth variable
t since the other three are integrated.

Through a surface element A/T(f) of the surface A of the volume element V flows
per unit of time the amount of matter given by the expression ( 6.9). The vector
AA(Z) is supposed to point outward with respect to the interior of the volume
element V. So, more accurately, formula ( 6.9) represents the amount of matter
which [leaves the volume element V' through the surface element represented by
Aff(f) Consequently, the total amount of matter which leaves V per unit of time,
is given by the integral of contributions ( 6.9) over the whole surface A of the volume
element V), i.e.:

—

)= [ o dA@- @,

which, by virtue of the divergence theorem, alternatively can be expressed by:

Jy(t) = /V e V@ (% ; t)) . (6.12)

The amount of matter which enters the volume element in a short time interval
given by (¢,t + At), is then equal to:

—At Jv(t).

This must be equal to the increase in total mass of the volume element V' within
the same time interval, which is expressed by:

My (t+ At) — My () = —At Jy(t).
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In the limit of At — 0, one finds then:

dMy)(t)

M- —
—im Yt + At) — My, (t)
dt At =0

N = — (). (6.13)

This formula expresses the conservation of matter, i.e. the increase of mass inside
the volume element V is equal to the amount of matter which enters through its
surface A. Using the equations ( 6.11) for the derivative with respect to time of

My)(t) and ( 6.12) for Jy)(t), we arrive at:
(# t)) } :

. dp dJ;
/Volume VdV(x) { (E (%, t)) + (a—xl

And, since the result has been obtained for an arbitrary volume element V), the

integrand must vanish, i.e.:
L (2
(Z,1) Oz

9p _
( o . t)) 0. (6.14)

The above relation is known as the continuity equation for fluids.

Problem 28:

Consider for a collapsing system, the following density distribution as a function
of position 7 and time ¢:

MO e_ﬁt | z |
= —ft———— , for t > 0. 6.15
471' ﬂ | f |2 ( )
The parameter M, represents the total mass of the collapsing system and [, which
has the units ”per unit of length and per unit of time”, indicates the collapse velocity.

(i)  Determine the total mass M (R,t) inside a sphere of radius R at instant
t>0.

(ii) Determine for a fixed instant ¢ > 0 the limit M (R — oo, t).

(iii) Determine for a fixed radius R > 0 the limit M (R,t — o).

Notice that all mass M, which for fixed time ¢ is distributed over the whole space,
i.e. R — 00, is inside a sphere of arbitrary radius R > 0 for ¢ — oo. This means
that all mass of the collapsing system is concentrating in the origin.

The expression ( 6.15) has the same value at all points of the surface of a sphere
around the origin. So, we may expect that the modulus of the current shows the
same phenomenon.
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(iv)  Using formula ( 6.13) determine the amount of matter which passes
through the surface of a spere of radius R per unit of time.

(v)  Determine the current of the fluid flow under consideration.

(vi)  Verify that the current obtained in (v) and the density given in ( 6.15)
satisfy the continuity equation ( 6.14).

(vii) Show, using the definition ( 6.5) for the current of a fluid flow, that
the velocity field is given by:

The speed of material points exceeds here the velocity of light at distances which
are given by | & |> ct. Consequently, the density field ( 6.15) is not a realistic
representation of a collapsing system.

6.4 Euler’s equations for a fluid in motion.

In section ( 4.3) the equilibrium conditions for a solid which is subject to stress
forces are discussed. Formula ( 6.1) shows the total force per unit volume in terms
of the stress tensor and the body forces, which in case of equilibrium vanishes. For
a fluid in motion we assume a similar expression for the force per unit volume with
the following interpretation: At a small amount of matter AM which at instant ¢
occupies a small domain AV of the fluid around the position ¥, acts a force given
by:

- )/ =

(7,1)

and consequently this amount of matter is accellerated with an accelleration given
by:

8t2~ j

AMa(z,t) = A
a7, t) Vv 8ajj

+p(@ 0 F0(T) ¢ - (6.16)

(7,1)

However, the position vector of the small amount of matter AM is not a priori
known to us as a function of time, neither its velocity. So, how can we know its
accelleration?

What we do know is the velocity field ¥(Z,t) of the fluid flow. The question is
then: ”How is the accelleration of AM related to the velocity field?”.

Let the position of the small amount of matter under consideration at a later
instant ¢t + At be given by ¥ + AZ. Then its velocity at that later instant will be
given by:

122



J(7 + ATt + At),

which by a Taylor expansion can be related to the velocity at the instant ¢,
according to:

i
83:]-

ov;

v; (T 4+ ATt + At) = v;(Z, 1) + Az + (E

)A
(Z,t) (Z,¢)

The accelleration is then given by:

(74 AZ t+ At) — v, (T, t
a;(7,t) = Atlim 0 vl + A, Zt ) il );
%

which, by means of the above Taylor expansion, yields:

o <% ) . (6.17)
(Z,1) (7,1)

dat o\ ot
This expression is just equal to the total derivative with respect to time t of the
velocity vector field. It can be rewritten, using the usual definition of velocity, i.e.
v = dx/dt, according to:

Ovj

i

ot

v; (1) + <% ) . (6.18)
(Z,1) (7,1)

In the following we will relax our notation and no longer refer to the coordinates
(#,t), which from now on are understood implicitly. Inserting the above formula
( 6.18) for the accelleration in expression ( 6.16), we obtain:

ov;  Ov; ot;:
AM ot +—Lb = AV L 4 pf® % 1
{v] 8xj + T } V{@xj +pf; (6.19)

Now, the relation between AM, p and AV, given by: AM = pAV, leads finally
to the expression:

axj

ox

Ov:  Ov: ot; ;
p{%ﬁ-w—f} =5 ot (6.20)
J J

A non-viscous (frictionless) or perfect fluid does not support shear forces. So, the
stress tensor becomes diagonal. Moreover, using the property of isotropy for a fluid,
we are led to the same form for the stress tensor as in the case of a fluid at rest, i.e.:

tij = —p(sij. (6.21)

Inserting this relation in equation ( 6.20), one finds:
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v Ou [ Op e
p{vjaijr at}_ Oxi+pfi : (6.22)

These equations can be further modified, but that is left as an excercise to the
reader.

Problem 29:
Proof the following identity:
ov, 10 . .,
vj%;_ = §a—%{| 7*} = [7 % curl(d)];. (6.23)

Using the above identity, one finds for ( 6.22) the usual expression for Euler’s
equation of motion for a fluid:

P{% — ¥ x curl(?) + %gradﬂ 7 )} + grad(p) = of. (6.24)

This is a nonlinear equation in the velocity of the fluid and hence in general
difficult to solve. But in some special situations one might obtain solutions as we
will discuss below.

6.5 Bernoulli’s equation.

When one puts the following conditions on the form of the fluid flow, then one
obtains from Euler’s equation the equation of Bernoulli, which has been discussed
in section ( 1.7):

1. The flow is irrotational.
The vorticity & of a fluid flow is defined by:

& = curl(?) =V x 0. (6.25)

In order to interpret this quantity, let us return to a fluid flow in two dimensions.
For a flow in the (x,y)-plane the vorticity is in the z-direction, according to:

9,
J=wz ,with w= % — aaL; (6.26)
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Problem 30:

(i) Show that for the velocity vector fields which follow from the stream-
functions ( 1.7), ( 1.8) and ( 1.9), the vorticity vanishes.
(ii)) Show that in the case ( 1.10) the vorticity is given by:

w(w,y) = =2md(z)d(y),

where 0(z) and 6(y) represent the Dirac delta function.

The latter result can be obtained by integration of curl{#(z,y)} over the surface
of a circle with arbitrary radius. This integral can, by means of Stoke’s theorem, be
converted into the integral of the velocity vector field over the circumference of the
circle, i.e.

/ dxdy%-(Vxﬁ):/ ds- = —2m.
surface

circumference

The rest of the proof is then simple.

The conclusion of the second part (ii) of the above problem is, that the vorticity
w does not vanish at the position of a vortex. If we are careful enough to stay away
from vortices, then the remaining part of the fluid flow may still be considered to
have vanishing vorticity.

One defines, in general, for a fluid to be considered free of vortices, or irrotational,
when:

Vxi=d=0. (6.27)

For an irrotational flow one has moreover that the velocity may be written as the
gradient of the velocity potential ¢, i.e.:

¥ = grad(¢) = V(o). (6.28)

Problem 31:

Show that the definition ( 6.28) is a consequence of the identity ( 6.27).
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2. The body force is conservative.

When the body force is conservative, then we know from Newtonian mechanics
that a potential field U®)(#) can be defined, such that:

U = —grad(U®) = —vU®. (6.29)

3. The fluid is incompressible.

In the case of incompressible fluids one has moreover that the density is constant
and independent of the pressure.

For an incompressible fluid, free of vortices and subject to a conservative body
force, we find for Euler’s equation of motion ( 6.24), using the formulas ( 6.27),
(16.28) and ( 6.29), the following form:

op 1, P
prad{zr + 5 [T +7} = —pgrad(U®),

or equivalently:

99

1
5 + 5 | 7|2 +% + U® = constant. (6.30)

4. The flow is steady.

In case that the velocity vector field is independent of time (steady flow), one has
moreover that the velocity potential ¢ is constant in time, which reduces the above
formula to the Bernoulli equation (compare formula 1.40):

1
3P | 7 |* +p + pU® = constant. (6.31)

This leaves us with the final conclusion that in chapter 1 we studied fluid flows
which satisfy all the above conditions, 7.e. a perfect fluid, free of vortices, incom-
pressible and steady, in the case that moreover the body forces can be ignored.
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