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Chapter 1Fluid 
ow patterns in twodimensions.Although in prin
iple restri
ted to the 
ow of in
ompressible 
uids in 
ases wherethe Reynolds number is large, the subje
t to be studied in this 
hapter has alsogiven an important 
ontribution to the development of the shape of obje
ts whi
hmove with high velo
ities in air or water. Consequently, the subje
t 
an be foundin the literature under the alternative names: Hydrodynami
s, Fluid Dynami
s andAerodynami
s.In this 
hapter we 
onsider non-vis
ous or fri
tionless 
uids and furthermore weonly study 
ow patterns in two dimensions. The basi
 formulas will not be derivedhere with great rigor, but are introdu
ed following an intuitive approa
h. At �rst wewill introdu
e the stream fun
tion, the velo
ity potential and the 
omplex potentialfor the study of 
ow patterns in two dimensions. Then we enter the subje
t offor
es and moments ex
erted on obsta
les emersed in a 
uid 
ow. At that stage weintrodu
e the law of Bernoulli for the relation between pressure and velo
ity in a
uid 
ow. Moreover subje
ts like analyti
 fun
tions and 
omplex 
ontour integrationwill then be dis
ussed. At the end of the 
hapter we give some pra
ti
al appli
ationsof the theory for obje
ts moving in air.1.1 The equation of motion.The quantities whi
h represent the state of a 
uid (liquid or gas) are its density (�)and its velo
ity (~v). The density 
an di�er from pla
e to pla
e and thus is a fun
tionof the position ve
tor, ~r. Moreover, the density of a 
uid at a given position 
an
hange with time. Consequently, the density is also a fun
tion of time, t. In generalis the density � of a 
uid represented by a fun
tion of position and time, a

ordingto: � = �(~r; t): (1.1)The motion of a 
uid 
an be 
hara
terized in ea
h point of spa
e by a de�nitedire
tion, represented by a ve
tor (~j), whi
h in general might also be a fun
tion oftime, i.e.: 3



~j = ~j(~r; t): (1.2)This ve
tor is 
alled the 
urrent of the 
uid 
ow. Its length j ~j j indi
ates theamount of 
uid passing per unit of time through a unit surfa
e perpendi
ular to thedire
tion of the 
urrent.It might be 
lear that there must exist a relation between the 
hange in time ofthe density � at a given position ~r and the behavior of the 
urrent ~j in the vi
inityof that position. When, for example, in a small domain the 
urrent ve
tors are alldire
ted outward, then this indi
ates that the density at the position of this domainmust de
rease in time. Now, the amount of 
uid whi
h 
ows away from a givenposition is represented by the divergen
e of the 
urrent (r�~j), whereas the de
reasein density is given by minus its derivative in time (���=�t). The related equationis the 
ontinuity equation, given by:��t�(~r; t) +r �~j(~r; t) = 0: (1.3)Later on we will dis
uss a more elegant derivation of this equation.For in
ompressible 
uids the density is 
onstant in spa
e and independent oftime. In that 
ase the 
ontinuity equation (1.3) redu
es to the following di�erentialequation: r � ~v(~r; t) = 0; (1.4)where ~v(~r; t) represents the velo
ity of the 
uid at a 
ertain position at a 
ertaintime. In the following we 
on
entrate on in
ompressible 
uids.1.2 Examples of 
ow patterns in two dimensions.In this and the following se
tions we 
on
entrate on 
uids for whi
h the velo
itypattern does not depend on one of the spa
e dimensions (for example the verti
aldire
tion in the 
ase a stream of water). The two remaining spa
e dire
tions will beindi
ated by x and y. In the 
ase of in
ompressible 
uids the equation of motion(1.4) redu
es then to: �vx(x; y)�x + �vy(x; y)�y = 0: (1.5)Here we ignore the time dependen
e, sin
e it is not of mu
h relevan
e be
ause noderivatives in time appear in (1.5). The above equation (1.5) is the basi
 equationof the present 
hapter.In general, the spa
e of pairs of fun
tions (vx; vy) whi
h form a solution of equation(1.5) is in�nite. Only after imposing a suÆ
ient amount of boundary 
onditions, aspe
i�
 solution 
an be well determined. Here, however, we will not spe
ify thoseboundary 
onditions, but, with the help of several examples, demonstrate how one
an 
onstru
t solutions whi
h have 
ertain well de�ned properties.A �rst inspe
tion of equation (1.5) reveals that for any reasonable fun
tion  (x; y)of the two variables x and y, a solution is given by:4



vx(x; y) = � (x; y)�y and vy(x; y) = �� (x; y)�x : (1.6)For the moment we will not de�ne "reasonable", but just dis
uss below some
hara
teristi
 examples of 
uid 
ows.All properties of a given 
uid 
ow 
an be derived from the knowledge of its relatedfun
tion  whi
h for that reason is 
alled the stream fun
tion.Example 1.  (x; y) = �x sin(�) + y 
os(�): (1.7)Using relation (1.6), we �nd in this 
ase for the velo
ity ve
tor �eld the expression:~v(x; y) = (vx(x; y); vy(x; y)) = (
os(�); sin(�));whi
h represents a 
onstant unit ve
tor �eld whi
h makes a �xed angle � withthe horizontal axis. The 
orresponding situation is shown in the �gure below:

x
y����1 ����1 ����1 ����1 ����1����1 ����1 ����1 ����1 ����1����1 ����1 ����1 ����1 ����1����1 ����1 ����1 ����1 ����1����1 ����1 ����1 ����1 ����1

� �(x; y) ~v(x; y)

We observe that this 
ase represents a 
onstant 
uid 
ow in a dire
tion whi
hmakes an angle � with the x-axis or, alternatively, the 
ow pattern around anobje
t whi
h moves in the opposite dire
tion ( i.e. towards the left in the above�gure) through a 
uid at rest.The representation of a ve
tor �eld, like in the �gure above, is intended to fa
ilitatethe dis
overy of the pe
ularities of su
h ve
tor �eld. To ea
h point in spa
e (thexy-plane in this 
ase) is asso
iated a ve
tor (the velo
ity at that point in this 
ase).In the above �gure we sele
ted several points to depi
t the ve
tor whi
h representsthe "value" of the ve
tor �eld asso
iated with the stream fun
tion ( 1.7), at thatpoint. For example, the ve
tor value ~v(x; y) of the �eld at the point (x; y) has inthe �gure the same point (x; y) as its point of appli
ation.5



Example 2.  (x; y) = 2xy: (1.8)Again using relation (1.6), we �nd here for the velo
ity ve
tor �eld the expression:~v(x; y) = (vx(x; y); vy(x; y)) = (2x;�2y);whi
h represents a ve
tor �eld whi
h has di�erent dire
tions in di�erent positionsand of whi
h the absolute values, given by:j ~v(x; y) j= 2qx2 + y2;also vary with pla
e.The 
orresponding situation is shown in the �gure below:
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This 
ase represents a 
uid 
ow against a wall. For obvious reasons we have onlyshown the velo
ity ve
tor �eld in the upper half (x,y) plane.Noti
e that the s
ale for the velo
ity �eld di�ers from the s
ale for the positionve
tors: 1m=s is represented by 1=8 of the unit whi
h represents 1m.At the point ~r = (x = 0; y = 0) the velo
ity vanishes. Su
h point is 
alled astagnation point of the 
uid 
ow. In a river it is a pla
e where obje
ts 
olle
t whi
h
oat in water, su
h as bran
hes and leafs of trees and plasti
 material.
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Example 3.  (x; y) = ar
tg �yx� : (1.9)Another time using relation (1.6), we �nd here for the velo
ity ve
tor �eld theexpression: ~v(x; y) = (vx(x; y); vy(x; y)) =  xx2 + y2 ; yx2 + y2! :The absolute values of the velo
ities are inverse proportional to their distan
esfrom the 
enter, i.e.: j ~v(x; y) j= 1px2 + y2 :The 
orresponding situation is shown in the �gure below:
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This �eld represents the 
ow of a 
uid around a sour
e situated in the 
enter ofthe 
oordinate system.Noti
e that here the s
ale for the velo
ity �eld is the same as the s
ale for theposition ve
tors: 1m=s is represented by the same unit whi
h represents 1m.7



Example 4.  (x; y) = 12 log(x2 + y2): (1.10)On
e more using relation (1.6), we �nd here for the velo
ity ve
tor �eld and itsabsolute values the expressions:~v(x; y) = (vx(x; y); vy(x; y)) =  yx2 + y2 ; �xx2 + y2! ;and j ~v(x; y) j= 1px2 + y2 :The 
orresponding situation is shown in the �gure below:

x
y

I

�

	

R

℄

�

�

^

k

3

+

s

BBM
��Æ

��

BBN

PPi

��1

��)

PPq

�I

��

�	

�R
AAK
���

���
AAU

HHY ���

��* HHj
��I
���

��	
��R6 ?

�

-
6 ?�

-6
?�

-

The ve
tor �eld of this example represents the 
ow of a 
uid around a vortexwhi
h is situated in the origin of the 
oordinate system.Noti
e that also here the s
ale for the velo
ity �eld is the same as the s
ale forthe position ve
tors: 1m=s is represented by the same unit whi
h represents 1m.8



1.3 Stream lines.The traje
tory of a small obje
t (point parti
le) whi
h is taken by the stream of a
uid 
ow, is des
ribed by a 
urve in the two-dimensional spa
e. Su
h 
urve is 
alleda stream line.Let us denote the position ve
tor of the obje
t at a given instant, t, by:~r(t) = (x(t); y(t)):In the �gure below we have illustrated of su
h obje
t its traje
tory as well as itsposition ve
tors at various di�erent times (t1 < t2 < t3):
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At ea
h point (x; y) of this 
urve, the dire
tion of motion of the obje
t is given bythe lo
al velo
ity ve
tor ~v(x; y) of the 
uid 
ow. Consequently, the velo
ity ve
tor~v(x; y) is tangential to the stream line at the position (x,y), as depi
ted in the �gurebelow: y
x�������(x; y) � ~v(x; y) stream line

�������������������������������������������������������������������������������������������������������������������
��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
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Let us assume that at instant t the position ve
tor is given by ~r(t) and at instantt+�t by ~r(t+�t). The 
omponents x(t+�t) and y(t+�t) of the position ve
tor~r(t+�t) 
an be related to the 
omponents x(t) and y(t) of the position ve
tor ~r(t)via the following Taylor expansions:x(t +�t) = x(t) +  dxdt �����at t!�t + � � �and y(t+�t) = y(t) +  dydt �����at t!�t + � � � :Rewriting the above expressions, one �nds the 
omponents �x and �y of thedispla
ement ve
tor �~r = ~r(t+�t)� ~r(t), i.e.�x = x(t +�t)� x(t) =  dxdt �����at t!�t + � � �and �y = y(t+�t)� y(t) =  dydt �����at t!�t+ � � � :However, the derivative with respe
t to time of x(t) at the given instant t rep-resents the x-
omponent vx of the velo
ity ve
tor at the position (x(t); y(t)). Andsimilar for the derivative of y(t). So, we obtain for the 
omponents of the displa
e-ment ve
tor ~�r, the following expressions:�x = vx(x; y)�t+ � � � and �y = vy(x; y)�t+ � � � :In the limit for �t! 0, one �nds:dxdy �����(x; y) = vx(x; y)vy(x; y) : (1.11)In the �gure below a geometri
al derivation of the above relation (1.11) is shown:
y

x�������-6-6(x +�x; y +�y)(x; y) ~v(x; y) vyvx�y�x�������������������������������������������������������������������������������������������������������������������
��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
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At ea
h point of the stream line the stream fun
tion  has a de�nite value depend-ing on the position (x; y). Now, be
ause x and y at the stream line are parametrizedby t, the stream fun
tion be
omes at the stream line a fun
tion of time a

ordingto:  (t) =  (x(t); y(t)):Its derivative with respe
t to time is given by:d dt �����t = dxdt �����t � �x �����(x(t); y(t)) + dydt �����t � �y �����(x(t); y(t)) :Using the de�nition (1.6) of the stream fun
tion as well as the general de�nitionof velo
ity ~v = d~r=dt one �nds:d dt �����t = vx(x(t); y(t)) f�vy(x(t); y(t))g+ vy(x(t); y(t)) vx(x(t); y(t)) = 0: (1.12)The derivative of the stream fun
tion with respe
t to the stream line parametertime t, vanishes. Consequently, the stream fun
tion is 
onstant along a stream line.Or, in other words: Stream Lines are lines whi
h 
onne
t points of 
onstant valuefor the stream fun
tion. Below we show some examples:
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Example 1.  (x; y) = �x sin(�) + y 
os(�): (1.13)The lines whi
h 
onne
t points for 
onstant values of  are given by:y = x tg(�) +  
os(�) ;whi
h relation represents a set of straight lines, parametrized by  , whi
h all makea de�nite angle � with the horizontal axis. The 
orresponding situation is shown inthe �gure below (
ompare example (1.7)):
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24 x
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For the angle between the stream lines and the x-dire
tion in the above example,tg(�) = 1=3 (� � 18:4Æ) has been 
hosen. The various stream lines in the �gure
orrespond to the values �7;�6; � � � ;+6;+7 for  .
12



Example 2.  (x; y) = 2xy: (1.14)The lines whi
h 
onne
t points for 
onstant values of  are given by:y =  2x;whi
h relation represents a set of hyperbolas, parametrized by  , visualizing the
ow of a 
uid against a wall (x-axis) as shown in the �gure below (
ompare example(1.8)):

 = �1
 = �3
 = �5
 = �7

 = +1 = 0 = 0  = 0
 = +3
 = +5
 = +7

-1 0 +1
1
2

x

y

The various stream lines in the �gure 
orrespond to the values �8;�6; � � � ;+6;+8for  . Noti
e that the stream fun
tion is 
onstant ( = 0 in this 
ase) along thesurfa
e of the wall (x-axis). In general, stream lines are smoothly varying fun
tionsof position, ex
ept at the stagnation points where two di�erent stream lines interse
tat 90Æ angles.
13



Example 3.  (x; y) = ar
tg(yx): (1.15)The lines whi
h 
onne
t points for 
onstant values of  are given by:y = x tg( ):This relation represents a set of straight lines starting in the origin under di�erentangles with the x-axis and whi
h are parametrized by  . As is shown in the �gurebelow, it 
orresponds to the 
ow around a sour
e of 
uid in the origin (
ompareexample (1.9)):

-4 -2 2 4
-4-2
24

x

y
 = 0
 = �6

 = �3 = �2 = 2�3
 = 5�6
 = �

 = 7�6
 = 4�3  = 3�2  = 5�3

 = 11�6
The various stream lines whi
h are shown in the above �gure 
orrespond to thevalues 0, �=12, 2�=12, � � �, 23�=12 for  .
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Example 4.  (x; y) = 12 log(x2 + y2): (1.16)The lines whi
h 
onne
t points for 
onstant values of  are given by:x2 + y2 = fexp( )g2:This relation represents a set of 
ir
les around the origin with di�erent radiiR = exp( ) parametrized by  . This 
ase 
orresponds to the 
uid 
ow around avortex in the origin (
ompare example (1.10)):

-4 -2 2 4
-4-2
24

x

y

 = 2  = 1 = 0
 = �1





�

The stream lines in the above �gure 
orrespond to the values -1, 0, 1 and 2 for  .The radii, R, grow exponentially for in
reasing values of  . In the limit  ! �1,the radius vanishes.
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Example 5. (x; y) = f1� R2x2 + y2gf�x sin(�) + y 
os(�)g; for x2 + y2 � R2: (1.17)An expression of y in terms of x for the lines whi
h 
onne
t points for 
onstantvalues of  is rather diÆ
ult in this 
ase. However, for some spe
ial 
hoi
es of
oordinates it is reasonably simple to determine the values of  :In the �rst pla
e we might 
onsider points (x; y) at the 
ir
le given by x2+y2 = R2.At those lo
ations we �nd  = 0. Consequently, the 
ir
le with radius R represents astream line of the 
uid 
ow. Next we observe that  also vanishes at the (stream)linegiven by y = xtg(�). Furthermore, we might noti
e that for large values of x2 + y2,the expression (1.17) tends towards the relation (1.13). So, we may expe
t that atlarge distan
es from the origin the stream lines in the present 
ase tend towards thestream lines of example 1, (1.13). Finally, it is also relatively easy albeit tedious,to determine the 
oordinates of points for de�nite values of  at the line given byy = xtg(�+ �=2).Below we show the 
omputer result for � = 0; 3 (� 17; 2Æ) and R = 2:

 = 0 = 2 = 4 = 6
 = 0 = �2 = �4 = �6

 = 0-4 -2 2 4
-4-2
24 x

y

The above �gure 
orresponds to the 
ow of a 
uid around a 
ir
ular obsta
le.Noti
e that the surfa
e of the obsta
le itself represents a stream line.16



Problem 1:Consider in example ( 1.17) the points at the line given by y = x tg(� + �=2),whi
h might be parametrized by:(x; y) = (�q sin(�); q 
os(�) ) ; j q j� R:Show that the point(s) of interse
tion of this line with the stream line given by , is determined by: 2q = 8><>:  +p 2 + 4R2 ;  � 0 , and �p 2 + 4R2 ;  � 0 :Verify the above formula, sele
ting R = 2, for the values  = �6; � � � ;+6 with the�gure of example ( 1.17).
1.4 Velo
ity potential and equipotential lines.The velo
ity potential �(x; y) is a fun
tion of the two variables x and y whi
h isrelated to the velo
ity ve
tor �eld ~v(x; y) in the following way:~v(x; y) = r� =  ���x ; ���y! : (1.18)As a 
onsequen
e of the above de�nition for the velo
ity potential � and thede�nition (1.6) for the stream fun
tion  there exists the following relation betweenthose two fun
tions: ���x = � �y and ���y = �� �x : (1.19)
Problem 2:Verify that the velo
ity potentials 
orresponding to the pre
eding examples (1.13),(1.14), (1.15), (1.16) and (1.17), are respe
tively given by:�(x; y) = x 
os(�) + y sin(�); (1.20)�(x; y) = x2 � y2; (1.21)�(x; y) = 12 log(x2 + y2); (1.22)17



�(x; y) = �ar
tg �yx� ; (1.23)and�(x; y) = f1 + R2x2 + y2gfx 
os(�) + y sin(�)g; for x2 + y2 � R2: (1.24)
Lines whi
h 
onne
t the points of 
onstant velo
ity potential in the (x,y)-planeare 
alled velo
ity equipotential lines, or just equipotential lines, and 
an be foundfrom the relation: 0 = d� = ���x dx + ���y dy = vxdx+ vydy;whi
h leads to the following equation:dxdy = �vy(x; y)vx(x; y) : (1.25)When we 
ompare the above formula with the relation given in formula (1.11),then we �nd that the tangential dire
tions for respe
tively a stream line and anequipotential line in any point of the (x,y)-plane are perpendi
ular. In some of thepre
eding examples it is relatively easy to demonstrate this property:Problem 3:Verify that the velo
ity equipotential lines and stream lines 
orresponding to thepre
eding examples numbered by 1, given in (1.13) and (1.20), by 3, given in (1.15)and (1.22) and by 4, given in (1.16) and (1.23), are perpendi
ular in their points ofinterse
tion.
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Example 2.For the 
ase of the 
uid 
ow against a wall, (1.14) and (1.21), the lines whi
h
onne
t points for 
onstant values of � are given by:y2 = x2 � �:The 
orresponding equipotential lines are shown below.

� = 0 � = 0� = 2 � = 2
� = �1 � = �1
� = �4 � = �4� = �6 � = �6

-1 0 +1 x
1
2
y

In the above �gure we also show the stream lines in this 
ase. Noti
e that streamlines and equipotential lines all interse
t under angles of 90Æ, ex
ept in the origin,i.e. in the stagnation points of this example.
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Example 5.For the 
ase of the 
uid 
ow around a 
ir
ular obsta
le, (1.17) (1.24), the lineswhi
h 
onne
t points for 
onstant values of � are shown below:� = �3 � = 0 � = 3 � = 6

� = �3 � = 0 � = 3� = �6
-4 -2 2 4

-4-2
24 x

y

The above �gure is the 
omputer result for � = 0; 3 (� 17; 2Æ) and R = 2. We alsoshow the stream lines in this 
ase. Noti
e that stream lines and equipotential linesall interse
t under angles of 90Æ, ex
ept in the two stagnation points at the surfa
eof the obsta
le. These latter points are for ( 1.17) given by (R 
os(�); R sin(�)) and(�R 
os(�);�R sin(�)), whi
h are just opposite of ea
h other.

20



1.5 The 
omplex potential and analyti
ity.Points in two dimensions 
an be represented by ve
tors or alternatively by 
omplexnumbers. For example, a point whi
h is 
hara
terized by the position ve
tor ~r =(x; y), 
an equally well be represented by a 
omplex number, i.e.z = x + iy:In the literature one �nds the velo
ity potential � and the stream fun
tion  
ombined into a 
omplex fun
tion 
, de�ned as follows:
(z = x+ iy) = �(x; y) + i (x; y): (1.26)This fun
tion is 
alled the 
omplex potential and like the stream fun
tion, it 
on-tains all information about the system of a two-dimensional steady-state 
ow of anin
ompressible non-vis
ous 
uid.Problem 4:Verify that for the �ve examples ( 1.20 to 1.24), the respe
tive 
omplex potentialsare given by: 
(z) = ze�i�; (1.27)
(z) = z2; (1.28)
(z) = log(z); (1.29)
(z) = i log(z); (1.30)and 
(z) = ze�i� + R2ze�i� ; for j z j� R: (1.31)
In se
tion 1.1 we introdu
ed the stream fun
tion  (x; y) as any "reasonable"fun
tion of the two variables x and y. In the following we will spe
ify the term"reasonable" in more detail.An important 
lass of 
omplex fun
tions of 
omplex variables is formed by the
lass of analyti
 fun
tions:A 
omplex fun
tion f(z) of the 
omplex variable z, is 
alled analyti
 in a regionR, of the 
omplex z-plane, if the derivative of the fun
tion with respe
t to z, f 0(z),exists in all points of the region R. 21



The derivative of the 
omplex fun
tion f(z) with respe
t to z, is de�ned in theusual way: f 0(z) = lim�z ! 0 f(z +�z)� f(z)�z : (1.32)However, �z = �x + i�y 
an be any 
omplex number. One might for instan
esele
t real values for �z, i.e. �z = �x. In that 
ase one �nds for the derivative(1.32) the expression:f 0(z = x+ iy) = lim�x! 0 f(x+�x + iy)� f(x + iy)�x = �f(x + iy)�x �����y 
onstant :(1.33)But one might equally well sele
t �z purely imaginary, i.e. �z = i�y. In that
ase one obtains for the derivative (1.32) the following:f 0(z = x+ iy) = limi�y ! 0 f(x+ iy + i�y)� f(x+ iy)i�y = �f(x + iy)�iy �����x 
onstant :(1.34)The two expressions (1.33) and (1.34) do not ne
essarily give the same result foran arbitrary fun
tion f of z. Let us for example 
onsider the fun
tion f(z) de�nedby: f(z = x + iy) = Re(z) = x:For the two partial derivatives (1.33) and (1.34), one �nds respe
tively the results:�f(z)�x �����y 
onstant = 1 and �f(z)�iy �����x 
onstant = 0:In su
h 
ases the limit (1.32) 
annot be well de�ned and 
onsequently, the deriva-tive of f(z) does not exist.In general, one says that the derivative of f(z) 
an be de�ned if:1. the limit (1.32) exists, and2. is independent of the 
hoi
e of �z.Su
h fun
tions are 
alled analyti
. A fun
tion f(z) is said to be analyti
 in apoint z = z0 of the 
omplex z-plane, when there exists a region R around that pointwhere the fun
tion is analyti
.A ne
essary 
ondition that f(z = x + iy) = h(x; y) + ig(x; y) be analyti
 in aregion R of the 
omplex z-plane, is that its real part h(x; y) and its imaginary partg(x; y) satisfy the Cau
hy-Riemann equations in that region, i.e.�h�x = �g�y and �h�y = ��g�x : (1.35)If moreover, these partial derivatives are 
ontinuous in R, then the Cau
hy-Riemann equations (1.35) are suÆ
ient 
onditions that f(z) be analyti
 in R.22



Problem 5:Using the relation (1.19), show that the 
omplex potentials 
(z) de�ned by (1.27),(1.28), (1.29), (1.30) and (1.31) are analyti
 everywhere in the 
omplex z-plane,ex
ept the point z = 0 for (1.31).
Any analyti
 
omplex fun
tion 
(z) 
an serve as the 
omplex potential whi
hdes
ribes the two-dimensional steady-state 
ow of an in
ompressible non-vis
ous
uid. This way the term "reasonable" of se
tion ( 1.1) has found a more pre
isede�nition.The velo
ity ve
tor in two dimensions 
an also be represented by a 
omplex num-ber, i.e. v(z = x + iy) = vx(x; y) + ivy(x; y): (1.36)Its relation with the 
omplex potential 
an be established by using the fa
t that
(z) is an analyti
 fun
tion whi
h satis�es the Cau
hy-Riemann equations ( 1.35and 1.19). We obtain:
0(z = x + iy) = d
dz = ���x + i� �x = vx(x; y)� ivy(x; y) = v�(z);or equivalently: v(z) = f
0(z)g�; (1.37)where the supers
ript � stands for 
omplex 
onjugation.Problem 6:Verify that the velo
ity ve
tor �elds of the examples ( 1.7) to (1.10) 
an also bederived from the 
omplex potentials given in respe
tively the formulas ( 1.27) to(1.30), using the above relation ( 1.37).
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1.6 Obsta
les in a 
uid 
ow.In the following we study the for
es ex
erted on obsta
les whi
h are emersed in a
uid. The s
alar quantity related to for
es in 
uids is the for
e per unit area, orpressure p. In general this quantity will depend on position and thus be
omes intwo dimensions a fun
tion of the 
oordinates x and y or equivalently of the 
omplexposition z, i.e. p = p(x; y) = p(z = x + iy): (1.38)However, di�erent from the previously de�ned quantities, pressure is just a s
alarlo
al 
onstant of proportionality and is therefore always represented by a real num-ber. The for
e ~F (x; y) ex
erted by the 
uid on a given surfa
e element �S of theobsta
le, is in absolute value equal to the produ
t of the area of �S and the lo
alpressure p(x; y). Its orientation is perpendi
ular to the surfa
e and dire
ted towardsthe inside of the obsta
le (see �gure below).
��R SSSw AAAAU CCCCW ? ���	 y(x; y)~F (x; y) surfa
eFor
es a
t lo
allyto the surfa
e.perpendi
ular
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In two dimensions a surfa
e element �S is represented by a line element, let us say�z = �x+ i�y, whereas the whole surfa
e of the obsta
le is represented by a 
losedline. Let us assume that we go around the obsta
le in 
ounter
lo
kwise dire
tion.In that 
ase, the ve
tor whi
h has the same absolute value as �z and whi
h isperpendi
ular to the surfa
e and dire
ted inward is represented by ��y + i�x.Consequently, the 
omplex for
e at the above surfa
e element is given by:�F (x; y) = p(x; y)f��y + i�xg = ip(x; y)f�x+ i�yg = ip(z)�z:The above result represents the 
ontribution to the total for
e of the for
e at thesurfa
e element �z. The total 
omplex for
e ex
erted by the 
uid at the obsta
leis 
onsequently given by:F = Fx + iFy = I
losed line 
ounter
lo
kwise dz ip(z): (1.39)Next, we need a relation between the pressure p(z) and the 
omplex potential
(z) or, equivalently, the 
omplex velo
ity v(z). Su
h relation exists and is referred24



to as Bernoulli's theorem, whi
h for a horizontal 
uid 
ow redu
es to the followingrelation: p(z) + �2 j ~v(x; y) j2= p0; (1.40)where � represents the 
uid density and where p0 is a 
onstant along any streamline. In the next se
tion Bernoulli's theorem will be dis
ussed. But for the momentwe will anti
ipate on the result of that se
tion. Moreover, as we have seen in theprevious examples, the boundary of an obsta
le 
oin
ides with a stream line of the
uid 
ow. Consequently, p0 is 
onstant along the surfa
e of the obsta
le.So, using the equations (1.37), (1.39) and (1.40), we �nd for the total for
e F onan obsta
le whi
h is emersed in a 
uid, the following:F = I
losed stream line 
ounter
lo
kwise dz ifp0 � �2 j 
0(z) j2g: (1.41)In order to pro
eed with this 
omplex integration, we must be familiar with theproperties of 
losed 
ontour integrals in the 
omplex plane. To this aim, we willstudy in the following the ne
essary theory of 
omplex integration. However, �rstwe still have to dis
uss Bernoulli's theorem. So, the 
oming se
tions are devoted tothese two subje
ts. After this preparation we will return to the issue of for
es andmoments on obsta
les emersed in a 
uid.Problem 7:Let the boundary of the 
ir
ular obsta
le in example ( 1.17) be des
ribed by:z = R ei' ;and let moreover the density of the 
uid be equal to � = 1 and the 
onstant offormula ( 1.40) be given by p0 = 1. Show that the pressure p(') along the surfa
eof the obsta
le as a fun
tion of the angle ', yields:p(') = 
os(2�� 2'):
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1.7 Bernoulli's theorem.Let us 
onsider a tube of 
uid whi
h is en
losed in a surfa
e of stream lines. Su
htube of 
uid is 
alled a streamtube. In two dimensions it is represented by the areain between two stream lines  1 and  2 as is shown in the �gure below:streamtubeXXXXXXXXXzstream line  1CCW stream line  2XXy v���1

In the above represented streamtube we sele
t a 
ertain quantity of 
uidM whi
hat a given instant of time o

upies a 
ertain area of the streamtube, indi
ated byC in the �gure below. For this quantity of 
uid we will study its gain in kineti
energy �K when it moves through the streamtube. The area C is bounded by twoequipotential lines, indi
ated by �1 and �2, as depi
ted in the �gure below:
C�1 �2���:~F1

��1 ~F2
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We assume that the dire
tion of the 
uid 
ow is from the left to the right. At thelefthand side of the area C a
ts a for
e indi
ated by ~F1 on the quantity of 
uidM.One might 
onsider that this for
e pushes through the streamtube all 
uid whi
hen
ounters itself to the right of the equipotential line �1. At the righthandside of Ca
ts a for
e ~F2 on all 
uid whi
h is in the streamtube to the right of the area C. Thedi�eren
e in work done by ~F1 and ~F2 must be equal to the gain in kineti
 energy�K of the quantity of 
uid M in C.
C0�01 �02

In the above �gure we show the position of the quantity of 
uid M at a latertime. It o
upies a di�erent area, C0, still in the same streamtube as before, but inbetween two di�erent equipotential lines, �01 and �02.The di�eren
e between the areas C0 and C is 
hara
terized by the two areas A1and A2 as indi
ated in the �gure below:
��:��9 ���) ���1BBM BBN AAKAAU

�l1 �l2�S1 �S2A1 A2
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Furthermore shows this �gure that in moving from the area C to the area C0,the boundary of M at the lefthand side is displa
ed by a distan
e �l1 and at therighthand side by a distan
e �l2. From the �gure above we also learn that at thelefthand side ofM the distan
e in between boundaries  1 and  2 of the streamtubeis given by �S1, and at the righthand side by �S2.The quantity of 
uid M in C is the same as in C0. Moreover, is the 
uid in
om-pressible. Consequently, the areas A1 and A2 must be the same. This implies thefollowing: �S1 ��l1 = farea A1g = farea A2g = �S2 ��l2: (1.42)The di�eren
e in work �W done by ~F1 and ~F2 is, a

ording to the de�nitions ofthe quantities represented in the above �gures, expressed by:�W =j ~F1 j �l1� j ~F2 j �l2:Using moreover the relation between for
e and pressure, the above expressiontakes the form: �W = p(1)�S1�l1 � p(2)�S2�l2; (1.43)where p(1) and p(2) represent the pressures in respe
tively the areas A1 and A2.The total kineti
 energy, K, of the quantity of 
uid M when it o
upies the areaC is equal to the sum of the kineti
 energies of all of its volume elements �x�y.The mass of su
h "volume" element equals �x�y�. So, in agreement with the usualde�nition of kineti
 energy of a point parti
le with given mass and velo
ity, we �ndfor the total kineti
 energy of the 
uid in the area C, the expression:K(C) = ZC 12dx dy � j ~v(x; y) j2 : (1.44)The di�eren
e in kineti
 energy between the situation where the quantity of 
uidM o
upies the area C0 and the situation where it o
upies the area C, is thus givenby the di�eren
e of two "volume" integrals, one over C0 and one over C. From thequantities de�ned in the above �gures and using equation (1.44), one 
an easilydedu
e that this leads to the expression:�K = K(C0)�K(C) = ZA2 dx dy �2 j ~v(x; y) j2 � ZA1 dx dy �2 j ~v(x; y) j2 :For in�nitesimally small distan
es �S1;2 and �l1;2 this gives the following:�K = farea A2g�2 j ~v(2) j2 �farea A1g�2 j ~v(1) j2; (1.45)where ~v(1) and ~v(2) represent the velo
ities in respe
tively the areas A1 and A2.In 
ombining the equations (1.43) and (1.45), using also the relation (1.42), one�nds Bernoulli's equation (1.40) in the form:p(1) + �2 j ~v(1) j2= p(2) + �2 j ~v(2) j2 :28



1.8 Complex 
ontour integration.With respe
t to 
omplex 
ontour integration, we only have to know the followingproperties for analyti
 fun
tions:1. If C is a 
losed 
ontour in the 
omplex z-plane and if f(z) is an analyti
fun
tion in a domain R whi
h in
ludes the 
ontour and its interior (see�gure below), then: IC dz f(z) = 0: (1.46)
7 RC

�������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
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Property ( 1.46) is in analysis known as the theorem of Cau
hy.2. If C1 and C2 are two 
losed 
ontours in the 
omplex z-plane and if f(z)is an analyti
 fun
tion in a domain R whi
h in
ludes both 
ontours andthe part of the 
omplex z-plane whi
h is in between C1 and C2 (see �gurebelow), then: IC1 dz f(z) = IC2 dz f(z): (1.47)
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����������������������������������������������������� 6
The above property ( 1.47) is even true when f(z) is not analyti
 in the domainindi
ated by S in the above �gure.
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Problem 8:Consider the set of 
omplex fun
tions:fn(z) = zn; n = � � � ;�2;�1; 0; 1; 2; � � � (i :e: integer):For the integral 
ontour C take a 
ir
le around the origin in the 
omplex z-plane,de�ned by: z = Rei'; R arbitrary, but �xed:Prove that, independent of the radius R, holds:IC �z = Rei'� dz zn = ( 0 for n 6= �1�2�i for n = �1 : (1.48)Show moreover that the result for n = �1 depends on the dire
tion of integration,i.e. +2�i for 
ounter
lo
kwise integration and �2�i for 
lo
kwise integration.
The fun
tions fn(z) = zn are analyti
 in the whole 
omplex z-plane for integervalues of n, ex
ept for the point z = 0 when n is a negative integer. This point is
alled a singularity for those fun
tions. In 
ase the singularity is of �rst order (i.e.n = �1) then the 
omplex integration at a 
losed 
ontour around the singularitydoes not vanish, as we have seen in the previous problem (1.48).Problem 9:Determine the 
ontour integrations, in 
ounter
lo
kwise dire
tion, of the set offun
tions gn(z) = (z � 2)n (n integer), at 
ir
les around the point z = 2, whi
h aregiven by z = 2 +Rei'.
In general, when an analyti
 fun
tion f(z), has a singularity at the point z =z0 in the 
omplex plane, then for the integration of f(z) over a 
losed 
ontouraround that singularity, we �rst determine the Laurent series expansion of f(z) inthe neighborhood of z = z0, given by:f(z) = � � �+ a�2(z � z0)2 + a�1(z � z0) + a0 + a1(z � z0) + a2(z � z0)2 + � � � : (1.49)The 
ontour integral is then readily determined by:30



IC(around z0) dz f(z) = 1Xn = �1 IC(around z0) dz anzn = �2�ia�1; (1.50)be
ause, a

ording to formula ( 1.48), the 
ontributions of all other terms in thesum vanish.The 
oeÆ
ient a�1 of the term whi
h is proportional to (z� z0)�1 in the Laurentexpansion (1.49) is 
alled the residue of the fun
tion f(z) at the singularity z = z0.Problem 10:Determine the 
omplex 
ontour integral, in 
ounter
lo
kwise dire
tion, at a 
ir
learound the point z = 2, given by z = 2 +Rei', of the fun
tion f(z) de�ned by:f(z) = 3z2 � 7z + 4(z � 2)2 :
Finally, one should also know the following property of 
omplex 
ontour integra-tions:3. When a 
losed 
ontour 
ontains in its interior region more than onesingularities of a fun
tion f(z), then the 
ontour integral of f(z) overthis 
ontour equals �2�i times the sum of the residues at ea
h of thesingularities inside the 
ontour.Below we show a symboli
 representation of this property:

R7� � �
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����������������������������������������������������� = R�����6 �����6�����6 (1.51)
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1.9 For
es and moments on obsta
les in a 
uid
ow.In se
tion ( 1.6) we found for the for
e on an obsta
le emersed in a 
uid 
ow, thefollowing expression (see 1.41):F = Isurfa
e dz ifp0 � �2 j 
0(z) j2g:By now we know from the results of se
tion ( 1.8) that the integration over p0does not 
ontribute (see formula 1.48). So,we are left with:F = Isurfa
e dz if��2 j 
0(z) j2g: (1.52)The surfa
e of an obsta
le represents a stream line (see 1.41). Consequently, theimaginary part of 
(z) is 
onstant (see equation 1.26 and se
tion 1.3). Thereforewe have that d
 is real. As a 
onsequen
e we obtain for the integrand in ( 1.52) thefollowing expression:dz �����d
dz �����2 = dzd
dz  d
dz !� = dz�d
�dz�  d
dz !� = dz�8<: d
dz !29=;� ;whi
h leads for ( 1.52) to:F = � i2� Isurfa
e dz�8<: d
dz !29=;� ;or equivalently to: F� = i2� Isurfa
e dz  d
dz !2 : (1.53)Below we will apply this formula to 
al
ulate the for
es on various obsta
les in a
uid 
ow. But �rst we derive a similar expression for the moment of the for
es onan obsta
le.The moment of a for
e ~F whi
h a
ts at position ~r on a material point of a body,is in general de�ned by: ~M = ~r � ~F :In two dimensions is the moment perpendi
ular to the xy-plane, a

ording to:~M =Mẑ ; where M = xFy � yFx: (1.54)In terms of the 
omplex for
e F de�ned in ( 1.39) and the 
omplex positionvariable z, we obtain: M = <efizF�g; (1.55)32



where <e stands for "real part of". So, the 
ontribution �M to the total momentM of the for
e �F whi
h a
ts at a surfa
e element �z lo
ated at position z, is givenby: �M = <efiz�F�g:Using expression ( 1.53) for the for
e on the obsta
le at a 
ertain point z, we �ndfor �M the relation: �M = <efiz i2��z  d
dz !2g:On integrating this over the whole surfa
e of the obsta
le, one obtains:M = ��2<efIsurfa
e dz z  d
dz !2g: (1.56)Below we will dis
uss several examples:1. A tennis ball without spin.When a tennis ball without spin moves straigth through the air, then it has a
ow pattern around it whi
h resembles the 
uid 
ow pattern of the streamfun
tionfor the in�nite 
ir
ular 
ylinder de�ned in ( 1.17). So, we "approximate" the tennisball by an in�nite 
ir
ular 
ylinder. In that 
ase the 
omplex potential is given by(
ompare formula 1.31)
(z) = v00�ze�i� + R2ei�z 1A ; for j z j� R; (1.57)where v0 represents the speed of the tennis ball.We observe here the following: The �rst term in the 
omplex potential ( 1.57),whi
h reads: v0ze�i�;represents an uniform 
uid 
ow (
ompare 1.27 and 1.7). This is how the air"moves" at large distan
es in the 
oordinate frame atta
hed to the 
enter of thetennis ball and moving parallel to an inertial frame at rest. For small values ofthe angle �, the velo
ity of the 
uid is pointing towards the right (see for examplethe �gure of example 1.7). So, in that 
ase the tennis ball moves towards the left.This we will assume here and in the following. When we 
onsider moreover thex-axis to represent the horizontal surfa
e of the Earth and the y-axis the verti
alperpendi
ular to the Earth's surfa
e, then the above term represents the tennis ball
oming down towards the Earth at an angle equal to � in the negative dire
tion ofthe x-axis.
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The se
ond term in the 
omplex potential ( 1.57), i.e.:v0R2ei�z ;be
omes more important near the origin. It takes 
are of the deviation from anuniform motion of the 
uid in the vi
inity of the tennis ball. We also might noti
ethat this term is singular at the origin, whi
h represents the 
enter of the obsta
le.So, we may expe
t non-vanishing integrals when we integrate expression ( 1.53) onthe 
ontour j z j= R in the 
omplex plane, whi
h represents the surfa
e of the
ylinder.Next we must determine the integrand of ( 1.53), in order to �nd the for
e on the
ylinder: First we 
al
ulate the derivative with respe
t to z of the 
omplex potentialde�ned in ( 1.57). This gives:d
dz = v0fe�i� � R2ei�z2 g: (1.58)Of this expression we need the square, i.e.: d
dz !2 = (v0)2fR4e2i�z4 � 2R2z2 + e�2i�g: (1.59)We �nd here that the integrand for the 
ontour integration of formula ( 1.53) hasno residue at the singularity at z = 0, be
ause there is no term linear in 1=z inexpression ( 1.59). Consequently (see 1.48 and 1.50), the total for
e on the tennisball due to the 
uid 
ow around it equals zero, i.e.:F = 0: (1.60)In order to determine the moment on the tennis ball, we must multiply the ex-pression ( 1.59) with z. This gives: d
dz !2 = (v0)2fR4e2i�z3 � 2R2z + ze�2i�g: (1.61)So, in this 
ase the integrand of the 
ontour integration of formula ( 1.56) has aresidue at the singularity z = 0, whi
h is equal to �2v20R2. Consequently, we �ndfor the integral of formula ( 1.56) the result:Isurfa
e dz z  d
dz !2 = 2�i(�2v20R2) = �4�iv20R2:The real part of this expression vanishes, whi
h gives for the total moment on thetennis ball due to the 
uid 
ow around it, the result:M = 0: (1.62)The tennis ball does not feel any for
e (see 1.60), neither any moment in the 
uid
ow. This result might also have been obtained from a simple symmetry argument.In example ( 1.17) we have represented the 
ow pattern for this 
ase. Now, we34



might observe that this pattern is 
ompletely symmetri
 for a rotation of 180Æ inthe xy-plane. This implies that the speed (i.e. j ~v(x; y) j) of the 
uid 
ow nearthe surfa
e of the 
ylinder is the same at two opposite points. As a 
onsequen
e,a

ording to Bernoulli's law, the pressure at one pla
e of the surfa
e of the 
ylinderis the same as the pressure at the opposite point, thus resulting in for
es whi
h
ompensate ea
h other. Whi
h gives as a result that the total for
e on the 
ylindervanishes.Problem 11:Show that formally, using the relation ( 1.58) for the 
omplex velo
ity, one hasthe following identity:j ~v(z = Rei(' + 180Æ)) j=j ~v(z = Rei') j :This shows in formula the above dis
ussed symmetry.
2. A tennis ball with spin.A tennis ball whi
h rotates (spinning) when it moves through the air, has adi�erent 
ow pattern around it than the tennis ball without spin ( 1.57). Here,again in the in�nite 
ylinder approximation, we might use the following 
omplexpotential to represent its motion:
(z) = v00�ze�i� + R2ei�z 1A+ i �2� log(z); for j z j� R; (1.63)where v0 as in the previous 
ase represents the speed of the 
enter of mass of thetennis ball with respe
t to the air and where � represents the amount of spin.The �rst two terms of the 
omplex potential ( 1.63) are the same as in the previousexample of the tennis ball without spin. So the third term:i �2� log(z)is supposed to des
ribe the e�e
t of rotation of the tennis ball in this 
ase. By
omparing this term to the formulas ( 1.30), ( 1.16) and ( 1.10), we see that it indeed
orresponds to a rotating 
ow around the origin. Remember that the tennis ball issupposed to move from the right to the left. So, when its spin is 
ounter
lo
kwise,then the air moves relatively 
lo
kwise as in the �gure related to formula ( 1.10).The latter motion is des
ribed by positive values of the vortex parameter �.Noti
e moreover that this logarithmi
 term is singular at the origin as is the termlinear in 1=z in ( 1.63). 35



The 
ow pattern 
orresponding to the above 
omplex potential ( 1.63) is shownin the �gure below:

BBBBM ~F

In order to determine the for
e and the moment a
ting on the tennis ball due tothe 
uid 
ow, we follow the same pro
edure as in the previous 
ase: For the 
ontourintegral of formula ( 1.53) we �nd then:Isurfa
e dz  d
dz !2 = 2�ifi��v0e�i�g = �2�v0e�i�:Inserting this into formula ( 1.53) and taking the 
omplex 
onjugate, we obtain forthe for
e on the tennis ball due to the 
uid 
ow around it, the following expression:F = i��v0ei� = ��v0f� sin(�) + i 
os(�)g:The for
e ~F is then given by:~F = ��v0f� sin(�)x̂ + 
os(�)ŷg: (1.64)What is the interpretation of this result? Let us 
onsider that the x-axis is parallelto the surfa
e of the Earth and the y-axis perpendi
ular to it and pointing towardshigher altitudes. Then, when the tennis ball moves horizontally from the right tothe left (whi
h implies � = 0), the dire
tion of the for
e ( 1.64) depends here on36



the sign of �: For � > 0 the for
e a
ts upward and for � < 0, downward. Nowthe dire
tion of rotation 
an be studied from the 
ow pattern whi
h belongs to thestream fun
tion given in ( 1.10). If we take that �gure (whi
h is for a positive valueof �) in front of us, then we noti
e that while the ball is moving in the negativex-dire
tion, it appears like rolling on the air. So, the velo
ity of the air with respe
tto the surfa
e of the ball is at the bottom side smaller than at the top side. Thisgives a

ording to Bernoulli's theorem ( 1.40) a larger pressure at the bottom sidethan at the top side of the surfa
e of the tennis ball. And 
onsequently an upwardresultant for
e.In a tennis game, while the motion of a tennis ball without spin is more or less themotion of a proje
tile, in the 
ase of a horizontal spin (whi
h means that the axis ofthe related 
ylinder is horizontal), the ball deviates a

elerated from a proje
tile'sorbit in upward, or downward dire
tions. The latter is of 
ourse the preferred spinin a tennis game, be
ause it might result in having the ball drop right behind thenet.In order to determine the moment ex
erted by the 
uid on the 
ylinder, we alsofollow the pro
edure outlined in the previous 
ase for a tennis ball without spin. Forthe integrand of the 
ontour integral in formula ( 1.56) we �nd:Isurfa
e dz z  d
dz !2 = 2�i(�� �2��2 � 2v20R2) :This expression has no real part and thus results in a vanishing moment, also inthe 
ase of a tennis ball with spin, i.e.:M = 0: (1.65)As a 
onsequen
e, the angular momentum (spin) whi
h is initially given to theball will not 
hange due to the for
es des
ribed here.The fa
t that the moment vanishes in this 
ase 
an be understood from symmetryarguments, similar to the ones for the vanishing for
e in the previous example: Fromthe 
ow pattern one noti
es that there is a mirror symmetry around the axis whi
hmakes an angle given by � with the verti
al. To ea
h point at the right of thissymmetry axis 
orresponds a similar point at the left of it. Consequently, there is asmu
h for
e a
ting at one side of the axis (whi
h in
identally also passes through theC.M. of the body) as on the other side, whi
h leads to 
ompensating 
ontributionsto the total moment.

37



3. The lift arm.In the examples ( 1.57) and ( 1.63), the 
enter of mass of the obsta
le 
oin
ideswith the origin of the 
oordinate system. This we assume always to be the 
ase. Insu
h 
ases, indi
ates the moment of a for
e the lift arm with respe
t to the 
enterof mass of the obje
t. In general one has for a for
e ~F whi
h does not a
t in the
enter of mass of a body, the following: Let the point of appli
ation of ~F be givenby ~a = ax̂, as depi
ted in the �gure below:y
x� -���������3�C:M: ~a

~F
The moment of the for
e is then, a

ording to ( 1.54), given by:M = aFy: (1.66)The quantity a in the above formula is 
alled the lift arm of the for
e due to the
uid 
ow.In the previous example of the tennis ball without spin, the moment vanishes andtherefore so does the lift arm in that 
ase. Consequently, the for
e is supposed tobe applied in the 
enter of the tennis ball.
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4. A primitive air wing.Let us 
onsider for an air wing an in�nitely long 
ylinder with an elipsoidal 
rossse
tion. In order to �nd the 
omplex potential for su
h 
ase one must study thedeformation of a 
ir
le into an ellipse. However, one must at the same time keepthe analyti
ity property of the 
omplex potential. Now, an ellipse 
an be obtainedfrom a 
ir
le by the following analyti
 transformation:z = 12  � + 1�! : (1.67)The study of the details of the above transformation, is left as an ex
er
ise forthe reader.Problem 12:Show that the part of the 
omplex �-plane exterior to the 
ir
le given by j � j= Rwith R > 1, is by ( 1.67) transformed into the part of the z-plane whi
h is exteriorto the ellipse given by: " 2<e(z)R +R�1#2 + " 2=m(z)R �R�1 #2 = 1; (1.68)where <e stands for "real part of" and =m stands for "imaginary part of".
The pri
ipal axes of the ellipse ( 1.68) are along the x- and y-dire
tions and theirlengths are given by (R+ 1=R) and (R� 1=R) respe
tively. In the �-plane we takefor the 
omplex potential the following expression:!(�) = v00��e�i� + R2ei�� 1A+ i �2� log(�); for j � j� R; (1.69)whi
h is exa
tly the same expression as given in ( 1.63) for the tennis ball withspin, but where z is everywhere substituted by �. In the z-plane we will now studythe 
omplex potential whi
h is de�ned by:
(z) = !(�(z)); (1.70)where �(z) represents the inverse of the transformation given in ( 1.67).We noti
e that the 
uid 
ow at large distan
es might still be given by an expressionwhi
h represents a 
onstant 
uid 
ow, i.e.2v0ze�i�;as in the 
ase of the tennis ball. Large values of z 
orrespond to large values of� (the small values of � are ex
luded in formula 1.69), a

ording to relation ( 1.67).39



So, ex
ept for a fa
tor two, the long distan
e behaviour is the same as for the other
ases. But at short distan
es the situation is di�erent.The 
ow pattern for this 
omplex potential is shown in the �gure below:

�~a
~F BBBBBBBM

In order to establish the for
e and the moment of the for
e on the surfa
e of theelipsoidal 
ylinder, we pro
eed as follows: First we determine dz in terms of d�, i.e.:dz = dzd� d� = 12  1� 1�2! d�:Next, we �nd the expression for d
=dz in terms of d!=d�:d
dz = d�dz d!d� =  dzd�!�1 d!d� = 21� ��2 d!d� :So, for the integrand of the 
ontour integral of formula ( 1.53) we obtain here thefollowing: dz  d
dz !2 = d� 21� ��2  d!d� !2 :The 
ontour in the z-plane is the ellipse de�ned in ( 1.68) and the 
orresponding
ontour in the �-plane is the 
ir
le j � j= R. So, in going from one variable to theother, we �nd for the 
ontour integrations the relation:40



Iellipse dz  d
dz !2 = I
ir
le d� 21� ��2  d!d� !2 : (1.71)In order to pro
eed, we must �nd the residue of the integrand in the righthandside of the above formula ( 1.71) at the singularity at � = 0. For this purpose wemight introdu
e the following Laurent expansions ( 1.49):11� ��2 = 1 + ��2 + ��4 + � � � ;and d!d� = �v0R2ei��2 + i�=2�� + v0e�i�:Combining these expansions one obtains for the full Laurent expansion of therelevant integrand in ( 1.71) the expression:21� ��2  d!d� !2 = � � �+�2 � �2��2 + 2v20e�2i� � 4v20R2�2 + 4i � �2�� v0e�i�� +v20e�i�:(1.72)The wanted residue at the singularity � = 0 is the 
oeÆ
ient of the term whi
his linear in 1=�. After performing the 
ontour integral of formula ( 1.53), taking the
omplex 
onjugate and identifying the 
omponents of the for
e, one �nds for thefor
e ex
erted on the air wing by the 
uid 
ow, the following:~F = 2��v0f� sin(�)x̂+ 
os(�)ŷg: (1.73)In order to determine the moment of the above for
e, we must multiply the ex-pression ( 1.72) with z = (� + 1=�)=2. This gives:12(� + ��1) 21� ��2  d!d� !2 = � � �+ �(�=2�)2 + 2v20e�2i� � v20R2� + � � � :So, the residue at the singularity � = 0 is thus given by:�(�=2�)2 + 2v20e�2i� � v20R2:The real part of this expression does not 
ontribute to the moment of the for
e onthe air wing, but the imaginary part does. After performing the 
ontour integrationof formula ( 1.56) and taking the real part of the result, one �nds for the moment:M = ��2<ef2�i(�2v20i sin(2�))g= �2��v20 sin(2�): (1.74)The lift arm of the rotation indu
ed by this non-zero value for M follows fromthe expression ( 1.66), i.e.: 41



a = MFy :Using the results ( 1.73) for the for
e and ( 1.74) for the moment ex
erted on theair wing, one �nds for the lift arm here:a = �2� �v0� � sin(�): (1.75)The 
ir
ulation of the air around the air wing whi
h 
omes from the logarithm inthe 
omplex potential ( 1.67), is in the 
ase of real air-planes 
aused by a slightlymore fan
y 
onstru
tion of the air wing than an elipsoidal in�nite 
ylinder, and setsin at high velo
ities. The moment is ne
essary for the lift of an air-plane.5. The ping-pong ball in an air stream.The situation of a light ping-pong ball whi
h is lifted by an air stream dire
tedtowards the 
oor, is at �rst very surprising. Of 
ourse, when the airstream andgravity both work in the same dire
tion, why would a ping-pong ball be going

�~F

upward? But the theorem of Bernoulli solves this mira
le and shows that the for
e42



of the air stream is always dire
ted towards the sour
e and not depending on theweight of the ball. So, for a light ball the resultant might very well be upward. The
ow pattern is shown in the above �gure.As in the examples of the tennis ball, we "approximate" the ping-pong ball by anin�nite 
ir
ular 
ylinder. The 
orresponding 
omplex potential is given by:
(z) = �2� log(z + R2z � z0 � R2z0 ) ; z0 real and j z0 j> R: (1.76)In order to determine the for
e and the moment on the obsta
le in this 
ase,we �rst study the singularity pattern of the above 
omplex potential. We noti
ethat the argument of the logarithm 
an be fa
torized, whi
h gives for the 
omplexpotential the following expression:
(z) = �2� log(1z (z � R2z0 )(z � z0)) :In this form the singularities of the analyti
 fun
tion 
(z) are more obvious, i.e.the points: z = 0, z = R2z0 , and z = z0:The �rst and the se
ond singularity are inside the 
ir
le j z j= R whi
h repre-sents the surfa
e of the obsta
le. The third singularity is outside the obsta
le. So,a

ording to the formulas ( 1.51) and ( 1.50), we must know the residues at the �rsttwo singularities of the integrands of the expressions ( 1.53) and ( 1.56).Let us start with the integrand of formula ( 1.53) whi
h gives the for
e at theobsta
le. Its Laurent expansions at the poles z = 0 and z = R2=z0 are respe
tivelygiven by:  d
dz !2 = � �2��28><>: 1z2 + 2( 1z0 + z0R2 )z + � � �9>=>; ; (1.77)and  d
dz !2 = � �2��28>>><>>>: 1(z � R2z0 )2 + 2 z30R2(R2 � z20)z � R2z0 + � � �9>>>=>>>; : (1.78)Performing the integral ( 1.53) by use of the residues whi
h 
an be extra
ted fromthe above Laurent expansions, and taking the 
omplex 
onjugate of the result, givesthen for the for
e the expression:F = ��22� R2z0(z20 �R2) : (1.79)This for
e is along the x-dire
tion be
ause the position of the sour
e z0 is alongthe x-axis as indi
ated in the formula for the present 
omplex potential ( 1.76).Moreover, its dire
tion is determined by the sign of z0, sin
e all other fa
tors in the43



expression for the for
e ( 1.79) are positive. For negative values of z0 the dire
tionis towards negative values of x and for positive values of z0 towards positive valuesof x. From whi
h we may 
on
lude that the for
e is always pointing towards thesour
e.For the moment of the for
e we may use a similar symmetry argument as for thetennis ball with spin: The moments stemming from the for
es on one side of theping-pong ball are in equilibrium with the moments 
oming from the other side.The total moment must thus vanish, i.e.:M = 0: (1.80)Alternatively one might use the above Laurent expansions ( 1.77) and ( 1.78) to
al
ulate the moment of the for
e. This is left as an ex
er
ise to the reader.So, in experiment one observes the following: The ping-pong ball is atra
ted bythe sour
e, but the ping-pong ball does not start rotating as a 
onsequen
e of thefor
es.A warning is in pla
e here: The reader might think that z0 in the formula ( 1.76)for the 
omplex potential 
an be substituted by any 
omplex number. That ishowever not true. It would lead to di�erent 
on
lusions about the dire
tion of thefor
e with respe
t to the position of the sour
e than in the above 
ase. But the
hoi
e of the radius parameter R determines the 
hoi
e of z0. A real value of Rimplies a real value of z0.

44



Chapter 2Transformations and invariantquantities.At present one believes that the laws of physi
s are the same for any observer inthe Universe. As a 
onsequen
e it has to be assumed that the des
ription of aphenomenon, whi
h takes pla
e either in a laboratory provoked in an experimentor un
ontrolled somewhere in the Universe, 
an be formulated in su
h a way thatfor two di�erent observers the related equations have the same appearan
e. Forexample, the total energy and the linear momentum of a point parti
le might di�erfrom observer to observer, but its invariant mass (rest mass) is the same for allobservers.In me
hani
s an observer is 
hara
terized by a 
oordinate system. Ea
h observerdes
ribes a point in spa
e and time by a set of 
oordinates. However, two di�erentobservers might use di�erent 
oordinates for the des
ription of the same point. Themathemati
al relations between two di�erent sets of 
oordinates are 
alled trans-formations. Examples are Galilean transformations, Poin
ar�e transformations andgeneral 
oordinate transformations.Physi
s is in fa
t the dis
overy of those transformations and the related invariantquantities. For simple me
hani
al systems, observers may sele
t a di�erent originfor their 
oordinate system (translation), rotated 
oordinate systems (rotations)and moving 
oordinate systems with 
onstant relative velo
ities (boosts), without
hanging the formulation of the laws of physi
s.Before the dis
overy of spe
ial relativity, it was thought that inertial systemsare 
onne
ted by Galilean transformations. After Einstein we know that Galileantransformations are only approximately obeyed by Nature for low relative velo
i-ties. In spe
ial relativity the allowed 
oordinate transformations are 
alled Poin
ar�etransformations, whi
h in
lude translations and Lorentz transformations. The latterin
lude boosts and rotations. But also the Poin
ar�e transformations of spe
ial rela-tivity are only approximately valid in the 
ase of weak gravitational �elds. Einsteinshowed that in the presen
e of a gravitational sour
e physi
s laws 
an be formulatedin su
h a way that they remain invariant under general 
oordinate transformations.In this 
hapter we will 
on
entrate on rotations and study the invariant quantitiesrelated to those transformations.
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2.1 Rotations in two dimensions.Although our aim is the study of the properties of rotations in three dimensions, it israther instru
tive to �rst limit ourselves to rotations in two dimensions. Therefore,let us 
onsider a two dimensional orthogonal 
oordinate system S 
hara
terized by
oordinates x1 and x2 and by the orthonormal basis ve
tors ê1 and ê2. A ve
tor ~xis in this system represented by the expression:~x = (x1; x2) = x1ê1 + x2ê2 = xiêi: (2.1)The expression at the righthand side of the above formula ( 2.1) is sometimesreferred to as the Einstein summation 
onvention, or equivalently as a 
ontra
tionof the index i. The orthonormality of the basis 
an be expressed by means of theKrone
ker delta symbol as follows:êi � êj = Æij ; i; j = 1; 2: (2.2)Furthermore we 
onsider a di�erent orthogonal 
oordinate system S 0 
hara
terizedby 
oordinates x01 and x02 and by the orthonormal basis ve
tors ê01 and ê02. The basisve
tors of the 
oordinate system S 0 are related to the basis ve
tors of the 
oordinatesystem S by a rotation R(ẑ; �) around the origin over an angle indi
ated by �, i.e.:ê01 = 
os(�)ê1 � sin(�)ê2 and ê02 = sin(�)ê1 + 
os(�)ê2:The above basis transformation 
an be written in a more 
ompa
t formulation,when we �rst de�ne for the rotation R(ẑ; �) a matrix given by:R(ẑ; �) =  R11 R12R21 R22 ! =  
os(�) � sin(�)sin(�) 
os(�) ! : (2.3)In terms of the matrix elements of the above de�ned rotation matrix R(ẑ; �) one�nds for the above basis transformation and its inverse respe
tively the expressions:ê0i = Rijêj and êj = Rij ê0i: (2.4)The relations between the 
oordinates of the unprimed system S and the 
oordi-nates of the primed system S 0 
an be found using the above expressions ( 2.4) andrealizing that the same ve
tor ~x 
an be represented in either system by an expressionsimilar to ( 2.1), i.e.: ~x = x0iê0i= xjêj = xjfRij ê0ig = fRijxjgê0i:From this relation we dedu
e that for the 
oordinates xi (i = 1; 2) of ~x in S andthe 
oordinates x0i (i = 1; 2) of ~x in S 0 yields the following transformation rule:x0i = Rijxj : (2.5)46



Problem 13:Show that the reverse of the above relations ( 2.5) is given by:xi = �RT�ij x0j = Rjix0j : (2.6)
From the result of the above problem one 
an also infer that for rotations holds:RT = R�1: (2.7)Matri
es whi
h have this property are said to be orthogonal. It implies that rowsand 
olumns of su
h matrix represent orthonormal ve
tors, as 
an be seen from:RikRjk = Rik �RT�kj = �RRT�ij = �RR�1�ij = (1)ij = Æij : (2.8)
Problem 14:Show that also: RkiRkj = Æij : (2.9)
Noti
e moreover that the determinant of the rotation matrix ( 2.3) equals one.
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2.2 The rotation group SO(2).It 
an easily be shown that rotations around the origin in two dimensions form agroup.Problem 15:Show that rotations R(ẑ; �) as de�ned in ( 2.3) form a group, i.e. show that:(i) The produ
t of two rotations R(ẑ; �) and R(ẑ; �) is again a rotation,R(ẑ; � + �).(ii) The produ
t has the property of asso
iativity, i.e.:fR(ẑ; �)R(ẑ; �)gR(ẑ; 
) = R(ẑ; �) fR(ẑ; �)R(ẑ; 
)g :(iii) There exists a unit operation, R(ẑ; 0) = 1(iv) The inverse of a rotation exists and is also a rotation.
This group is 
alled the spe
ial orthogonal group in two dimensions, abreviated bySO(2). Orthogonal, be
ause it 
onsists of operations for whi
h relation ( 2.7) holdsand spe
ial, be
ause the determinant of the de�ning matri
es equals one (in generalthe determinant may be one or minus one for an orthogonal matrix).The group elements 
an be 
hara
terized by one parameter, the rotation angle;that is that all possible rotations in two dimensions are given by:R(ẑ; �) ; �� < � � +�: (2.10)In the neighbourhood of the unit operation (� = 0), the above de�ned matri
esform a one dimensional 
ontinuous matrix �eld. So, we might de�ne the matrix Awhi
h is given by the derivative of the matrix �eld at � = 0, as follows:A = dd�R(ẑ; �)������ = 0 =  0 �11 0 ! : (2.11)The matrix A is 
alled the generator of rotations in two dimensions. In thefollowing it will be
ome 
lear why: For angles di�erent from zero one has similarly:dd�R(ẑ; �) =  � sin(�) � 
os(�)
os(�) � sin(�) ! =  0 �11 0 ! 
os(�) � sin(�)sin(�) 
os(�) != A R(ẑ; �);whi
h di�erential equation 
an be solved by:48



R(ẑ; �) = expf�Ag: (2.12)How do we interpret this exponential of a matrix? To answer this question, we�rst mention the following properties of the matrix A de�ned in ( 2.11):A2 =  0 �11 0 ! 0 �11 0 ! = �1; A3 = �A; A4 = 1; � � � (2.13)Using the above properties of the generator A, we �nd for the exponential ( 2.12)the following interpretation:expf�Ag = 1+ �A+ 12!(�A)2 + 13!(�A)3 + 14!(�A)4 + � � �= 1+ �A+ �22! A2 + �33! A3 + �44! A4 + � � �= 1+ �A� �22! 1� �33! A+ �44! 1+ � � �= f1� �22! + �44! � �66! + � � �g1 + f�� �33! + �55! � �77! + � � �gA= 
os(�)1+ sin(�)A=  
os(�) 00 
os(�) !+  0 � sin(�)sin(�) 0 !=  
os(�) � sin(�)sin(�) 
os(�) != R(ẑ; �):Be
ause of the above representation of a rotation in terms of a parameter, �,and the matrix A, it is that this matrix is 
alled the generator of rotations in twodimensions.

49



2.3 The rotation group SO(3).Similar to the group of rotations around the origin in two dimensions, we havethe group of rotations around the origin in three dimensions, 
alled SO(3). Animportant di�eren
e with rotations in two dimensions is that in three dimensionsrotations do not 
ommute. The three rotations around the prin
ipal axes of theorthogonal 
oordinate system (x; y; z) are given by:R(x̂; �) = 0B� 1 0 00 
os(�) � sin(�)0 sin(�) 
os(�) 1CA ; R(ŷ; #) = 0B� 
os(#) 0 sin(#)0 1 0� sin(#) 0 
os(#) 1CA ;and R(ẑ; ') = 0B� 
os(') � sin(') 0sin(') 
os(') 00 0 1 1CA : (2.14)
Problem 16:As an example that rotations in general do not 
ommute, show that for the rota-tions over angles of 90Æ around the x- and y-axis yields:R(x̂; 90o)R(ŷ; 90o) 6= R(ŷ; 90o)R(x̂; 90o): (2.15)
Rotations in three dimensions are 
hara
terized by three parameters. Below wewill give two di�erent possibilities. First we 
onsider a rotation whi
h rotates apoint ~a, de�ned by: ~a = (sin(#) 
os('); sin(#) sin('); 
os(#)) ; (2.16)to the position ~b, de�ned by~b = (sin(#0) 
os('0); sin(#0) sin('0); 
os(#0)) : (2.17)Noti
e that there exist an in�nite number of rotations whi
h may perform thisoperation. So, the above outlined pro
edure, whi
h is left as an ex
er
ise for thereader, does not 
hara
terize unambiguously this rotation. Only when one alsode�nes the rotation axis, then one is left with just one possibility.
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Problem 17:Show, using the de�nitions ( 2.14), ( 2.16) and ( 2.17), the following results:R(ŷ;�#)R(ẑ;�')~a = ẑ;R(ẑ; '0)R(ŷ; #0)ẑ = ~b; andR(ŷ; #0)R(ŷ;�#) = R(ŷ; #0 � #):
From the results of the above problem, we may 
on
lude that a rotation whi
htransforms ~a ( 2.16) into ~b ( 2.17), is given by:R('0; #0 � #; ') = R(ẑ; '0)R(ŷ; #0 � #)R(ẑ;�'): (2.18)This parametrization of an arbitrary rotation in three dimensions is due to Eu-ler, the three independent angles '0, #0 � # and ' are 
alled the Euler angles.The diÆ
ulty here is to also indi
ate the rotation axis whi
h pro
edure, althoughstraightforward, is a tedious 
al
ulation.For that reason we 
onsider a se
ond parametrization whi
h involves the gener-ators of rotations in three dimensions, as, similar to the matrix A ( 2.11) for twodimensions, are 
alled the following three matri
es whi
h result from the three basisrotations de�ned in ( 2.14):A1 = dd�R(x̂; �)������ = 0 = 0B� 0 0 00 0 �10 1 0 1CA ; A2 = dd#R(ŷ; #)�����# = 0 = 0B� 0 0 10 0 0�1 0 0 1CAand A3 = dd'R(ẑ; ')�����' = 0 = 0B� 0 �1 01 0 00 0 0 1CA : (2.19)For now and for later use, let us introdu
e the Levi-Civita tensor �ijk, given by:�ijk = 8><>: +1 for ijk = 123; 312 and 231:�1 for ijk = 132; 213 and 321:0 for all other 
ombinations: (2.20)This tensor has the following properties:(i) For symmetri
 permutations of the indi
es:�jki = �kij = �ijk: (2.21)(ii) For antisymmetri
 permutations of indi
es:�ikj = �jik = �kji = ��ijk: (2.22)51



In terms of the Levi-Civita tensor, we 
an de�ne the matrix representation ( 2.19)for the generators of SO(3) by: (Ai)jk = ��ijk: (2.23)The introdu
tion of the Levi-Civita tensor is very useful for the various derivationsin the following, sin
e it allows a 
ompa
t way of formulating matrix multipli
ations,as we will see. However, one more property of this tensor should be given here, i.e.the 
ontra
tion of one index in the produ
t of two Levi-Civita tensors:�ijk�ilm = �1jk�1lm + �2jk�2lm + �3jk�3lm= ÆjlÆkm � ÆjmÆkl: (2.24)As a demonstration of their use, let us determine the 
ommutator of two gen-erators ( 2.19), using the above properties ( 2.21), ( 2.22) and ( 2.24). First we
on
entrate on one matrix element ( 2.23) of the 
ommutator:f[Ai; Aj ℄gkl = (AiAj)kl � (AjAi)kl = (Ai)km(Aj)ml � (Aj)km(Ai)ml= �ikm�jml � �jkm�iml = �mik�mlj � �mjk�mli= ÆilÆkj � ÆijÆkl � (ÆjlÆki � ÆjiÆkl) = ÆilÆkj � ÆjlÆki= �mij�mlk = ��ijm�mkl = �ijm(Am)kl= (�ijmAm)kl:So, for the 
ommutator of the generators ( 2.19) we �nd:[Ai; Aj ℄ = �ijmAm: (2.25)This establishes, moreover, their relation with the so-
alled angular momentumoperators in Quantum Me
hani
s.In order to determine a se
ond parametrization of a rotation in three dimensions,we de�ne an arbitrary ve
tor ~n by:~n = (n1; n2; n3); (2.26)as well as its "innerprodu
t" with the three generators ( 2.19), given by theexpression: ~n � ~A = niAi = n1A1 + n2A2 + n3A3: (2.27)In the following we need the higher order powers of this "innerprodu
t". A
tually,it is suÆ
ient to determine the third power of ( 2.27), i.e.:52



(~n � ~A)3 = (niAi)(njAj)(nkAk) = ninjnkAiAjAk:We pro
eed by determining one matrix element of the resulting matrix. Using theabove property ( 2.24) of the Levi-Civita tensor, we �nd:f(~n � ~A)3gab = ninjnkfAiAjAkgab = ninjnk(Ai)a
(Aj)
d(Ak)db= �ninjnk�ia
�j
d�kdb = �ninjnkfÆidÆaj � ÆijÆadg�kdb= �ndnank�kdb + n2nk�kab = 0� n2nk(Ak)ab= f�n2~n � ~Agab:The zero in the forelast step of the above derivation, 
omes from the deliberationthat using the antisymmetry property ( 2.22) of the Levi-Civita tensor, we have thefollowing result for the 
ontra
tion of two indi
es with a symmetri
 expression:�ijknjnk = ��ikjnjnk = ��ikjnknj = ��ijknjnk; (2.28)where in the last step we used the fa
t that 
ontra
ted indi
es are dummy and
an 
onsequently be represented by any symbol.So, we have obtained for the third power of the "innerprodu
t" ( 2.27) the follow-ing: (~n � ~A)3 = �n2~n � ~A: (2.29)Using this relation repeatedly for the higher order powers of ~n � ~A, we may alsodetermine its exponential, i.e.expf~n � ~Ag = 1+ ~n � ~A+ 12!(~n � ~A)2 + 13!(~n � ~A)3 + 14!(~n � ~A)4 + � � �= 1+ ~n � ~A+ 12!(~n � ~A)2 + 13!(�n2~n � ~A) + 14!(�n2(~n � ~A)2) + � � �= 1+ f1� n23! + n45! � n67! + � � �g(~n � ~A) ++ f 12! � n24! + n46! � n68! + � � �g(~n � ~A)2= 1+ fn� n33! + n55! � n77! + � � �g(n̂ � ~A) ++ fn22! � n44! + n66! � n88! + � � �g(n̂ � ~A)2:53



We re
ognize here the Taylor expansions for the 
osine and sine fun
tions. So,substituting these goniometri
 fun
tions for their expansions, we obtain the followingresult: expf~n � ~Ag = 1+ sin(n)(n̂ � ~A) + (1� 
os(n))(n̂ � ~A)2: (2.30)Next, we will show that this exponential operator leaves the ve
tor ~n invariant.For that purpose we proof, using formula ( 2.28), the following:f(~n � ~A)~ngi = (~n � ~A)ijnj = (nkAk)ijnj = nk(Ak)ijnj = �nk�kijnj = 0;or equivalently: (~n � ~A)~n = 0: (2.31)Consequently, the exponential operator ( 2.30) a
ting at the ve
tor ~n, gives thefollowing result: expf~n � ~Ag~n = h1 + ~n � ~A+ � � �i~n = 1~n = ~n (2.32)So, the exponential operator ( 2.30) leaves the ve
tor ~n invariant and of 
oursealso the ve
tors a~n, where a represents an arbitrary real 
onstant. Consequently, theaxis through the ve
tor ~n is invariant, whi
h implies that it is the rotation axis whenthe exponential operator represents a rotation, i.e. when this operator represents anorthogonal transformation with determinant one. One way to demonstrate this, is to
onsider ve
tors perpendi
ular to ~n and study how they transform. When, as indeedone �nds, the operator ( 2.30) a
ts as a rotation on those ve
tors, then, by writingan arbitrary ve
tor as a linear 
ombination of ~n and two ve
tors perpendi
ular to~n, one �nds that the operator ( 2.30) a
ts as a rotation on all ve
tors of the three-dimensional spa
e and hen
e represents an orthogonal transformation. As a resultone �nds moreover that the rotation angle equals the length of the ve
tor ~n. In fa
tthere might be a minus sign whi
h depends on the 
hoi
e of the dire
tion of n̂.Here we will however not follow this pro
edure, but just study one example in thefollowing problem:Problem 18:Show, that for ~n = (0; 0; n) where n > 0 and hen
e n̂ = (0; 0; 1), we �nd thatthe exponential operator de�ned in ( 2.30) represents a rotation around the z-axis( 2.14): expf~n � ~Ag = R(ẑ; n):
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Con
ludingly, we may state that we found a se
ond parametrization of a rotationaround the origin in three dimensions, i.e.:R(n1; n2; n3) = expf~n � ~Ag; (2.33)where the rotation angle is determined by:n = qn21 + n22 + n23;and where the rotation axis is indi
ated by the dire
tion of ~n.A warning is here in pla
e: For matri
es B and C it is in general not true thatthe produ
t of their exponentials equals the exponential of their sum, as is the 
asefor real numbers, i.e.:exp(B) exp(C)( = exp(B + C) if [B;C℄ = 06= exp(B + C) in general:So sin
e the generators ( 2.19) do not 
ommute (see 2.25), in general the produ
tof two rotations represented by expressions similar to ( 2.30), is not equal to theexponential of the sum of the two exponents, but only when the exponents 
ommute.For small rotation angles one might for ( 2.30) use to a 
ertain a

ura
y, a �rstorder approximation, i.e.:expf~n � ~Ag � 1 + ~n � ~A = 1 + 0B� 0 �n3 n2n3 0 �n1�n2 n1 0 1CA : (2.34)This expression is often referred to as an in�nitesimal rotation. Noti
e that theoperator ~n � ~A is here represented by an antisymmetri
 matrix and hen
e tra
eless.2.4 Tensors and invariants under rotations.In se
tion ( 2.1) we have dis
ussed the transformation rules in two dimensions forve
tors under an orthogonal basis transformation indu
ed by a rotation. Here wewill generalize the formalism to any dimension.Let us 
onsider an orthogonal 
oordinate system S in n dimensions 
hara
ter-ized by 
oordinates xi (i = 1; � � � ; n) and by the orthonormal basis ve
tors êi (i =1; � � � ; n). And let us furthermore 
onsider in the same n-dimensional spa
e a di�er-ent orthogonal 
oordinate system S 0 
hara
terized by 
oordinates x0i (i = 1; � � � ; n)and by the orthonormal basis ve
tors ê0i (i = 1; � � � ; n). The orthonormality of thebasis ve
tors is expressed by:êi � êj = Æij and ê0i � ê0j = Æij (2.35)The basis ve
tors of S and S 0 are related via linear transformation rules, givenby: ê0i = Rij êj and êi = (R�1)ij ê0j : (2.36)55



Using the orthonormality relations ( 2.35), we �nd for the matrix elements Rijof the transformation matrix R, the following property:Æij = ê0i � ê0j = �Rikêk� � �Rjlêl� = RikRjlêk � êl= RikRjlÆkl = RikRjk = Rik �RT �kj= �RRT �ij ;or equivalently: RRT = 1 or RT = R�1: (2.37)Linear transformations for whi
h the transposed of the matrix equals the inverseof the matrix, are said to be orthogonal. The determinant of su
h matri
es equals�1, as 
an be seen from:fdet(R)g2 = det(R)det(R) = det(R)det(RT ) = det(RRT ) = det(1) = 1: (2.38)Rotations have determinant +1, anti-orthogonal transformations have determi-nant �1. Here we will mainly 
on
entrate on rotations, but some properties are aswell valid for anti-orthogonal transformations.Let the position ve
tor ~x in S be given by:~x = xiêi ; (i = 1; � � �n); (2.39)and in S 0 by: ~x = x0iê0i ; (i = 1; � � �n): (2.40)The relation between the 
oordinates of ~x in S and the 
oordinates of ~x in S 0,using the orthonormality property of the basis ve
tors ( 2.35), the linear relationsbetween the two di�erent bases ( 2.36) and the de�nitions of the 
oordinates ( 2.39)and ( 2.40), follows from:x0i = x0kÆki = x0kê0k � ê0i = ~x � ê0i = ~x � �Rijêj�= Rij~x � êj = Rij �xkêk� � êj = RijxkÆkj;or equivalently: x0i = Rijxj : (2.41)And similarly follows for the inverse relations:xi = �R�1�ij x0j = �RT�ij x0j = Rjix0j : (2.42)56



Under orthogonal transformations various quantities remain invariant. One ofthem is the innerprodu
t of two ve
tors. Consider two ve
tors ~x and ~y, the 
oor-dinates of whi
h transform as given in formula ( 2.41). Their innerprodu
t is in Sgiven by: ~x � ~y = xiyi:In S 0 we �nd, using the transformation rules ( 2.41) and the orthogonality property( 2.37) of the rotation matri
es:x0iy0i = RikxkRilyl = RikRilxkyl = Æklxkyl = xkyk: (2.43)In parti
ular this implies that the length of a ve
tor is invariant under orthogonaltransformations. Quantities whi
h are invariant under arbitrary orthogonal transfor-mations are 
alled s
alars for orthogonal transformations. Formally, one might usethe name tensor of rank zero under orthogonal transformations, but usually thesequantities are just referred to as s
alars. The latter habit is misleading though 
om-mon pra
ti
e. Misleading, be
ause a quantity might be a s
alar for one group, butnot for another group of transformations. However, when the 
ontext is 
lear thenit is of 
ourse a bit 
umbersome to every time refer to this 
ontext.Any fun
tion of a s
alar is also a s
alar. More general, a fun
tion f of the
oordinates is a s
alar under orthogonal transformations when it satis�es:f 0(x01; � � � ; x0n) = f(x1; � � � ; xn): (2.44)Quantities whi
h transform similar to the 
omponents of the position ve
tors asin formula ( 2.41), are 
alled ve
tors or tensors of rank one. The gradient of a s
alarfun
tion f(~x) is an example of a ve
tor, i.e.:�f 0�x0i = �xj�x0i �f�xj = �Rkjx0k�x0i �f�xj = Rkj �x0k�x0i �f�xj = RkjÆki �f�xj ;or equivalently: �f 0�x0i = Rij �f�xj : (2.45)When we 
ompare the resulting relation to the formula given in ( 2.41), then wesee that the transformation rule for the gradient of a ve
tor is exa
tly equal to thetransformation rule for a position ve
tor.An n 
omponent fun
tion of position ~v(~x) given by:~v(~x) = (v1(~x); � � � ; vn(~x)) ;is 
alled a ve
tor �eld under orthogonal transformations when its 
omponentstransform like a ve
tor, i.e.v0i(x01; � � � ; x0n) = Rijvj(x1; � � � ; xn): (2.46)The gradient of a s
alar �eld is an example of a ve
tor �eld.57



The divergen
e of a ve
tor �eld is a s
alar �eld as follows:�v0i�x0i = �xk�x0i �Rijvj�xk = RikRij �vj�xk = Æjk �vj�xk ;or equivalently: �v0i�x0i = �vj�xj : (2.47)An example of a tensor of rank two is the set of n2 quantities de�ned by:tij(x1; � � � ; xn) = �vi(x1; � � � ; xn)�xj ; (2.48)where ~v(~x) represents a ve
tor �eld. Using similar transformation rules as in( 2.45), one �nds that the quantities ( 2.48) transform under an orthogonal trans-formation, as follows :t0ij = �v0i�x0j = Rjl �Rikvk�xl = RikRjltkl: (2.49)Ea
h index of the tensor �eld is in the above transformation rule, separately
ontra
ted like the index of a ve
tor �eld. Noti
e that the relation ( 2.49) mightalso be written as: t0 = RtRT : (2.50)For the parti
ular 
ase of three dimensions we will frequently make use of theLevi-Civita tensor �ijk introdu
ed in ( 2.20). For example, the ve
tor produ
t oftwo ve
tors in three dimensions 
an be expressed in terms of this tensor as follows:~
 = ~a�~b= (a2b3 � a3b2; a3b1 � a1b3; a1b2 � a2b1)= (�1jkajbk; �2jkajbk; �3jkajbk);or equivalently: 
i = �ijkajbk: (2.51)Also, the determinant of a 3� 3 matrix B 
an be expressed by:det(B) = �ijkB1iB2jB3k = �ijkBi1Bj2Bk3:In parti
ular, one �nds for a rotation R in three dimensions the following expres-sion for the determinant: 58



�ijkR1iR2jR3k = �ijkRi1Rj2Rk3 = det(R) = 1: (2.52)This relation 
an be generalized, using the orthogonality properties of a 3 � 3rotation matrix, to give:�ijkRaiRbjR
k = �ijkRiaRjbRk
 = �ab
: (2.53)These equations show also the transformation properties of the Levi-Civita tensorunder rotations. So, under rotations this tensor transforms as a tensor of rank three.But, be 
areful, under orthogonal transformations in general there is an extra minussign involved for anti-orthogonal transformations. The 
omplete transformation rulefor the Levi-Civita tensor 
an then for orthogonal transformations be expressed asabove in ( 2.53) but multiplied with the determinant of the transformation matrix.Su
h quantities are 
alled pseudo-tensors or axial tensors.From the relations ( 2.53) one may also infer the following identities:�ijkRkl = RimRjn�lmn and �ijkRlk = RmiRnj�lmn (2.54)Problem 19:Proof the identities ( 2.53) and ( 2.54).A possible strategy to proof these identities is to �rst de�ne three ve
tors whi
hare in the following way related to the rows of a rotation matrix R:~R(i) = (Ri1; Ri2; Ri3);or in a more 
ompa
t notation:�~R(i)�j = Rij:For these ve
tors, using the orthogonality property of the rotation matri
es ( 2.37),the de�nition of the ve
tor produ
t ( 2.51) and the fa
t that det(R)=1, it is easy toverify that: ~R(i) � ~R(j) = Æij and ~R(i) � ~R(j) = �ijk ~R(k):The remaining details of the proof are then straightforward.
An example of an axial ve
tor �eld is the ve
tor produ
t ( 2.51) of two ve
tor�elds. Using the relations ( 2.54) we �nd for their transformation under rotationsthe following rule:
0i = (~a0 � ~b0)i = �ijka0jb0k = �ijk(Rjmam)(Rknbn)= �mnlRilambn = Ril(~a�~b)l: (2.55)59



We �nd, as expe
ted, that the ve
tor produ
t transforms as a ve
tor under rota-tions. But, for an anti-orthogonal transformation O, whi
h has a negative determi-nant, i.e. det(O) = �1, one obtains a di�erent result. For example, spa
e inversionleads for the ve
tor produ
t ( 2.51) to:a0i = �ai and b0j = �bj ; 
onsequently 
0k = 
k:That is that the 
omponents of the ve
tor produ
t ~
 = ~a �~b transform di�erentthan the 
omponent of the ve
tors ~a and ~b. Consequently, the ve
tor produ
t isnot a ve
tor, but an axial ve
tor under orthogonal transformations. One may showthat the 
omplete transformation of a ve
tor produ
t involves a determinant of thetransformation matrix O, as follows:
0i = det(O)Oij
j: (2.56)One may similarly modify the transformation rules for the Levi-Civita tensor givenin ( 2.53).A se
ond rank tensor t has two important quantities asso
iated with it, whi
hare invariant under rotations: its determinant and its tra
e. That these quantitiesare s
alars under rotations 
an, using the transformation property of a se
ond ranktensor ( 2.50), be seen as follows: For the determinant we use the general propertiesof matrix multipli
ation, i.e. det(AB) = det(BA) = det(A)det(B), and the fa
tthat for an orthogonal transformation the transposed equals the inverse:det(t0) = det(RtRT ) = det(tRTR) = det(t); (2.57)For the tra
e we return to the transformation rule of the se
ond rank tensor ( 2.49)and use the orthogonality property ( 2.37) of the rotation matri
es, to �nd:Tr(t0) = t0ii = RikRiltkl = Ækltkl = Tr(t): (2.58)A third invariant quantity asso
iated with a se
ond rank tensor is related to thefa
t that the produ
t of two se
ond rank tensors also forms a se
ond rank tensor,i.e.: A0B 0 = RARTRBRT = RABRT = (AB)0:Consequently, also the tra
e of the produ
t of two se
ond rank tensors forms aninvariant under rotations, i.e.:Trf(AB)0g = TrfA0B0g = TrfABg:When we apply this latter property to the produ
t of a se
ond rank tensor withitself, then we �nd the following invariant quantity under rotations:Trft2g = (t2)ii = tij tji: (2.59)The above de�ned three invariant quantities of a se
ond rank tensor will play animportant role in the 
oming 
hapters. 60



A se
ond rank tensor M whi
h is symmetri
, remains symmetri
 under a rotationof the 
oordinate system, i.e.M 0ji = (RMRT )ji = RjkMkl(RT )li= (RT )kjMlkRil = (RMRT )ij =M 0ij : (2.60)Similarly, remains an anti-symmetri
 se
ond rank tensor anti-symmetri
 underrotations.Be
ause of the above properties, the spa
e of all possible se
ond rank tensors 
anbe organized in at least three subspa
es whi
h are invariant under rotations:1 All se
ond rank tensors whi
h are proportional to the unit matrix. Theorthogonality property ( 2.37) guarantees that su
h matri
es transforminto themselves under rotations and thus remain in the same subspa
e.2 All tra
eless symmetri
 se
ond rank tensors. Sin
e the tra
e is an in-variant under rotations (see formula 2.58) and the symmetry preserved( 2.60), rotations transform these tensors amongst ea
h other.3 All anti-symmetri
 se
ond rank tensors whi
h are also transformedamongst themselves by rotations.An arbitrary se
ond rank tensor 
an always be written as the sum of three se
ondrank tensors, ea
h out of one of the three above de�ned subspa
es, as follows:Mij = 1nTr(M)Æij + sij + tij ; (2.61)where n represents the dimension of the 
oordinate system and where the matri
ess and t are respe
tively de�ned a

ording to:sij = 12 �Mij +Mji�� 1nTr(M)Æij ; (2.62)and tij = 12 �Mij �Mji� : (2.63)
Problem 20:Show, that when M represents a se
ond rank tensor with respe
t to rotations,then for s and t de�ned as above in respe
tively the formulas ( 2.62) and ( 2.63)yields: 61



(i) s is tra
eless and symmetri
,(ii) t is anti-symmetri
, and(iii) s and t are se
ond rank tensors under rotations.2.5 Quadrati
 surfa
es.The main topi
 of this se
tion 
onsists of quadrati
 surfa
es in two dimensions.However, most of the formalism 
an without diÆ
ulty be extended to three or moredimensions. In two dimensions quadrati
 surfa
es (i.e. a quadrati
 line in the xy-plane) are 
ir
les, ellipses or hyperboles 
entered in the origin and 
an be representedby equations of the following type:ax2 + 2bxy + 
y2 = 
onstant; (2.64)i.e. an expression quadrati
 in x and y (a, b and 
 represent here 
onstants).We assume that we 
an always arrange things su
h that the 
onstant at the righthand side of equation ( 2.64) equals 1. Furthermore, as before (see se
tion 2.1), weprefer to refer to x and y as x1 and x2 respe
tively. This way we 
an 
ompa
tify thenotation of the above equation ( 2.64) as follows:Mijxixj = 1; (2.65)where: M11 = a ; M12 +M21 = 2b and M22 = 
:In general, the o�-diagonal matrix elements of the matrix M 
ould be 
hosen tobe di�erent, as long as their sum equals 2b. But one prefers to sele
t a symmetri
matrix M for the representation of a quadrati
 surfa
e, i.e.:M12 =M21 = b:So, instead of de�ning a quadrati
 surfa
e by the relation ( 2.64), one might justrefer to the matrix M as to represent a quadrati
 surfa
e. For example, the unit
ir
le is represented by the unit matrix 1 whereas a 
ir
le of radius r is representedby the matrix 1=r2. An ellipse whi
h has its prin
ipal axes along the x-axis (oflength 2a) and the y-axis (of length 2b), is represented here by a matrix given by:Mfellipse (a; b)g =  a�2 00 b�2 ! : (2.66)The same surfa
e 
an also be des
ribed in the rotated 
oordinate system S 0 asde�ned by the relation ( 2.4). The related equation similar to ( 2.65) would in theprimed system read: M 0ijx0ix0j = 1: (2.67)Clearly, there must exist a relation between the above de�ned matrixM 0 whi
h de-s
ribes the quadrati
 surfa
e in the 
oordinate system S 0 and the previously de�ned62



matrixM whi
h des
ribes the same surfa
e in the unprimed 
oordinate system. Thisrelation 
an most easily be dedu
ed by substituting in the above equation ( 2.67)the expressions ( 2.5), whi
h relate the 
oordinates of a ve
tor in the unprimed
oordinate system with its primed 
oordinates in the system S 0, leading to:M 0ijRikxkRjlxl = 1:Comparing the above result with the equation ( 2.65), one �nds for the elementsof the two matri
es: M 0ijRikRjl =Mkl;whi
h implies in terms of the matri
es the following transformation rules:RTM 0R =M ; or M 0 = RMRT : (2.68)From the above transformation rule, in 
omparison with formula ( 2.50), one
on
ludes that the matrix M transforms as a se
ond rank tensor under rotations.As an example, let us determine the matrix whi
h des
ribes the above de�nedellipse ( 2.66) in the rotated system S 0 given by the rotation R(ẑ; �) de�ned in( 2.3). Using the above transformation rule ( 2.68), we �nd:
M 0fellipse (a; b)g = 0BBBB� 
os2(�)a2 + sin2(�)b2 
os(�) sin(�)f 1a2 � 1b2g
os(�) sin(�)f 1a2 � 1b2g sin2(�)a2 + 
os2(�)b2

1CCCCA : (2.69)Noti
e that the above matrix is again symmetri
.Matri
es, like the above symmetri
 matrix ( 2.69), might also be 
onsidered asthe most general parametrization of all possible ellipses in the xy-plane whi
h havethe 
enter in the origin. The 
onstants a and b indi
ate the lengths of the prin
ipalaxes (i.e. 2a and 2b respe
tively), whereas the angle � refers to the orientation ofthose axes with respe
t to the x-axis, i.e.:
Mfellipse (a; b; �)g = 0BBBB� 
os2(�)a2 + sin2(�)b2 
os(�) sin(�)f 1a2 � 1b2g
os(�) sin(�)f 1a2 � 1b2g sin2(�)a2 + 
os2(�)b2

1CCCCA :(2.70)Reversely, we may also 
on
lude from the above example ( 2.69) that any symmet-ri
 matrix des
ribes a 
ir
le or an ellipse 
entered in the origin, when its eigenvaluesare positive.In se
tion ( 2.4) we dis
ussed some general properties of the transformation ofmatrix operators like the above matrix M, under orthogonal 
oordinate transforma-tions, below we will verify the relevant results of that se
tion to the above matrixM de�ned in formula ( 2.66): 63



First we observe that the matrix ( 2.69) is again symmetri
. This is a generalresult for a symmetri
 tensor operator (i.e. a matrix for whi
h Mlk =Mkl ) underan orthogonal basis transformation as is shown in equation ( 2.60). Next, we noti
ethat for the tra
es of the matri
es ( 2.66) and ( 2.69) holds the following:Tr(M 0) = 
os2(�)a2 + sin2(�)b2 + sin2(�)a2 + 
os2(�)b2 = 1a2 + 1b2 = Tr(M):This is also generally true for orthogonal basis transformations, as has been shownin ( 2.58).One also might 
ompare the determinants of the matri
es ( 2.66) and ( 2.69), inorder to �nd:det(M 0) =  
os2(�)a2 + sin2(�)b2 ! sin2(�)a2 + 
os2(�)b2 !� 
os2(�) sin2(�)� 1a2 � 1b2� = 1a2 1b2 = det(M):This general property of orthogonal basis transformations is shown in formula( 2.57).Let us return to the expression ( 2.69) in order to dis
uss one more propertyof orthogonal basis transformations. In the system S, the matrix ( 2.66) whi
hrepresents the ellipse, has the two eigenve
tors ~v = (1; 0) and ~w = (0; 1), respe
tively
orresponding to the eigenvalues a�2 and b�2. The dire
tions indi
ated by ~v and ~ware 
alled the prin
ipal axes of the ellipse. The eigenvalue relations are in this 
asegiven by: Mfellipse (a; b)g~v = a�2~v and Mfellipse (a; b)g~w = b�2 ~w: (2.71)In the rotated 
oordinate system S 0 given by the rotation ( 2.3), the ve
tors ~v and~w are respe
tively given by the expressions:~v = 
os(�)ê01 + sin(�)ê02 and ~w = � sin(�)ê01 + 
os(�)ê02:One may easily verify that expressed in the above 
omponents these ve
tors arethe eigenve
tors of the transformed matrix M 0 ( 2.69), i.e.:M 0fellipse (a; b)g 
os(�)sin(�) ! = a�2  
os(�)sin(�) !andM 0fellipse (a; b)g � sin(�)
os(�) ! = b�2  � sin(�)
os(�) ! :From this example we might 
on
lude that in general the prin
ipal axes of aquadrati
 surfa
e are indi
ated by the eigenve
tors of the 
orresponding symmetri
matrix in any orthogonal 
oordinate system.64



Consequently, there exists always an orthogonal 
oordinate system for whi
h thesymmetri
 matrix whi
h des
ribes a quadrati
 surfa
e, is diagonal. One �nds su
hsystem by �rst determining the eigenve
tors of the matrix and then sele
ting theunit ve
tors of the new 
oordinate system in the dire
tion of those eigenve
tors.Whether or not the related basis transformation R represents a rotation depends onthe order of the unit ve
tors.In three dimensions, quadrati
 surfa
es are spheres, ellipsoids and hyperboloids
entered in the origin. A 
ir
le of radius r is given by the relation:x2 + y2 + z2 = r2;or equivalently by an expression similar to ( 2.65) but now with the impli
itsummations running from 1 to 3 and where:Mfsphere (radius r)g = 0B� r�2 0 00 r�2 00 0 r�2 1CA : (2.72)An elipsoid whi
h has its prin
ipal axes along the x-axis (length 2a), along they-axis (length 2b) and the z-axis (length 2
), is represented by:�xa�2 + �yb�2 + �z
�2 = 1;or equivalently by the matrix:Mfellipsoid(a; b; 
)g = 0B� a�2 0 00 b�2 00 0 
�2 1CA : (2.73)Hyperboloids whi
h have their prin
ipal axes along the x-, y- and z-axis areobtained by repla
ing one or two of the diagonal elements of the matrix de�ned in( 2.73) by minus that diagonal element.The properties of tensor operators under orthogonal 
oordinate transformationswhi
h are shown in this se
tion for two dimensional quadrati
 surfa
es, are also validin three dimensions.
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Chapter 3The theory of small deformations.For the study of deformable media, i.e. solids whi
h are not 
onsidered as rigidbodies, but whi
h 
an 
hange their shape and volume, it is ne
essary to �rst setup a framework for the des
ription of deformation itself. Here we will 
on
entrateon small deformations of a solid. Large enough to reveal the properties of thematerial of whi
h the solid body is made. But small enough to allow for reasonableapproximations.When a solid is stret
hed, twisted or 
ompressed, the material points of the solidare displa
ed. For small deformations, one assumes that the lo
al stru
ture of thesolid remains in ta
t. It means that neighboring material points do not move faraway from ea
h other and remain neighboring points throughout the deformation.An a

urate de�nition of a small deformation is somewhat tedious to be formulated.For here, we rely on 
ommon sense. For instan
e an elasti
 spring 
an be stret
hedquite a lot before it looses its elasti
 properties. But a pie
e of 
erami
 should not bedealt with in a 
omparable way. A more pra
ti
al de�nition might be to 
onsider asmall deformation, any 
hange of form of a solid whi
h 
an be des
ribed by methodsto be studied below.This 
hapter is organized as follows: First we set up a simple mathemati
al frame-work for the des
ription of small deformations in two dimensions. Then, on
e weobtained a formalism whi
h is suitable for generalization, we study the general the-ory of small deformations in three dimensions. At the end of this 
hapter a pra
ti
alappli
ation of the formalism is shown, whi
h is related to the 
onsequen
es of 
rystalsymmetries.3.1 Deformations of the unit 
ir
le.In se
tion ( 2.5) we have seen that the unit 
ir
le is a quadrati
 surfa
e whi
h 
anbe represented by the unit matrix 1, i.e.:Æij xixj = 1: (3.1)In this se
tion we will study deformations of the unit 
ir
le, su
h that the resulting"surfa
e" is again quadrati
.Let us 
onsider the unit 
ir
le to be drawn on a thin rubber sheet in the xy-plane.In fa
t we have here in the ba
k of our mind an xy-plane whi
h is depi
ted on67



top of our desk and a rubber sheet whi
h 
an move freely over the same desk. Adeformation of the rubber sheet is supposed to have as a 
onsequen
e that the 
ir
leis deformed into an ellipse. In pra
ti
e this will be only true for in�nitesimally smalldeformations of a realisti
 rubber sheet, but from the mathemati
al point of viewthat does not bother us here. Later on in this 
hapter, we will understand why it isuseful to study the above des
ribed idealized deformations.We indi
ate the 
oordinates of material points in the undeformed rubber sheet by~x and the 
oordinates of the same points on the sheet after a 
ertain deformationby ~X. Below we will study a few examples:1. Stret
hing the rubber sheet in the dire
tion of the x-axis.As a �rst example we pull the rubber sheet on both sides su
h that it is stret
hedin the dire
tion of the x-axis. When we stret
h the rubber sheet in the dire
tion ofthe x-axis, then the y-
oordinates of the points on the sheet are supposed to remainthe same, i.e.: X2 = x2: (3.2)We might organize things in su
h a way that the points whi
h are on the y-axisremain on the y-axis. In that 
ase the new x-
oordinates of material points on thesheet after the deformation (i.e. X1), are supposed to be proportional to the oldx-
oordinates of the same points before the deformation (i.e. x1). When we sele
tfor the proportionality 
onstant the symbol a, then we �nd for the transformationwhi
h des
ribes the above deformation, the following:X1 = ax1 ; a > 0: (3.3)In order to �nd the quadrati
 surfa
e whi
h follows from the deformation of theunit 
ir
le under the above transformations ( 3.2) and ( 3.3), we may just performthe following substitution of the inverse transformations in the relation ( 3.1):1 = Æij xixj = (x1)2 + (x2)2 = �X1a �2 + (X2)2: (3.4)This equation des
ribes an ellipse whi
h has its prin
ipal axes along the x-axisand the y-axis (
ompare the representation 2.66 for an ellips in two dimensions).The sizes of the prin
ipal axes of the ellipse are indi
ated by a in the x-dire
tionand by 1 in the y-dire
tion (whi
h means that these sizes are equal to 2a and 2respe
tively).The transformations ( 3.2) and ( 3.3) whi
h des
ribe the deformation under 
on-sideration of the rubber sheet, 
ould also have been represented by a matrix D,de�ned by: X1X2 ! =  a 00 1 ! x1x2 ! = D x1x2 ! ; D =  a 00 1 ! : (3.5)We will refer here to the matrix D as the deformation matrix.68



The inverse of the transformations ( 3.2) and ( 3.3) are then represented by theexpression: xi = (D�1)ijXj: (3.6)Inserting this into the relation for the unit 
ir
le ( 3.1) leads to the followingrelation: 1 = Æij (D�1)ikXk(D�1)jlXl = f(D�1)TD�1gklXkXl: (3.7)When one substitutes next the de�nition ( 3.5) of the matrix D into the aboverelations, then one obtains again the equation ( 3.4) for the ellipse. The relations( 3.7) are however more general and 
an be used for any linear deformation of theunit 
ir
le.The area of the unit 
ir
le ( 3.1), equals �; the area of the ellipse ( 3.4), �a. So,we may 
on
lude that the areas of the deformed �gures are in this 
ase all a fa
tora larger than the areas of their originals. For a small "volume" element �� thismight be seen as follows:Let the "volume" element before the deformation be a "small" parallogram andlet its position be indi
ated by the position of one of its 
orners (see �gure below):i.e. ~p = (p1; p2) before the deformation and ~P = (ap1; p2) after the deformation.The positions of the other two nearby 
orners are indi
ated by:~p +�~q = (p1 +�q1 ; p2 +�q2) and ~p+�~r = (p1 +�r1 ; p2 +�r2)before the deformation, and by:~P +� ~Q = (afp1 +�q1g ; p2 +�q2) and ~P +�~R = (afp1 +�r1g ; p2 +�r2)after the deformation. The above des
ribed situation is illustrated in the �gurebelow for the 
ase a = 3=2.
before deformation x

y
�������B

BM ��*�� BB~p �~q�~r =)D after deformation x
y
���������3A

AK ��1�� AA~P � ~Q�~R
Before the deformation the area �� of the paralellogram is given by:�� = j det  �q1 �r1�q2 �r2 ! j (3.8)After the deformation the area �� of the deformed paralellogram is given by:69



�� = j det  �Q1 �R1�Q2 �R2 ! j = j det  a�q1 a�r1�q2 �r2 ! j= j det ( a 00 1 ! �q1 �r1�q2 �r2 !) j = j det  a 00 1 ! j ��: (3.9)So we may 
on
lude that the size of �gures in
rease here by a fa
tor whi
h isequal to the determinant of the deformation matrix ( 3.5).2. Stret
hing the rubber sheet in both the x- and the y-dire
tion.As a se
ond example we pull the rubber sheet as well in the x-dire
tion as in they-dire
tion. Let the 
orresponding deformation matrix be given by:D =  a 00 b ! ; a; b > 0: (3.10)Using the same te
hniques as in the previous example ( 3.7), we �nd for the"deformed" unit 
ir
le in this 
ase the relation:1 = �X1a �2 + �X2b �2 : (3.11)This represents an ellipse whi
h is 
entered in the origin and has its prin
ipal axesin the dire
tions of the x-axis (length 2a) and the y-axis (length 2b).One might 
onsider the above deformation as being the result of two 
onse
utivedeformations of the rubber sheet: First we stret
h the sheet in the dire
tion of thex-axis, su
h that the new x-
oordinates of all points of the sheet are a fa
tor a largerthan their old x-
oordinates. This 
an be given by (
ompare 3.5):Dx =  a 00 1 ! : (3.12)Then we perform a similar deformation in the y-dire
tion, for whi
h the propor-tionality 
onstant equals b, represented by:Dy =  1 00 b ! : (3.13)The 
omplete deformation of this example is then simply represented by the ma-trix produ
t of Dx, representing the deformation in the x-dire
tion ( 3.12), and Dy,representing the deformation in the y-dire
tion ( 3.13), i.e.:D = DyDx:It is left to the reader to verify that the result of this matrix multipli
ation isindeed equal to the matrix given in ( 3.10).70



The area of the ellipse ( 3.11) des
ribed by the deformation matrix ( 3.10), is herea fa
tor ab larger than the area of the unit 
ir
le, whi
h fa
tor is, as in the previous
ase, equal to the determinant of the deformation matrix.3. Stret
hing and rotating the rubber sheet.We leave the rubber sheet in the deformed situation of the previous 
ase ( 3.10)and then rotate the sheet over an angle given by �. Let the 
orresponding rotationmatrix be given by: R(ẑ; �) =  
os(�) � sin(�)sin(�) 
os(�) ! : (3.14)The resulting new 
oordinates of points on the sheet are related to their originalpositions before any deformation, by the matrix produ
t:D = R(ẑ; �)DyDx=  
os(�) � sin(�)sin(�) 
os(�) ! 1 00 b ! a 00 1 ! : (3.15)The matrix whi
h des
ribes the quadrati
 "surfa
e" of the deformed unit 
ir
le(see 3.7) is here 
onsequently given by:�D�1�T D�1 = 0BBBB� 
os2(�)a2 + sin2(�)b2 
os(�) sin(�)f 1a2 � 1b2g
os(�) sin(�)f 1a2 � 1b2g sin2(�)a2 + 
os2(�)b2
1CCCCA :This is exa
tly the result we found earlier for a rotated ellipse (see 2.70), as of
ourse had to be expe
ted.One should noti
e that the form of the ellipse has not 
hanged here with respe
tto the ellipse of the previous example ( 3.11). A rotation does not involve any de-formation, but merely 
hanges the orientation of 
ir
les and ellipses. Consequently,the area of the ellipse is here as in the previous 
ase without a rotation, a fa
torab larger than the area of the unit 
ir
le. A fa
tor whi
h might also have been
on
luded from the determinant of the deformation matrix D ( 3.15) as follows:det(D) = det(R(ẑ; �))det(DyDx) = det(DyDx);where we have used the fa
t that the determinant of a rotation matrix equals one,whi
h too demonstrates that rotations do not involve any deformations.
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4. Shear.As a �nal example we will study here a deformation of the rubber sheet whi
his known in the literature as shear and whi
h is given by the following deformationmatrix: D =  1 ee 1 ! ; jej < 1: (3.16)Below is graphi
ally represented (for the 
ase e = 0:1), the e�e
t of the deforma-tion de�ned by the above matrix D on various points of the unit 
ir
le:

before deformation (�)
x

y
�� �

�
��
�� =)D

after deformation (�)
x

y �� �
�

��
� �

The unit 
ir
le seems to transform under the deformation de�ned by the matrixD given in ( 3.16) into an ellipse whi
h has its prin
ipal axes into dire
tions whi
hmake angles of about 45o with the x-axis. But let us follow the pro
edure outlinedin the �rst example ( 3.7) of this se
tion, in order to see whi
h quadrati
 surfa
e oneobtains here. We start by determining the produ
t of the transposed of the inverseof the above matrix D and the inverse itself, to obtain:(D�1)TD�1 = 1(1� e2)2  1 + e2 �2e�2e 1 + e2 ! (3.17)The relation for the quadrati
 surfa
e whi
h represents the deformed 
ir
le on therubber sheet, follows by substituting the above result ( 3.17) for the produ
t of thetransposed of the inverse of D and the inverse of D itself, into the expression ( 3.7).However, besides ending up with a quadrati
 expression in X1 and X2, not mu
hinformation would be gained from the resulting expression.A more instru
tive method is to �rst inspe
t the expression ( 3.17) for its eigen-ve
tors and eigenvalues. There is in fa
t no diÆ
ulty to �nd that the eigenve
torsare given by (X1; X2)a = (1; 1) and (X1; X2)b = (�1; 1), i.e.:1(1� e2)2  1 + e2 �2e�2e 1 + e2 ! �11 ! = 1(1� e)2  �11 ! : (3.18)Consequently, the prin
ipal axes of the related quadrati
 surfa
e are in those di-re
tions whi
h thus should be 
hosen as the axes of an orthogonal 
oordinate system72



for whi
h the matrix ( 3.17) is diagonal. The related basis transformation might begiven by the following rotation (in general there are four di�erent possibilities):R = 1p2  1 1�1 1 ! :This matrix 
orresponds to a rotation angle of �45o, in agreement with the guesswe made before about the angle of the prin
ipal axes with respe
t to the x-axis.More expli
itly, this matrix 
orresponds to the 
hoi
e ê01 = ê1=p2+ ê2=p2 and ê02 =�ê1=p2+ ê2=p2 for the basis in the primed 
oordinate system. The diagonalizationof the matrix whi
h des
ribes the quadrati
 surfa
e of the deformed unit 
ir
le, is justperforming this rotation on the matrix obtained in ( 3.17) using the transformationrule ( 2.50), whi
h gives the following result:Rf(D�1)TD�1gRT = 0B� 1(1 + e)2 00 1(1� e)2 1CA ; (3.19)One obtains the matrix 
orresponding to an ellipse, the prin
ipal axes of whi
hhave the respe
tive lengths 2(1 + e) and 2(1� e).Consequently, we may 
on
lude that the above deformation D is equal to stret
h-ing the rubber sheet in a dire
tion whi
h makes an angle of 45o with the x-axis,be
ause in that dire
tion half the axis of the ellipse is longer than the radius of theunit 
ir
le by a fra
tion e, and squeezing the sheet in the perpendi
ular dire
tionin whi
h dire
tion half the axis of the ellipse is shorter than the radius of the unit
ir
le by the same fra
tion.From the expression ( 3.19) it follows that the area of the ellipse is here (1+e)(1�e)times smaller than the area of the unit 
ir
le. Noti
e that, as in the previousexamples, this fa
tor follows dire
tly from the determinant of the deformation matrix( 3.16). One 
an proof this relation with the pro
edure outlined in the �rst example.3.2 The general form of the deformation matrix.At this point we might dis
uss the forms whi
h the deformation matrix D 
an takefor a rubber sheet. Stret
hing and 
ompressing the sheet is limited here to a linearrelation, like the one in formula ( 3.5), between the initial and �nal positions of thematerial points of the sheet. The simplest general form is the deformation matrix( 3.10) dis
ussed in example 2 of the previous se
tion. The deformation is thererepresented by a symmetri
 matrix with positive eigenvalues a and b. The 
onstantsa and b of ( 3.10) 
annot be negative independently. For instan
e, a deformationdes
ribed by a matrix similar to ( 3.10) but with a > 0 and b < 0 involves a mirrortransformation around the x-axis. Su
h deformation implies that the material pointsof the rubber sheet have to pass through ea
h other; a pro
ess whi
h we judge not too

ur for a small deformation. However, both a < 0 and b < 0 in ( 3.10) representsa possible deformation. But in that 
ase we 
an de
ompose the deformation matrixinto a deformation of the type ( 3.10) followed by a rotation over � radians, i.e.:73



D =  a 00 b ! =  �1 00 �1 ! �a 00 �b != R(ẑ; 180o)D+s (�a;�b) ; a; b < 0;where: D+s (p; q) =  p 00 q ! ; p; q > 0: (3.20)The matrix D+s is symmetri
 and has positive eigenvalues.So, in ( 3.20) we have represented a deformation matrix D by the produ
t of asymmetri
 deformation with positive eigenvalues D+s and a rotation R. We willassume in the following that this is the most general form for a small deformation.That is that we assume that any reasonable deformation, also in three dimensions,
an always be represented by the following produ
t:D = RD+s : (3.21)In three dimensions, three negative eigenvalues for D represents a deformationwhi
h involves spa
e inversion, whi
h is reje
ted by us as a possible realisti
 defor-mation of a solid. Also one negative and two positive eigenvalues for D implies spa
einversion and is thus reje
ted for the same reason. Only a deformation matrix withtwo negative and one positive eigenvalues may represent a realisti
 deformation asin those 
ases the deformation 
an be seen as the result of an allowed deformationwhi
h is represented by a matrix with only positive eigenvalues and a rotation.In the above dis
ussion, we have impli
itly understood that the deformation ma-trix has only real eigenvalues. But that is in fa
t not the 
ase. For a symmetri
matrix, however, one 
an prove that all its eigenvalues are real. Consequently, onlyin the 
ase that the rotation angle of R in formula ( 3.21) equals zero or �, thedeformation matrix has real eigenvalues. So, what about the other 
ases?Let us assume for R in ( 3.21) an arbitrary rotation angle. The form of the matrixin ( 3.7) whi
h des
ribes the "deformed" quadrati
 surfa
e, is in the general 
ase( 3.21) given by:(D�1)TD�1 = h(RD+s )�1iT (RD+s )�1 = R �D+s ��2R�1: (3.22)Here we have used the fa
t that for a rotation holds RT = R�1 and for a sym-metri
 matrix DTs = Ds.Next, let us assume that ~x is an eigenve
tor of D+s with eigenvalue �, i.e.:D+s~x = �~x ; � > 0: (3.23)We �nd then that for R~x, whi
h represents the rotated ve
tor ~x after a rotationgiven by R, the following holds:(D�1)TD�1R~x = 1�2R~x: (3.24)74



Apparently represents R~x the eigenve
tor of the matrix whi
h des
ribes the "de-formed" quadrati
 surfa
e. Consequently, R~x indi
ates a prin
ipal axis of thequadrati
 surfa
e (see se
tion 2.5, formula 2.71), whereas moreover two times itseigenvalue (i.e. 2�) represents the length of that prin
ipal axis.When, in the three dimensional 
ase �1, �2 and �3 are the three positive eigenval-ues of D+s , then the volume of the "deformed" quadrati
 surfa
e as given by formula( 3.7) is �1�2�3 = det(D+s ) (3.25)times larger than the volume of the original unit sphere.3.3 In�nitesimal deformations of the unit 
ir
le.In this se
tion we 
onsider deformations of the unit 
ir
le whi
h are small enoughto allow �rst order approximations, and whi
h 
an be des
ribed by deformationmatri
es of the form: D = 1 + �;where � represents a matrix for whi
h all matrix elements are mu
h smaller thanunity.1. In�nitesimal rotation.Let us 
onsider the deformation of the unit 
ir
le given by the following deforma-tion matrix: D =  1 ��� 1 ! ; j�j � 1: (3.26)Below is graphi
ally represented (for the 
ase � = 0:1), the e�e
t of the deforma-tion de�ned by the above matrix D on various points of the unit 
ir
le:
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��
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By eye we guess that the e�e
t of D on the unit 
ir
le probably only results in arotation of the unit 
ir
le. This is to �rst order in � 
on�rmed by 
al
ulations, aswe will see below. First let us determine the inverse of the matrix D to �rst orderin �, i.e.: D�1 = 11 + �2  1 ��� 1 ! �  1 ��� 1 ! : (3.27)The above equation implies that the inverse of D is to �rst order in � equal tothe transposed of D (
ompare the expressions 3.26 and 3.27) whi
h is the de�ningproperty of an orthogonal matrix (see formula 2.37). In fa
t 
orresponds the defor-mation matrix here to a small rotation over an angle whi
h is equal to �, as 
an beseen from the following:R(ẑ; �) =  
os(�) � sin(�)sin(�) 
os(�) ! �  1 ��� 1 ! ; for j�j � 1: (3.28)The relation for the "deformed" 
ir
le follows by substituting the above result( 3.27) for the inverse of D into the expression ( 3.7) in order to �nd:1 = fD D�1gklXkXl = Ækl XkXl; (3.29)whi
h is again the relation for the unit 
ir
le. Consequently, we may 
on
ludethat the above deformation D is to �rst order in � equal to a rotation of the rubbersheet, whi
h does not lead to any deformation.2. Simple shear.An in�nitesimal deformation whi
h is known in the literature as simple shear
onsists of the 
ombination of an in�nitesimal shear deformation (see example 3.16)and an in�nitesimal rotation. The related deformation matrix is given by:D =  1 2�0 1 ! ; j�j � 1: (3.30)Ea
h point of the sheet su�ers a deformation in the x-dire
tion whi
h dependslinearly on its y-
oordinate. So, points on the x-axis remain in their positions, butpoints at growing distan
es from the x-axis su�er larger and larger deformations.When we take � positive, then the e�e
t is in the dire
tion of the positive x-axisfor points in the upper half xy-plane and in the opposite dire
tion for points in thelower half plane. Below this is graphi
ally represented (for the 
ase � = 0:1) forvarious points of the unit 
ir
le: 76
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As in the 
ase of shear, the unit 
ir
le seems to transform under the deformationde�ned by the matrix D given in ( 3.30) into an ellipse whi
h has its prin
ipal axesin dire
tions whi
h make angles of about 45o with the x-axis. But, it is easy toshow that in this 
ase the angle is not exa
tly 45o, but smaller by an amount �. Inorder to do so, we �rst write equation ( 3.30) as the 
ombination of two in�nitesimaldeformations, a rotation R(ẑ;��) and a shear deformation of an amount also givenby �. In the resulting matrix multipli
ation we allow only �rst order terms in �, i.e.:R(ẑ;��)D(�) =  1 ��� 1 ! 1 �� 1 ! =  1 + �2 2�0 1� �2 ! �  1 2�0 1 ! ;or equivalently:RD = f1 +  0 ��� 0 !gf1 +  0 �� 0 !g � 1 +  0 ��� 0 !+  0 �� 0 ! : (3.31)The result is to �rst order in � equal to the deformation matrix ( 3.30) of thisexample.A rotation does not imply any deformation of a material obje
t, but 
hanges theorientation of the prin
ipal axes of quadrati
 surfa
es like the deformed 
ir
le of thisexample. Consequently, the only real deformation 
omes in this example from thelast matrix on the righthandside of equation ( 3.31), whi
h is the symmetri
 part ofthe deformation matrix.The eigenve
tors of the symmetri
 part of the deformation matrix have beendis
ussed previously (see formula 3.18). Here we �nd that, a

ording to relation( 3.24), the eigenve
tors are found by performing moreover the above rotation tothe eigenve
tors of formula ( 3.18), as follows:R(ẑ;��) 1p2  11 ! = 1p2  1 + �1� � ! =  
os(45Æ � �)sin(45Æ � �) !and R(ẑ;��) 1p2  �11 ! = 1p2  �1 + �1 + � ! =  � sin(45Æ � �)
os(45Æ � �) ! :77



Noti
e that the determinant of the symmetri
 part of expression ( 3.31) is to�rst order in � equal to one. Using formula ( 3.25), this means that to �rst orderapproximation no 
hanges in volume are involved in a shear deformation.As a 
on
lusion for this se
tion, we might state that any in�nitesimal deformation
onsists in general of three parts (
ompare equation 3.31), the unity, an antisym-metri
 matrix whi
h represents a rotation, and a symmetri
 matrix whi
h representsa real deformation.3.4 The displa
ement ve
tor and the strain ten-sor.In this se
tion we study small deformations of elasti
 materials and its 
onsequen
esfor in�nitesimal volume elements. As a preparation we �rst 
onsider here someexamples and then we go in the next se
tion into the formal theory.1. Stret
hing an elasti
 string.In the �gure below we show the deformation of an elasti
 string when it isstret
hed. We assume that the string is along the x-axis and stret
hed in the pos-itive dire
tion of the x-axis. Moreover, we have �xed one extremum of the elasti
string in the origin.
before deformation (�)(x)� � � �o a b 
 =)D after deformation (�)(X)� � � �O A B C

The material points (point parti
les) of the string whi
h before the deformationare in the positions indi
ated by x = o, a, b and 
, are after the deformation foundin the respe
tive positions x = O, A, B and C. The points indi
ated by x = o andx = O 
ome here both in the origin of the x-axis, be
ause they represent the �xedextremum of the string. For an ideal elasti
 string the deformation is linear, whi
hmeans that the ratio's OA=oa, OB=ob and OC=o
 are equal. A deformation whi
hhas that property, is 
alled a homogeneous deformation.For a homogeneous deformation we might represent the above ratio by (1 + �),where � is here supposed to be a small number. Consequently, if the initial positionof a material point of the string is indi
ated by x and its �nal position after thedeformation by X(x), then one has for a homogeneous deformation:78



X(x) = (1 + �)x: (3.32)As a 
onsequen
e, the displa
ement of a material point depends on its initialposition. In the �gure below this fa
t is demonstrated.
before deformation (�)(x)� � � �o a b 
 =)D after deformation (�)(X)� � � �O A B Cs(a) s(b) s(
)

The displa
ement of the material point whi
h initially is in the position x = a isin the above �gure indi
ated by s(a) and similarly are indi
ated the displa
ementsof b by s(b) and 
 by s(
). So, instead of the expression ( 3.32) for the relationbetween initial positions x and �nal positions X, one might also des
ribe the abovedeformation by the displa
ement of a material point whi
h has the initial positionx, a

ording to: s(x) = X(x)� x: (3.33)For a homogeneous deformation the displa
ement of material points depends lin-early on its position with respe
t to the �xed extremum of the string. In that 
aseone obtains for the displa
ement fun
tion the expression:s(x) = X(x)� x = (1 + �)x� x = �x: (3.34)In the following, we are interrested in the deformation of a small region around a
ertain point with initial position x. Thereto, we study the e�e
t of a deformationon neighboring points. In the �gure below we have two neighboring points whi
hare indi
ated by x and x +�x.
before deformation (�)� � �x x+�x =)D after deformation (�)� � �X X+�Xs(x) s(x+�x)

After the deformation the initial distan
e �x in between the two neighboringpoints x and x + �x 
hanges to �X whi
h is the distan
e of the new positions Xand X +�X of those points after the deformation. This 
an be expressed in termsof the displa
ement fun
tion as follows: 79



�X = fX +�Xg �X= fx+�x + s(x +�x)g � fx+ s(x)g = �x + s(x +�x)� s(x): (3.35)The above expression for the new distan
e of two neighboring points after a smalldeformation, 
an be further developed by making a Taylor expansion of s(x +�x)around the point x, i.e.:s(x +�x) = s(x) +  dsdx �����x!�x + 12!  d2sdx2 �����x! (�x)2 + � � � : (3.36)In the spe
i�
 example of a homogeneous deformation, the se
ond and higherorder derivatives in the Taylor series do not 
ontribute. In general those higherorder derivatives will of 
ourse not disappear.When we insert the Taylor series expansion of s(x + �x) around the point x inthe expression ( 3.35) for the distan
e in between two neighboring points after adeformation, then we �nd for a homogeneous deformation the result:�X = �x +  dsdx �����x!�x = �x + ��x: (3.37)The 
onstant � whi
h represents the fra
tional deformation of any line elementof the string in the 
ase of a homogeneous deformation, is 
alled the strain of thedeformation.For a strain whi
h is not homogeneous, one 
an still always de�ne a displa
ementfun
tion s(x), whi
h des
ribes the displa
ement of an arbitrary material point x,whi
h after the deformation 
omes at the position X(x), i.e.:X(x) = x+ s(x): (3.38)The above relation ( 3.37) remains then valid for the di�erential dX, whi
h isthe limit for �x ! 0 of the expression ( 3.35). However, in the general 
ase thefra
tional 
hange (strain) di�ers from point to point in the elasti
 string and thusbe
omes a fun
tion of the initial position x. The resulting fun
tion is 
alled thestrain fun
tion and represented by �, as is shown below:dX = dx+  dsdx �����x! dx = dx+ �(x)dx: (3.39)For deformations in two and three dimensions, the displa
ement fun
tion be
omesa ve
tor, the displa
ement ve
tor, and the strain fun
tion a tensor, the strain tensor.In the following we will study the examples of shear (see example 4 of se
tion 3.1)and simple shear (see example 2 of se
tion 3.3) in two dimensions.2. Shear in two dimensions.The displa
ement ve
tor ~s(~x) for shear in two dimensions is given by (
ompareexample 4 of se
tion 3.1, formula 3.16): 80



~s(~x) = (s1(x1; x2); s2(x1; x2))= (�x2; �x1) : (3.40)In the �gure below the e�e
t of the above displa
ement ve
tor is shown.
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The relation between the �nal and initial position of a material point, equivalentto formula ( 3.38) for the elasti
 string in one dimension, be
omes here a ve
torequation. For ea
h of the two 
omponents we have:Xi(x1; x2) = xi + si(x1; x2): (3.41)The di�erential d ~X of ~X(~x) whi
h is important for the study of the deformationof an in�nitesimal region around the point ~x, has 
onsequently also two 
omponents,i.e.: dX1(~x) = dx1 +  �s1�x1 �����~x! dx1 +  �s1�x2 �����~x! dx2anddX2(~x) = dx2 +  �s2�x1 �����~x! dx1 +  �s2�x2 �����~x! dx2:These equations 
an in general be 
ompa
ti�ed as follows:dXi(~x) = dxi + 0� �si�xj ������~x1A dxj: (3.42)In the 
ase of the above displa
ement ve
tor ( 3.40) one obtains for the di�erentialof ~X the expression: 81



0B� dX1dX2 1CA = 0B� dx1 + �dx2dx2 + �dx1 1CA = 0B� 1 �� 1 1CA0B� dx1dx2 1CA : (3.43)The matrix at the righthandside of this matrix equation for the deformation ofin�nitesimal distan
es around the point ~x, might be re
ognized as the deformationmatrix ( 3.16) whi
h was studied in example 4 of se
tion ( 3.1). Consequently, weknow that small 
ir
les around any point of the xy-plane are deformed into smallellipses, the prin
ipal axes of whi
h are in dire
tions whi
h make angles of 45o withthe x-axis.The above equation ( 3.43) 
an also be written in the following form:0B� dX1dX2 1CA = 8><>:0B� 1 00 1 1CA+ 0B� 0 �� 0 1CA9>=>;0B� dx1dx2 1CA : (3.44)In this form one might 
ompare the equation with the relation ( 3.39) in order to�nd that the se
ond matrix on the righthandside of the above equation 
orrespondsto the fun
tion �(x) in the one dimensional 
ase. Indeed, the strain tensor is in the
ase of shear given by: �(~x) = 0B� 0 �� 0 1CA : (3.45)
3. Simple shear in two dimensions.The displa
ement ve
tor ~s(~x) for simple shear in two dimensions is given by (
om-pare example 2 of se
tion 3.3, formula 3.30):~s(~x) = (2�x2; 0) : (3.46)In the �gure below the e�e
t of the above displa
ement ve
tor is shown.
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The strain tensor follows from an equation similar to the one in the previous 
ase.Using expression ( 3.42) we �nd:0B� dX1dX2 1CA = 8><>:0B� 1 00 1 1CA+ 0B� 0 2�0 0 1CA9>=>;0B� dx1dx2 1CA : (3.47)But now we remember that from the study we made in se
tion ( 3.3) it followedthat in this 
ase there is an in�nitesimal rotation involved and that in fa
t oneshould split the matrix as follows: 1 2�0 1 ! =  1 00 1 !+  0 ��� 0 !+  0 �� 0 ! : (3.48)The unit matrix together with the antisymmetri
 tensor de�ne the in�nitesimalrotation. The strain tensor de�nes the deformation of a small region of the xy-plane.Consequently, this tensor relates to the deformation of distan
es, or equivalently ofquadrati
 surfa
es. From se
tion ( 3.1) we know that only the third, symmetri
,tensor is responsible for the deformation of quadrati
 surfa
es and so, is the straintensor for this 
ase.3.5 Deformations in three dimensions.After all the preparation of the previous pages, the formal theory of deformation isnow straightforward. Let us denote, as before, the position of a material point beforethe deformation by ~x, and after deformation by ~X(~x). And let the displa
ementve
tor �eld whi
h de�nes the deformation be given by ~s(~x). Then, is the basi
relation for the displa
ement of material points in a body due to deformation, givenby: ~X(~x) = ~x+ ~s(~x): (3.49)For the study of the behavior of small domains in the body under the a defor-mation, it for us is suÆ
ient to 
onsider in�nitesimal deformations. We theretodetermine the di�erential of ~X whi
h follows from the equation ( 3.49) and whi
h isan expression similar to the one we obtained in the two-dimensional 
ase in equation( 3.42), the only di�eren
e being that the summation over the indi
es runs here from1 to 3, i.e.: dXi(~x) = dxi + 0� �si�xj ������~x1A dxj: (3.50)The partial derivatives of the 
omponents of the displa
ement ve
tor �eld form atensor as has been shown in se
tion ( 2.4) in the formulas ( 2.48), ( 2.49) and ( 2.50).The above formula 
an be rewritten as follows:dXi(~x) = dxi + 12f0� �si�xj ������~x1A�  �sj�xi �����~x!gdxj + 12f0� �si�xj ������~x1A+  �sj�xi �����~x!gdxj:83



This way one obtains two tensors: the antisymmetri
 tensor �eld rij(~x) given by:rij(~x) = 12f0� �si�xj ������~x1A�  �sj�xi �����~x!g (3.51)and the symmetri
 strain tensor �eld �ij(~x) de�ned by:�ij(~x) = 12f0� �si�xj ������~x1A+  �sj�xi �����~x!g (3.52)Using the de�nitions ( 2.19) of the generators of the rotation group, the relation( 2.24) for the produ
t of Levi-Civita tensors and the expression ( 2.51) for the
omponents of the 
url of a ve
tor �eld, the antisymmetri
 tensor ( 3.51) 
an berewritten a

ording to:rij(~x) = 12fÆjlÆik � ÆjkÆilg �sk�xl �����~x! = 12�mij�mkl  �sk�xl �����~x!= 12 (�Am)ij ��r� ~s j~x�m = 12 n�r� ~s j~x� � ~AoijInserting the above into equation ( 3.50) one obtains the following expression forthe di�erential of ~X:dXi(~x) = �Æij + 12 n�r� ~s j~x� � ~Aoij + �ij(~x)� dxj ;Or in terms of the matri
es:d ~X(~x) = f1+ 12 �r� ~s j~x� � ~A+ �(~x)gd~x: (3.53)Provided that the 
omponents of the ve
tor 
url(~s) are small, one may approxi-mate: 1 + 12 �r� ~s j~x� � ~A � expf12 �r� ~s j~x� � ~Ag;whi
h represents a rotation around the ve
tor 
url(~s), with a rotation angle indi-
ated by half the absolute value of that ve
tor (see formula 2.30). Let us introdu
efor this rotation the notation:R(~s; ~x) = expf12 �r� ~s j~x� � ~Ag: (3.54)Now, also provided that the matrix elements of the strain tensor � are small, onemight approximate the matrix in equation ( 3.53) by:1+ 12 �r� ~s j~x� � ~A+ �(~x) � R(~s; ~x)f1 + �(~x)g; (3.55)whi
h represents the produ
t of a rotation �eld R and a symmetri
 deformation�eld (see also formula 3.21) whi
h des
ribes how volumes (e.g. spheres) deform (intoe.g. ellipsoides). 84



For in�nitesimal deformations, i.e. ~s(~x) ! 0, the above approximations are of
ourse exa
t. But in experiment one deals with �nite deformations. Whether or notthe above approximations hold in a realisti
 situation, depends on the experimentala

ura
y one wants to obtain. In the ultimate 
ase one has to return to the Taylorexpansions, like the one in ( 3.36) and take into a

ount higher order terms.3.6 The dilatation.In the 
ase of a small deformation for whi
h the approximation ( 3.55) holds, thedeformation of a small sphere 
entered in the point ~x of a solid, is des
ribed by thestrain tensor a

ording to: D(~x) = 1 + �(~x): (3.56)Following the pro
edure des
ribed in the previous se
tions (see for example for-mula 3.9), the volume ��(~x) of a domain around the point ~x 
hanges under thedeformation whi
h is represented by the above deformation matrix ( 3.56), to avolume ��( ~X(~x)), given by:��( ~X(~x)) = detfD(~x)g��(~x): (3.57)When the matrix elements of the strain tensor are small, then a �rst order ap-proximation of this expression might be usefull. In su
h 
ase, one 
an easily verifythat the only terms whi
h are linear in the matrix elements of the strain tensor inthe determinant D(~x) ( 3.56) 
ome from the diagonal elements of D, i.e.detfD(~x)g � f1 + �11(~x)gf1 + �22(~x)gf1 + �33(~x)g� 1 + �11(~x) + �22(~x) + �33(~x);or equivalently: detfD(~x)g � 1 + Trf�(~x)g: (3.58)The latter quantity is moreover invariant under rotations of the 
oordinate sys-tem, be
ause the strain tensor transforms as a tensor under rotations (see formulas3.52 and 2.49) and 
onsequently (see formula 2.58), its tra
e is an invariant underrotations. This is not so mu
h surprising, sin
e the the deformation matrix D(~x)also is a tensor under rotations and thus its determinant is an invariant quantity,but for a �rst order approximation this property might have been lost.The expression ( 3.58) 
an be further simpli�ed using the de�nition ( 3.52) of thestrain tensor, to obtain:detfD(~x)g � 1 +  �si�xi �����~x! = 1 + �r � ~sj~x� : (3.59)The fra
tional 
hange in volume �(~x) around a point ~x in a solid is 
alled thedilatation of a deformation and 
an now for small deformations, using the aboveexpressions ( 3.57) and ( 3.59), be given by:85



�(~x) = ��( ~X(~x))���(~x)��(~x) � �r � ~sj~x� : (3.60)For homogenuous isotropi
 deformations, the strain tensor is 
onstant and propor-tional to the unit matrix. In that 
ase the above formula for the fra
tional 
hange involume has a very simple 
onsequen
e for a similar quantity for the 
hange in length.By 
omparing the �rst line in formula ( 3.58) with the above equation ( 3.60), one�nds that the fra
tional 
hange in length equals one third of the fra
tional 
hangein volume for isotropi
 deformations to �rst order in the strain tensor diagonalelements. If the deformations are moreover homogenuous, then this number is a
onstant for the whole solid. In pra
ti
e this is used for isotropi
 deformations ofmaterials under pressure or temperature 
hanges: One just has to measure the fra
-tional volume 
hange of su
h materials in order to �nd the 
hange in any dire
tion,or vi
e versa if that experimentally is more easy.3.7 Thermal expansion 
oeÆ
ients.A pie
e of material deforms when we ex
ert pressure on it. The amount of deforma-tion is des
ribed here by the strain tensor. Consequently, the strain tensor of a givenbody is a fun
tion of pressure p. Also temperature in
uen
es the volume of a body.Many materials expand for in
reasing temperature. So, the strain tensor of a bodyis also a fun
tion of temperature T . The measurable quantities for su
h materials,to be studied in this se
tion, are the so-
alled thermal expansion 
oeÆ
ients, whi
hare de�ned by: �ij =  ��ij (p; T )�T !p : (3.61)The suÆx p indi
ates here that the measurement must be done under 
onstantpressure or tension. This is a ne
essary 
ondition for the experimental determinationof the thermal expansion 
oeÆ
ients, but not of mu
h relevan
e for the subje
t ofthis se
tion.Like the matrix �, the matrix � is a symmetri
 matrix whi
h behaves as a ten-sor under rotations. Moreover, from the de�nition ( 3.61) it might be 
lear thatany symmetry of � is also a symmetry of �. Su
h symmetries exist for 
rystalinestru
tures as we will dis
uss below.1. Mono
lini
 stru
tures.In a mono
lini
 material exists a 
rystal axis for whi
h the atomi
 arrangementhas the same appearan
e after a rotation of 180o around that axis. Su
h 
rystalaxis is 
alled a twofold axis. It implies for su
h materials that � is invariant undera rotation of 180o around the twofold symmetry 
rystal axis. When we take thisaxis in the z-dire
tion, then a rotation of 180o around that axis is represented bythe following matrix: 86



R(ẑ; 180o) = 0B� �1 0 00 �1 00 0 1 1CA : (3.62)From formula ( 2.50) in se
tion ( 2.4) we know that under the above rotation ofthe 
oordinate system, the tensor � on one hand transforms as follows:�0 = R�RT = 0B� �11 �12 ��13�21 �22 ��23��31 ��32 �33 1CA : (3.63)However, sin
e on the other hand the thermal expansion 
oeÆ
ients should in this
ase be invariant under the transformation ( 3.62), (i.e. the above matrix ( 3.63)must be equal to the matrix �), it follows that:�13 = �31 = 0 and �23 = �32 = 0:Consequently, the matrix � for mono
lini
 materials has the following form:� = 0B� �11 �12 0�21 �22 00 0 �33 1CA ;whi
h implies that there exist only four non-vanishing thermal expansion 
oeÆ-
ients for mono
lini
 materials, i.e. �11, �12 = �21, �22 and �33.2. Ortho-rhombi
 stru
tures.In a material whi
h has an ortho-rhombi
 stru
ture, exist three mutually per-pendi
ular twofold axes. When we take these axes along the x-, the y- and thez-dire
tions, then the rotations for whi
h � is invariant are respe
tively R(x̂; 180o),R(ŷ; 180o) and R(ẑ; 180o). One �nds in this 
ase for transformations similar toequation ( 3.63):0B� �11 �12 �13�21 �22 �23�31 �32 �33 1CA = 0B� �11 ��12 ��13��21 �22 �23��31 �32 �33 1CA= 0B� �11 ��12 �13��21 �22 ��23�31 ��32 �33 1CA= 0B� �11 �12 ��13�21 �22 ��23��31 ��32 �33 1CA :From these equations one dedu
es that:�12 = �21 = 0 ; �13 = �31 = 0 ; �23 = �32 = 0:87



This results for ortho-rhombi
 materials in a matrix for the thermal expansion
oeÆ
ients of the form: � = 0B� �11 0 00 �22 00 0 �33 1CA :Only three non-vanishing 
oeÆ
ients.3. Cubi
 stru
tures.For a material with a 
ubi
 latti
e all rotations whi
h transform the 
ube into itselfleave the appearan
e of the atomi
 stru
ture of that material invariant. When wetake the axes of the unit latti
e 
ube along the x-, the y- and the z-dire
tions, thenthe rotations for whi
h � is invariant are rotations of 90o, 180o and �90o aroundthose axes. Su
h 
rystal axes are 
alled fourfold axes.The matrix � of the thermal expansion 
oeÆ
ients for su
h materials is propor-tional to the unit matrix, i.e. � = �11 1 . There is only one independent 
oeÆ
ientin this 
ase.Problem 21:Verify the above aÆrmation for 
ubi
 stru
tures.
4. Hexagonal stru
tures.A material whi
h has a hexagonal 
rystal stru
ture, 
ontains a sixfold 
rystal axis.The invarian
e rotations around that axis have rotation angles of 60o, 120o, 180o,240o and 300o. When this axis is in the z-dire
tion, the matrix � takes the form:� = 0B� �11 0 00 �11 00 0 �33 1CA :There are only two di�erent 
oeÆ
ients.Problem 22:Perform the various symmetry rotations for hexagonal stru
tures on the matrix� as given in ( 3.61), in order to verify the above indi
ated form for �.
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Noti
e, that in experiment the measured matrix of thermal expansion 
oeÆ
ientsmight 
ome out very di�erent. This is be
ause the x-, y- and z-dire
tions of ourlaboratory do not ne
essarily 
oin
ide with the symmetry axes of the 
rystal.Let us assume, for example, that the symmetry axis in the 
ase of the hexagonalstru
ture, is in our laboratory in the dire
tion (#; '), then this means that there isa rotation of 
oordinate systems involved (see se
tion 2.3), given by:R(#; ') = R(ẑ; ')R(ŷ; #): (3.64)So, the matrix of thermal expansion 
oeÆ
ients whi
h we would measure in ourlaboratory equals: �0 = R(#; ')�RT (#; ')= 0B� �11 0 00 �11 00 0 �33 1CA+
+(�33��11)0B� sin2(#) 
os2(') sin2(#) 
os(') sin(') 
os(#) sin(#) 
os(')sin2(#) 
os(') sin(') sin2(#) sin2(') 
os(#) sin(#) sin(')
os(#) sin(#) 
os(') 
os(#) sin(#) sin(') � sin2(#) 1CA :Besides being symmetri
, the above tensor �0 shows six di�erent matrix elements.Nevertheless, if we know that the 
rystal has a hexagonal stru
ture, then we 
anuse the invariants of a tensor under rotation (see se
tion 2.4) in order to determine�11 and �33, i.e.:det(�0) = det(�) = (�11)2�33 and Tr(�0) = Tr(�) = 2�11 + �33:
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Chapter 4For
es due to stress.A solid under pressure or stress develops internal rea
tion for
es due to the attra
tiveand repulsive for
es amongst its atoms and mole
ules. At interatomi
 distan
es su
hfor
es might 
u
tuate enormously from pla
e to pla
e. However, at distan
es whi
hare still mi
ros
opi
, but large with respe
t to the size of an atom, the average for
esdue to stress are here assumed to vary smoothly from one pla
e to the other in asolid.Let us no longer refer to the atomi
 stru
ture of a solid, but instead 
onsider asmall domain A inside an elasti
 body. At its surfa
e, the domain A is in 
onta
twith neighbouring domains. Consequently, when on the elasti
 body for
es areex
erted whi
h give rise to deformation, like pressure, stret
hing or fri
tional for
es,then the domain A is subje
t to stress for
es through its 
onta
t at its surfa
e withthe surrounding domains. The basi
 assumption is here that the resulting for
e �eldwhi
h des
ribes these for
es at the surfa
e of the domain A, varies smoothly as afun
tion of position.Next to for
es due to stress, a solid might be subje
t to external for
es, likegravitational for
es, or even internal for
es whi
h have a di�erent origin then theapplied stress. Su
h for
es will be 
alled body for
es. Their behavior is assumedto be essentially di�erent from the stress for
es. Whereas the stress for
e �eldsrepresent the 
onta
t for
es between the material points in a solid due to tensionand 
onsequently depend in strength and dire
tion on the size and the orientationof the 
onta
t surfa
e, the body for
e �eld represents the e�e
ts of a distant �eldsour
e (like the Earth in the 
ase of gravitation) and has therefore a de�nite dire
tionin ea
h point of the solid. We assume moreover here, that body for
es, like thegravitational for
e, are proportional to the density of the solid.4.1 Hooke's law.When we apply pressure at the surfa
e of a solid, then its dimensions 
hange. Forsmall deformations, the 
hanges in the sizes of an elasti
 body, like the in
rease orde
rease of its length, are proportional to the applied for
e. This observation hasbeen formulated for the �rst time in the seventeenth 
entury by R.Hooke.In the previous 
hapter we have studied the des
ription of deformation in termsof the strain tensor, the matrix elements of whi
h have been related to the fra
tional
hanges in dimensions of a solid. It is therefore logi
 that a generalization of Hooke's91



law involves the matrix elements of the strain tensor. Here we will follow an intuitiveapproa
h in order to understand in whi
h way Hooke's law might be generalized. Inthe next se
tions we will follow a more rigorous method for the same purpose.Let us 
onsider a bar of some elasti
 material, whi
h has the form of a re
tangularparallelopiped. And let us take its edges along the axes of our 
oordinate system(see �gure below):

ê1ê2
L1 L2 x

y
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Let us for 
onvenien
e only 
onsider two dimensions and a 
oordinate system Sas indi
ated in the �gure above. The lengths of the sides of the bar are L1 in thex-dire
tion and L2 in the y-dire
tion.When we apply pressure at the two opposite sides of the elasti
 bar, then itslength in the dire
tion of the applied for
e diminuishes. This situation is shown inthe �gure below:
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p p�L1----
-

����
�

- �
A pressure of magnitude p is applied at the left- and righthand surfa
e of the bar,be
ause of whi
h its length in the x-dire
tion 
hanges by the amount �L1. Hooke'sobservation for the fra
tional 
hange in length 
an here be formulated as follows:�L1L1 = �ap; (4.1)92



where the 
onstant of proportionality a has to be determined experimentally.The 
ompressed bar 
ontains elasti
 energy. This 
an be determined followingthe standard pro
edure: An in�nitesimal 
hange d(�L1) in �L1 
ontributes to thetotal work W an amount given by:dW = for
e� d(�L1):The strength of the for
e is here equal to the area L2 times the pressure p, andusing Hooke's relation ( 4.1), one �nds:dW = L2aL1 (�L1) d(�L1):Integration of this expression leads to the well-known relation of the elasti
 po-tential energy and the 
hange in size of an elasti
 body in one dimension, i.e.:W = 12 � L2aL1� (�L1)2: (4.2)The 
onstant of proportionality (L2=aL1) is 
alled the elasti
ity 
onstant of thebar. The 
onstant (1=a) represents an elasti
ity 
onstant of the material of whi
hthe bar has been made. For a 
onstant, the result ( 4.2) is quite reasonable: A longelasti
 string 
an more easily be stret
hed than a small string. So, the work mightwell be proportional to the inverse of the length L1. Also, a thi
ker elasti
 string isless easily stret
hed than a thin string. So, the work might perfe
tly be proportionalto the thi
kness L2.The for
es at the left- and righthand side of the bar are opposite and equal instrength. They are moreover perpendi
ular to the surfa
e of the bar and dire
tedtowards its interior. We represent these for
es by a ve
tor ~t1, whi
h is 
alled thetension of the applied for
e. The strength of ~t1 is equal to the applied for
e per unitarea. In the above 
ase we have thus:j ~t1 j= p: (4.3)The dire
tion of ~t1 is 
hosen in the negative x-dire
tion, be
ause the for
e isdire
ted towards the interior of the bar. Consequently:~t1 = �pê1: (4.4)The index 1 of ~t1 
omes from the fa
e where the for
e a
ts: The fa
e whi
h isperpendi
ular to the x-dire
tion has the index 1 in this 
ontext.The tension related to pressure is always perpendi
ular to the surfa
e where it isa
ting. But, in general the tension ~t1 might not be perpendi
ular to the left- andrighthand fa
es. This is possible be
ause the surfa
e of a solid body allows fri
tions,and fri
tional for
es are parallel to the surfa
e. In two dimensions, the tension ~t1may in general have two 
omponents, i.e.:~t1 = t11ê1 + t12ê2: (4.5)For the above example ( 4.4) the two 
omponents of ~t1 are given by:93



t11 = �p and t12 = 0:Inserting this in formula ( 4.1) one obtains:�L1L1 = at11: (4.6)In example ( 4.1) it is suggested that the dimensions of the bar 
hange only in thex-dire
tion, when a pressure is ex
erted on its left- and righthand fa
es. However,more generally, one might 
onsider the situation that the bar does not only su�er adeformation in the x-dire
tion, but also in the y-dire
tion when a for
e is ex
ertedon the left- and rigthhand extremes of the bar. This is depi
ted below:
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In this 
ase Hooke's law takes the form:�L1L1 = �ap and �L2L2 = bp;where both proportionality 
onstants a and b depend on the material of whi
hthe bar has been made. Or, using the 
omponents of the tension de�ned in ( 4.5),one equivalently writes: �L1L1 = at11 and �L2L2 = �bt11: (4.7)The deformation matrix might in the above example have the form:D = 0BBB� 1 + �L1L1 00 1 + �L2L2 1CCCA :So, for small deformations, the strain tensor, whi
h has been de�ned in ( 3.52),takes in this example the following form:94



� = 0BBB� �L1L1 00 �L2L2 1CCCA : (4.8)So we may identify the diagonal matrix elements of the strain tensor and thefra
tional 
hanges in size of the elasti
 bar. This way, we obtain for relation ( 4.7)the expression: �11 = at11 and �22 = �bt11: (4.9)Next, let us 
onsider the most general 
ase of pressure and fri
tional for
es at thefour fa
es of the two-dimensional bar, i.e.:
������* ~t2- t21ê16t22ê2

�������~t1-t11ê16t12ê2��������~t1
��t11ê1

?�t12ê2 ��������~t2 ��t21ê1 ?�t22ê2The �rst observation one might make from the �gure is that the for
es are inequilibrium, but for the moments of the for
es this is not obvious. Consequently,in a situation of stati
 equilibrium there must exist a 
ondition whi
h limits thefreedom of all possible 
hoi
es for the two for
es. The moments of the two sets ofopposite for
es are given by:~M1 = L1F12ẑ and ~M2 = �L2F21ẑ: (4.10)In ( 4.10) the for
es F12 and F21 are related to the 
omponents t12 and t21 ofrespe
tively ~t1 and ~t2 via the following expression (remember that ~t represents thetension for
e per unit area):F12 = L2t12 and F21 = L1t21:Substituting this into ( 4.10) we �nd that the moments are proportional to the"volume" (L1L2) of the bar and that the related 
omponents of the tension ve
torsrepresent something like the moment per unit volume, i.e.:~M1 = L1L2t12ẑ and ~M2 = �L1L2t21ẑ: (4.11)95



As a 
onsequen
e we noti
e that for stati
 equilibrium we must impose on the
omponents of the tension ve
tors the 
ondition that:t12 = t21: (4.12)In fa
t one might join the 
omponents of the tension ve
tors into a symmetri
matrix, the stress tensor, given by:t =  t11 t12t21 t22 ! ; t12 = t21: (4.13)In general, this matrix des
ribes all possible for
es on the elasti
 bar in two di-mensions. Its 
ontent for a spe
i�
 situation must therefore be related to the matrixwhi
h des
ribes the e�e
ts of those for
es in terms of the deformation of in�nitesimaldomains of the bar. Small deformations 
an be represented by a symmetri
 straintensor of the form: � =  �11 �12�21 �22 ! ; �12 = �21: (4.14)A

ording to Hooke ( 4.1) for small deformations are the fra
tional 
hanges insize of a solid body linearly proportional to the tension for
es. Both, the tensionfor
es and the deformations are here represented by matri
es. So we expe
t thatHooke's law ( 4.9) 
an be generalized to the matrix elements of those matri
es, andbe formulated as follows: tij = 
ijkl�kl: (4.15)The sixteen material elasti
ity 
onstants 
ijkl (for i; j; k; l = 1; 2) are not indepen-dent. The symmetry of as well the stress tensor ( 4.13) as the strain tensor ( 4.14)gives the following identities:
jikl = 
ijkl and 
ijlk = 
ijkl: (4.16)These symmetry relations leave us with only nine independent elasti
ity 
onstantsin two dimensions.A further redu
tion of the number of independent 
oeÆ
ients 
ijkl 
an be ob-tained from the following 
onsiderations: In ( 4.2) we found an expression for theelasti
 potential energy of the bar in the most simple 
ase. From this formula andalso using the relations ( 4.6) and ( 4.9) we 
an infer that:�W��11 = L1 �W�(�L1) = L2L1a �L1L1 = L1L2a �11 = L1L2t11:Here, L1L2 represents the "volume" of the bar, so if we 
on
entrate on the elasti
potential energy per unit volume ! = W=V , then we �nd for the above expression:�!��11 = t11:In the following se
tions we will see that this 
an be generalized a

ording to:96



�!��ij = tij : (4.17)An extra derivative with respe
t to a matrix element of the strain tensor givesthen, also using the the generalized Hooke's law as shown in ( 4.15), the followingsymmetry relations for the elasti
ity 
oeÆ
ients:
klij = �tkl��ij = �2!��ij��kl = �2!��kl��ij = �tij��kl = 
ijkl (4.18)These symmetry relations redu
e the amount of independent elasti
ity 
onstantsfurther from nine to six. So, 
on
ludingly we may remark that the rea
tion of atwo-dimensional solid to tension 
an for small deformations be 
ompletely des
ribedby six independent 
onstants:2 
onstants whi
h des
ribe the rea
tion of the bar in the x- and y-dire
tionsdue to an applied for
e in the x-dire
tion on the right and lefthand fa
es,2 similar 
onstants for an applied for
e in the y-dire
tion on the upper andlower fa
es of the bar,1 
onstant for shear due to a fri
tional for
e in the x-dire
tion at the upperand lower fa
es of the bar,1 similar 
onstant for fri
tional for
es in the left- and righthand fa
es ofthe bar.For isotropi
 materials, the number of independent elasti
ity 
onstants redu
esfurther to two.4.2 Stress for
es and the stress tensorLet us represent the internal for
es due to stress in a solid by a se
ond rank tensor�eld, the stress tensor, given by:tij(~x) ; i; j = 1; 2; 3: (4.19)In order to study its relation to the for
es due to stress, we 
onsider a volumeelement �V inside the solid. We furthermore 
onsider a small element of its surfa
e�A(~x) lo
ated in the point ~x of the surfa
e of the volume. This surfa
e elementshould be small enough for the stress tensor ( 4.19) to be 
onsidered 
onstant in allof its points. Su
h surfa
e element is represented by a ve
tor � ~A(~x), whi
h has thefollowing properties:1. � ~A(~x) is perpendi
ular to the surfa
e element �A(~x),2. j � ~A(~x) j equals the area of the surfa
e element �A(~x), and3. � ~A(~x) points outward with respe
t to the volume �V .97



(4.20)The for
e �~F (t), whi
h a
ts on the surfa
e element �A(~x) due to the stress for
esinside the solid, is de�ned by:��~F (t)�i = �� ~A(~x)�j tji(~x): (4.21)Let us �rst inspe
t whether the above de�nition makes any sense. For this purposewe might 
hoose the stress tensor �eld to be 
onstant in the domain around a 
ertainthe volume element of the solid. We sele
t for a volume element the parallelopipedwhi
h is indi
ated in the �gure below.
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�x1�x2

�x3

x
y

z 6AAAAAAA
AK

AAAAAAA
A

AAAAAAA
A

-6����������
����������
��=

������������
������������ ������������

?AAAAAAAAAUAAAAAAAAAAAA
������

�������� ��������
����������������������������������������������������������������������������������������

Its lower left 
orner in the ba
k is situated at the point (x1; x2; x3) and its threeneighbour 
orners in the x-, y- and z-dire
tion are respe
tively situated at (x1 +�x1; x2; x3), (x1; x2+�x2; x3) and (x1; x2; x3+�x3). The sides of the parallelopipedin those three dire
tions have thus sizes �x1, �x2 and �x3 respe
tively.Let us 
onsider the for
e due to stress whi
h a
ts at the top surfa
e of the abovevolume element. In the �gure this for
e is indi
ated by �~F (t)1 (x3+�x3). The topsurfa
e, as also indi
ated in this �gure, is represented by a ve
tor, given by:� ~A(top surfa
e) = (�x1 �x2)ê3: (4.22)98



So, from the de�nition ( 4.21) we obtain��~F (t)1 �i = (�x1�x2ê3)jtji= �x1�x2Æ3jtji = �x1�x2t3i;or in ve
tor notation: �~F (t)1 = �x1�x2(t31; t32; t33): (4.23)When we 
ompare this result with for
es a
ting on a surfa
e element in a perfe
t
uid, then we observe one main di�eren
e: In a perfe
t 
uid the for
e is alwaysperpendi
ular to the surfa
e element, whereas here the for
e due to stress on asurfa
e element in a solid is not. The reason is that in solids and vis
uous 
uidsthere exist fri
tional for
es on an interior volume due to stress parallel to the surfa
eof the surfa
e element, whi
h for
es are absent in a perfe
t 
uid.For the bottom surfa
e of the volume element, the asso
iated ve
tor whi
h repre-sents that surfa
e element, is pointing in the �ê3 dire
tion. For the rest everything isthe same. So, we obtain for the for
e at the bottom surfa
e, indi
ated by �~F (t)2 (x3)in the above �gure, the following expression:�~F (t)2 = ��x1�x2(t31; t32; t33): (4.24)This is just opposite to the expression ( 4.23) for �~F (t)1 and so the two for
es
an
el ea
h other in the 
ase of a 
onstant stress tensor �eld.Similarly, at the right- and lefthand surfa
es of the volume element of the above�gure, one obtains for the for
es due to stress the expressions:��x1�x3(t21; t22; t23): (4.25)And at the front- and ba
kside surfa
es a
t for
es due to stress, given by:��x2�x3(t11; t12; t13): (4.26)Three di�erent expressions ( 4.23 and 4.24), ( 4.25) and ( 4.26) for the threeprin
ipal dire
tions in a solid, seems quite suÆ
ient to des
ribe the internal for
esdue to stress in a solid. Moreover, are the six for
es at the various surfa
es in perfe
tequilibrium for a 
onstant stress tensor �eld, whi
h means that the net for
e at thevolume element vanishes.When the stress tensor �eld is not 
onstant, then the for
es at opposite fa
esdo not exa
tly 
an
el ea
h other. A residual for
e due to stress remains. In orderto 
al
ulate this for
e for an arbitrary stress tensor �eld, one must integrate theexpression ( 4.21) over the whole surfa
e of the volume element. Let us perform thisintegration for an arbitrary volume inside a solid under stress. The surfa
e integralfor the sum of all for
es a
ting due to stress on all surfa
e elements of the volume,be
omes then: h ~F (t)(volume)ii = Zsurfa
e �d ~A(~x)�j tji(~x): (4.27)99



Using the divergen
e theorem, this integration 
an be 
onverted to a volumeintegration over the whole volume, i.e.:h~F (t)(volume)ii = Zvolume dV (~x)f �t1i�x1 �����~x!+  �t2i�x2 �����~x!+  �t3i�x3 �����~x!g;or in a more 
ompa
t notation, using the Einstein summation 
onvention for theterms in the integrand, one obtains:h ~F (t)(volume)ii = Zvolume dV (~x)0� �tji�xj ������~x1A : (4.28)This expression shows that in the 
ase of a 
onstant stress tensor �eld one �ndsalso for an arbitrary volume in a solid that the total for
e due to stress vanishes,be
ause then the integrand is zero everywhere.In general represents the expression in the integrand of the above formula ( 4.28),the total for
e due to stress at an in�nitesimal volume element in the solid per unitof volume.Another important quantity related to rotations due to stress, is the moment (i.e.M (t)(~x) = ~x�F (t)(~x)) whi
h the stress for
es ex
ert on a volume element of a solid.For this we return to the surfa
e of an arbitrary volume element and 
onsider the
ontribution �M (t) to the total moment of one surfa
e element �A(~x) with respe
tto the origin of the 
oordinate system. Using the 
omponent expression ( 2.51) forthe 
url of a ve
tor and formula ( 4.21) for the de�nition of the for
e due to stressat the above surfa
e element, we �nd:� ~M (t)(~x) = ~x��~F (t)(~x);or in 
omponents: h� ~M (t)(~x)ii = �ijkxj ��~F (t)(~x)�k= �ijkxj �� ~A(~x)�l tlk(~x):The total moment due to stress at the volume element is then obtained by inte-grating the above expression over the whole volume, i.e.:h ~M (t)(volume)ii = Zsurfa
e �d ~A(~x)�l tlk(~x)�ijkxj :Again using the divergen
e theorem, one �nds the following volume integration:h ~M (t)(volume)ii = Zvolume dV (~x) " ��xl ��ijkxjtlk����~x#= Zvolume dV (~x)�ijk (Æljtlk(~x) + xj  �tlk�xl �����~x!) :100



After performing the summation over the �rst index of the Krone
ker delta, whi
his the result of partial di�erentiating xj with respe
t to xl, we �nally end up with:h ~M (t)(volume)ii = Zvolume dV (~x)�ijk (tjk(~x) + xj  �tlk�xl �����~x!) : (4.29)The integrand of the above expression represents the i-th 
omponent of the mo-ment due to stress whi
h a
ts on an in�nitesimal volume element of the solid perunit of volume, with respe
t to the origin of the 
oordinate system.4.3 Equilibrium 
onditions.When a solid is hold under stress in a �xed position, all volume elements must bein equilibrium, whi
h implies that the for
es a
ting at ea
h volume element of thesolid must be in equilibrium. Also when a deformation takes pla
e in a quasi-stati
pro
ess, whi
h means that at ea
h stage of the pro
ess the system is in a perfe
tequilibrium, the sum of the internal for
es must vanish. In the previous se
tion wehave determined the total for
e due to stress at an arbitrary volume element of thesolid (see formula 4.28). However, next to the 
onta
t for
es due to tension theremight be body for
es a
ting on the material points of the solid. These for
es aresupposed to be volumetri
, whi
h means that they 
an be represented by a for
e~f (b)(~x) per unit of volume, and proportional to the density �(~x) of the medium. So,at a volume element of the solid a
ts the for
e ~F (b) due to body for
es whi
h is givenby: hF (b)(volume)ii = Zvolume dV (~x)�(~x)f (b)i (~x): (4.30)The total for
e on a volume element of the solid is then the sum of the 
ontributionof the stress for
es given in ( 4.28) and the above 
ontribution ( 4.30) of the bodyfor
es. Internal equilibrium requires then the following:hF (t)(volume)ii + hF (b)(volume)ii = 0;or equivalently:Zvolume dV (~x)8<:0� �tji�xj ������~x1A+ �(~x)f (b)i (~x)9=; = 0:This must be valid for an arbitrary volume element of the solid, hen
e the inte-grand must vanish, i.e.: 0� �tji�xj ������~x1A+ �(~x)f (b)i (~x) = 0: (4.31)Also the internal moments must be in equilibrium in the situation that the defor-mation does not 
hange in time. 101



The 
ontribution of the body for
es on a volume element of a deformed solid withrespe
t to the origin of the 
oordinate system, is given by:h ~M (b)(volume)ii = Zvolume dV (~x)�ijkxj�(~x)f (b)k (~x): (4.32)Equilibrium of the moments at a volume element of the solid requires then thatthe sum of this 
ontribution and the 
ontribution of the stress for
es ( 4.29) vanish,also for an arbitrary volume element. This leads for the sum of the integrands:�ijk "tjk(~x) + xj ( �tlk�xl �����~x!+ �(~x)f (b)k (~x))# = 0:Using also the equilibrium 
ondition ( 4.31) for the internal for
es, we �nd thatthe se
ond term on the lefthand side vanishes, so we are left with the 
ondition:�ijktjk = 0:This is satis�ed for a symmetri
 stress tensor (see formula 2.28), i.e.:tji(~x) = tij(~x): (4.33)Consequently, stati
 equilibrium requires that the stress tensor is symmetri
. Inthe se
tion on Hooke's law we obtained a similar result in two dimensions for a homo-geneous deformation ( 4.12), the above result is a generalization in three dimensionsfor non-homogeneous deformations.4.4 The work done by deformation.It is well-known that the system of a stret
hed elasti
 string 
ontains elasti
 potentialenergy. This energy has been stored into the system in the pro
ess of deformation.Below we will study the variation ÆW of the total stored energy W in the deformedsolid, 
aused by a variation of the deformation. A variation of the deformation 
anbe represented by a variation Æ~s(~x) of the displa
ement ve
tor �eld, whi
h has beenintrodu
ed in se
tion ( 3.4). We assume here for 
onvenien
e that the solid hasalready su�ered a 
ertain amount of deformation, su
h that a given volume elementof the solid is subje
t to stress for
es, represented by a non-zero stress tensor t(~x).For a small (in�nitesimal) variation Æ~s(~x) of the displa
ement ve
tor �eld, weassume that the stress for
es at the volume element remain 
onstant. The totalfor
e at a volume element is given by the sum of the for
es ex
erted at all surfa
eelements due to the 
onta
t for
es. Consequently, the amount of work, ÆW doneby the stress for
es on the volume element by a variation Æ~s(~x) of the displa
ementve
tor �eld, is equal to the sum of the work done at ea
h of the surfa
e elements bythe stress for
es, i.e.:ÆW (t)(volume) = Zsurfa
e �d ~A(~x)�j tji(~x)Æsi(~x):Using the divergen
e theorem, this 
onverts into:102



ÆW (t)(volume) = Zvolume dV (~x)8<: ��xj �tjiÆsi����~x9=;= Zvolume dV (~x)8<:0� �tji�xj ������~x1A Æsi(~x) + tji(~x)0� �Æsi�xj ������~x1A9=; :The �rst term represents the work done by the stress for
es on displa
ing anin�nitesimal volume element dV (~x) over a distan
e Æ~s(~x). However, here we shouldalso in
lude the 
ontribution to the total work of the body for
es, to obtain:ÆW (volume) = ÆW (t)(volume) + ÆW (b)(volume)or equivalently:= Zvolume dV (~x)8<:240� �tji�xj ������~x1A+ �(~x)f (b)i (~x)35 Æsi(~x) + tji(~x)0� �Æsi�xj ������~x1A9=; :Now, if one assumes that for the variation in the displa
ement ve
tor �eld thesystem is in equilibrium (i.e. a deformation for whi
h the system at ea
h instantof time is in equilibrium, or a quasi-stati
 pro
ess), then the �rst term vanishesa

ording to ( 4.31). For the se
ond term we use the property that for reasonablysmooth fun
tions the derivative of the variation of that fun
tion equals the variationof the derivative, to obtain:ÆW (volume) = Zvolume dV (~x)tji(~x)Æ0� �si�xj ������~x1A :Using furthermore the de�nition of the strain tensor ( 3.52) in terms of the deriva-tives of the displa
ement ve
tor �eld, and the fa
t that the stress tensor is symmetri
,then one �nally �nds the wanted expression:ÆW (volume) = Zvolume dV (~x)tij(~x)Æ�ij(~x): (4.34)The variation of the energy stored in the solid 
omes from the 
hanges in thestrain tensor, whi
h indeed des
ribes the the variation of the deformation in termsof fra
tional 
hanges in size. The integrand in ( 4.34) 
an be interpreted as thevariation in work, Æ!(~x), per unit of volume 
aused by a variation of the straintensor: Æ!(~x) = tij(~x)Æ�ij(~x): (4.35)This is the relation we have anti
ipated on in ( 4.17).103



4.5 The elasti
ity 
onstants.As dis
ussed in the se
tion ( 4.1) in general one may expe
t the following general-ization of Hooke's law (see also formula 4.15 for the two-dimensional 
ase):tij = 
ijkl�kl: (4.36)When we insert this linear relation between the tension and the strain into theexpression for the variation of the work done by the stress for
es due to a variationin the strain tensor, then we �nd:Æ!(~x) = 
ijkl�klÆ�ij : (4.37)On integrating this equation, keeping in mind that the work stored in the solid dueto deformation must be zero when there is no deformation, one obtains an expressionquadrati
 in the matrix elements of the strain tensor for the elasti
 potential energy! per unit of volume of the solid. This means that ! as a fun
tion of the strainmatrix elements 
ontains terms like:12
1111 (�11)2 and 
1112�11�12:This agrees with what we expe
ted to �nd in 
omparison to the simple relation( 4.2) for the one-dimensional harmoni
 os
illator.The generalized Hooke's law ( 4.36) suggests that there are 34 = 81 elasti
ity
onstants 
ijkl (for i; j; k; l = 1; 2; 3). There are however several symmetry relationsfor those material 
onstants, equivalent to the relations ( 4.16) and ( 4.18) but nowfor three dimensions. Those relations redu
e the number of independent elasti
ity
onstants for an arbitrary material to only 21. This number 
an also be understoodas follows:3� 3 = 9 At ea
h of the three fa
es of an elementary re
tangular paral-lelopiped one 
an ex
ert pressure. The strain tensor 
ontainsin ea
h of the three 
ases the information on the deformationof the small spheres around any material point in the mediuminto small elipsoids. This information 
an be given by meansof the lengths of the three prin
ipal axes.3� 2� 2 = 12 One 
an apply fri
tional for
es at ea
h of the fa
es of the paral-lelopiped. There are two independent dire
tions at ea
h fa
e.For shear for
es we assumed that to �rst order the volumeof the deformed spheres are the same as the volumes of theoriginal spheres. In that 
ase is the strain tensor tra
eless (seeformula 3.45), and 
an be 
hara
terized by two independent
onstants.The inverse of the generalized Hooke's law ( 4.36) allows to determine the defor-mation of a body as a fun
tion of the ex
erted for
es on the body, i.e.:�ij(~x) = �ijkltkl(~x): (4.38)104



The proportionality 
onstants �ijkl are 
alled the elasti
ity 
omplian
e 
onstants.
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Chapter 5Elasti
ity 
onstants andsymmetries.A

ording to the generalized Hooke's law ( 4.36) there exists a linear relation be-tween the six independent matrix elements of the stress tensor t and the six in-dependent matrix elements of the strain tensor �. This would in general amountto 36 proportionality 
onstants. But, we have seen in se
tion ( 4.5) that be
auseof the symmetry relations ( 4.16) and ( 4.18) only 21 are independent. However,when matter has 
ertain symmetries, like 
ristaline stru
ture, then the number ofindependent elasti
ity 
oeÆ
ients is less than 21.5.1 The elasti
ity 
onstants of isotropi
 media.An approximation whi
h holds quite reasonable for most materials, is the assump-tion that the internal stru
ture of the substan
e out of whi
h the solid is made, isisotropi
. In the 
ontext of the theory of deformations, isotropy means that therelation between the deformation and the indu
ed stress tensor takes the same formin any orthogonal 
oordinate system. Or equivalently, that the elasti
ity 
onstantsare invariant under rotations.If we want to know, either in experiment or in theory, whether or not a 
ertainelasti
ity 
onstant vanishes, then we might 
onsider the related deformation anddetermine the matrix elements of the stress tensor 
aused by that deformation (orvi
e-versa). Here and in the following we are interested in the elasti
ity 
onstantsfor isotropi
 matter. Thereto, we start by studying the set of 
oeÆ
ients given bythe relation: tij = 
ij11�11; (5.1)whi
h represents the response of the medium to a deformation in the x-dire
tionand whi
h 
an be obtained from the generalized Hooke's relation ( 4.36) by puttingall �ij equal to zero, but �11. So, we are dealing with a deformation represented bythe following strain tensor: � = 0B� �11 0 00 0 00 0 0 1CA : (5.2)107



The above strain tensor ( 5.2) is invariant under rotations around the x-axis, i.e.:R(x̂; �)�fR(x̂; �)gT = �: (5.3)
Problem 23:Show that the strain tensor ( 5.2) is invariant under rotations around the x-axis,R(x̂; �), de�ned in formula ( 2.14).
Consequently, sin
e in an isotropi
 medium one 
oordinate system is as good asany other, the stress tensor t must satisfy the same symmetry ( 5.3).Let us 
onsider a general symmetri
 stress tensor t, given by the matrix:t = 0B� t11 t12 t13t12 t22 t23t13 t23 t33 1CA : (5.4)Now, sin
e the above matrix must be invariant under any of the transformationsgiven by ( 5.3), we might �rst study some spe
ial 
ases and then 
he
k whether ornot the resulting 
onditions on the matrix elements of ( 5.4) are suÆ
ient to satisfy( 5.3). Under a rotation over 180Æ around the x-axis, using the de�nition in ( 2.14)for the rotation matrix R(x̂; � = 180Æ), the above stress tensor t turns into:R(x̂; 180Æ)tfR(x̂; 180Æ)gT = 0B� t11 �t12 �t13�t12 t22 t23�t13 t23 t33 1CA : (5.5)In 
omparing the above result ( 5.5) with the matrix shown in ( 5.4), we �ndthat the stress tensor is invariant under the above transformation when its matrixelements satisfy: t12 = t13 = 0:These 
onditions are not enough to make t invariant under all rotations aroundthe x-axis. For example a rotation over 90Æ around the x-axis gives the result,already in
luding the fa
t that four o�-diagonal matrix elements must vanish:R(x̂; 90Æ)tfR(x̂; 90Æ)gT = 0B� t11 0 00 t33 �t230 �t23 t22 1CA : (5.6)So, we �nd for the two basis transformations ( 5.5) and ( 5.6) that we must imposeon t the following 
onditions in order to be invariant under those transformations:t12 = t13 = t23 = 0 and t22 = t33:108



It is an easy task to verify that the resulting matrix:t = 0B� t11 0 00 t22 00 0 t22 1CA ; (5.7)is invariant under all rotations around the x-axis, i.e.:R(x̂; �)tfR(x̂; �)gT = t:
Problem 24:Show that the above stress tensor ( 5.7) is invariant under rotations around thex-axis, R(x̂; �), de�ned in formula ( 2.14).
So, for the deformation ( 5.2) whi
h is fully determined by the 11-element ofthe strain tensor, we �nd that isotropi
 media will respond with a stress tensor ofthe form ( 5.7). We may then 
on
lude that the o�-diagonal matrix elements ofthe stress tensor t12; t13 and t23 do not depend on the matrix element �11 of thestrain tensor, and 
onsequently that the 
orresponding elasti
ity 
onstants vanishfor isotropi
 media. We may also 
on
lude that the diagonal matrix elements t22and t33 respond in the same way to a deformation given by �11, whi
h implies thatthe related elasti
ity 
onstants must be the same for isotropi
 media. Moreover, isthe response of the matrix element t11 independent of the response of the other twodiagonal matrix elements, whi
h means that the 
orresponding elasti
ity 
onstantmay in general di�er from the other two elasti
ity 
onstants. In the table below wehave 
olle
ted the above observations on the elasti
ity 
onstants.
ij11 i = 1 2 3j = 1 a 0 02 0 b 03 0 0 bTable 5.1: The elasti
ity 
onstants for a deformation in the x-dire
tion in an isotropi
medium.The 
onstants a and b in table ( 5.1) are to be determined experimentally. Thetheory only predi
ts that in the 
ase of isotropy no more than two di�erent exist.What about the other elasti
ity 
onstants?Let us next study the e�e
t on the stress tensor of a deformation given by thefollowing strain tensor: 109



� = 0B� 0 0 00 �22 00 0 0 1CA ; (5.8)whi
h 
orresponds to studying the elasti
ity 
onstants de�ned by the relation:tij = 
ij22�22: (5.9)The above strain tensor ( 5.8) des
ribes a deformation in the y-dire
tion. But, itmight be obvious that the response of an isotropi
 medium does not depend on anydire
tion. So, one 
ould predi
t without performing any 
al
ulations, whi
h stresstensor is related to the deformation de�ned in ( 5.8).However, formally, one might observe that a strain tensor of the form ( 5.8) 
anbe obtained from the strain tensor given in ( 5.2) by a rotation over 90Æ around thez-axis, i.e.: 0B� 0 0 00 �11 00 0 0 1CA = R(ẑ; 90Æ)0B� �11 0 00 0 00 0 0 1CA fR(ẑ; 90Æ)gT : (5.10)Now, sin
e any 
oordinate system is equivalent for isotropi
 matter, we may justuse the above basis transformation in order to study the 
ase ( 5.8). For thatpurpose we also transform the stress tensor ( 5.7) to the new 
oordinate system.Using furthermore the results given in table ( 5.1), one �nds:R(ẑ; 90Æ)0B� a�11 0 00 b�11 00 0 b�11 1CA fR(ẑ; 90Æ)gT = 0B� b�11 0 00 a�11 00 0 b�11 1CA : (5.11)So, we dedu
e from ( 5.10) and ( 5.11) the following elasti
ity 
onstants in thenew 
oordinate system, whi
h be
ause of isotropy are also the elasti
ity 
onstantsin the original 
oordinate system, as are shown in the table below:
ij22 i = 1 2 3j = 1 b 0 02 0 a 03 0 0 bTable 5.2: The elasti
ity 
onstants for a deformation in the y-dire
tion in an isotropi
medium.At this point it might be perfe
tly 
lear to the reader how to pro
eed for thethird dire
tion. We will now 
on
entrate on the o�-diagonal matrix elements of thestrain tensor and the stress tensor(s) indu
ed by them, or equivalently the elasti
ity
onstants de�ned by for example: tij = 
ij12�12: (5.12)110



However, before atta
king this problem, we �rst study the deformation de�nedby the following strain tensor:� = 0B� �11 0 00 ��11 00 0 0 1CA : (5.13)Sin
e the relation between the stress tensor and the two diagonal matrix elementsof the strain tensor ( 5.13) are established in the foregoing and 
olle
ted in the tables( 5.1) and ( 5.2), we 
an without diÆ
ulties 
onstru
t the indu
ed stress tensor, toobtain: t = 0B� (a� b)�11 0 00 (b� a)�11 00 0 0 1CA : (5.14)In itself the above deformation does not give any new information. But, byintrodu
ing at this stage a new 
oordinate system whi
h is obtained from the oldone by a rotation over 45Æ around the z-axis, we �nd for the rotated strain tensor( 5.13) the following:R(ẑ; 45Æ)�fR(ẑ; 45Æ)gT = 0B� 0 �11 0�11 0 00 0 0 1CA : (5.15)This represents exa
tly the type of deformation of our interest and related to theelasti
ity 
onstants de�ned in (5.12). The stress tensor whi
h is indu
ed by thisdeformation, is 
onsequently obtained by applying the same transformation as in( 5.15) to the stress tensor ( 5.14), resulting in:R(ẑ; 45Æ)tfR(ẑ; 45Æ)gT = 0B� 0 (a� b)�11 0(a� b)�11 0 00 0 0 1CA : (5.16)Again using the argument that in an isotropi
 medium one orthogonal basis is asgood as any other, we �nd the elasti
ity 
onstants 
olle
ted in the table below:
ij12 i = 1 2 3j = 1 0 a� b 02 a� b 0 03 0 0 0Table 5.3: The elasti
ity 
onstants for a shear deformation in the xy-plane in anisotropi
 medium.The remaining undetermined elasti
ity 
onstants follow either by similar argu-ments as in the above dis
ussed 
ases, or by using the symmetry relations ( 4.16)and ( 4.18), from the above tables ( 5.1), ( 5.2) and ( 5.3).We obtain the result that for isotropi
 media there are only two independentelasti
ity 
onstants, 111



for instan
e : 
1111 and 
1122: (5.17)All the others 
an be expressed in terms of those two. In parti
ular, using thetables ( 5.1), ( 5.2) and ( 5.3), one has the following identity:
1212 = 
1111 � 
1122: (5.18)Summarizing, one might express the above results in the following way:t11 = 
1111�11 + 
1122�22 + 
1122�33;t22 = 
1122�11 + 
1111�22 + 
1122�33;t33 = 
1122�11 + 
1122�22 + 
1111�33;t23 = (
1111 � 
1122)�23;t13 = (
1111 � 
1122)�13; andt12 = (
1111 � 
1122)�12:These relations are the generalization of ( 4.1) for isotropi
 matter. They 
an bewritten in a more 
ompa
t form as follows:tij = (
1111 � 
1122)�ij + 
1122(�11 + �22 + �33)Æij= (
1111 � 
1122)�ij + 
1122Tr(�)Æij : (5.19)The 
onstants de�ned by:� = 
1122; and 2� = 
1111 � 
1122; (5.20)are known as the Lame elasti
ity 
onstants. In terms of these 
onstants we mayexpress the generalized Hooke's relations for isotropi
 media ( 5.19) by:tij = 2��ij + �Tr(�)Æij : (5.21)In experiment, one has to verify whether or not a substan
e may be 
onsideredisotropi
. In that 
ase one de�nes a 
onstant as follows:
 = 
1212
111 � 
1122 : (5.22)It measures the degree of anisotropy and is therefore 
alled the anisotropi
 fa
tor.Using the identity ( 5.18) one observes that for perfe
t isotropi
 media this fa
tor isequal to one. 112



5.2 Elasti
ity 
omplian
e 
onstants for isotropi
media.In formula ( 4.38) we have de�ned the elasti
ity 
omplian
e 
onstants for the de-formation of a body as a fun
tion of the ex
erted for
es on that body, whi
h is theinverse relation of the generalized Hooke's law ( 4.36). The inverse of the relations( 5.21) for isotropi
 media 
an easily be determined. One might for instan
e writethese equations as a 6� 6 matrix relation, as follows:0BBBBBBBB� t11t22t33t23t13t12
1CCCCCCCCA = 0BBBBBBBB� 2�+ � � � 0 0 0� 2�+ � � 0 0 0� � 2�+ � 0 0 00 0 0 2� 0 00 0 0 0 2� 00 0 0 0 0 2�

1CCCCCCCCA
0BBBBBBBB� �11�22�33�23�13�12

1CCCCCCCCA :Then in order to �nd the elsti
ity 
omplian
e 
onstants, one has to determine theinverse of a 6 � 6 matrix, whi
h be
ause of its simple form redu
es to 
al
ulatingthe inverse of two 3 � 3 matri
es, one of whi
h is proportional to the unit matrix.The resulting relations 
an 
ompa
tly be denoted by:�ij = 12�(2�+ 3�)f(2�+ 3�)tij � �Tr(t)Æijg: (5.23)From this expression one might extra
t the elasti
ity 
omplian
e 
onstants �ijklas de�ned in formula ( 4.38), for isotropi
 media.Problem 25:(i) Show, by means of substitution, that formula ( 5.23) is the inverse offormula ( 5.21).(ii) Determine the elasti
ity 
omplian
e 
onstants �1111, �1122 and �1212 forisotropi
 media in terms of the Lame 
onstants � and �.
The elasti
ity 
omplian
e 
onstants play an important role in engineering. Knowl-edge of these 
onstants make it possible to determine the 
hanges in dimension ofthe various 
omponents of a 
onstru
tion due to pressure and temperature 
hanges.

113



114



Chapter 6Fluids.The di�eren
es between 
uids and solids are well known and do not have to bedis
ussed here. The similarities in their rea
tions to pressure are the subje
t of this
hapter.6.1 Hydrostati
s.In se
tion ( 4.3) we dis
ussed the equilibrium 
onditions for a solid whi
h is subje
tto stress for
es. The related formula is given in equation ( 4.31) for the for
e perunit volume in terms of the stress for
es tij and the body for
es f (b)i , i.e.:0B� �tij�xj ������(~x; t)1CA+ �(~x; t)f (b)i (~x) = 0: (6.1)Now, in a 
uid at rest the stress tensor 
an only have diagonal 
omponents, sin
ea 
uid at rest 
annot sustain shear for
es and 
onsequently the for
es on any surfa
eelement within the 
uid are always a
ting normal to the surfa
e. Moreover, be
auseof the isotropy of a 
uid, have these for
es in all dire
tions the same modulus. Thestress tensor takes thus an extremely simple form for a 
uid at rest:tij(~x; t) = 0B� �p(~x; t) 0 00 �p(~x; t) 00 0 �p(~x; t) 1CA ;or equivalently in a more 
ompa
t notation:tij(~x; t) = �p(~x; t)Æij :Inserting the above stress tensor in the equilibrium equation ( 6.1), we obtain:�frpg(~x; t) + �(~x; t)~f (b)(~x) = 0: (6.2)For most appli
ations the body for
e ~f (b) just represents the gravitational �eldnear the Earth's surfa
e. If one takes the ê3-axis along the verti
al, then the gravi-tational �eld is near the surfa
e of the Earth well approximated by:115



~f (b)(~x) = �gê3: (6.3)In the 
ase of a gas one needs a further information in order to solve equation( 6.2) for the density � and the pressure p. For an ideal gas at a 
onstant temperatureone has for example the relation:pressure � volume = 
onstant;whi
h gives the following relation for the density and the pressure of an ideal gasat 
onstant temperature: p(~x; t) = 
 �(~x; t): (6.4)The proportionality 
onstant 
 depends on the mole
ular weight and the temper-ature of the gas.Problem 26:Assuming formula ( 6.3) for the gravitational �eld, ( 6.4) for an ideal gas, then,using the equilibrium equation ( 6.2), determine the pressure of air at altitude zabove sea level, assuming moreover that the temperature of air is the same at allaltitudes.Determine a reasonable value for the proportionality 
onstant 
 in ( 6.4) in orderto �nd the pressure and the density at 10 km above the Earth's surfa
e.
The density of a liquid is for most pra
ti
al purposes 
onstant. This is 
alled thein
ompressibility property of liquids.Problem 27:Let the atmospheri
 pressure at sea level be represented by patm and the densityof sea water by �.Find an expression for the pressure in the sea at a depth d below its surfa
e.Estimate the numeri
al value of this pressure in terms of the atmospheri
 pressureat ten meters below the surfa
e of the sea.
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6.2 The 
urrent ve
tor �eld.The amount of 
uid whi
h passes at a 
ertain lo
ation ~x at a 
ertain instant of timet per unit of time and per unit area, is 
alled the 
urrent of the 
uid 
ow and isde�ned as follows: ~j(~x; t) = �(~x; t)~v(~x; t): (6.5)The pre
ise meaning of this expression will be made 
lear in the following: Letus �rst 
onsider a simple tube and a 
uid of 
onstant density �(~x; t) = �. The 
uid
ows with a 
onstant velo
ity through the tube, as indi
ated in the �gure below:
- -�~v ~v

Let the 
ross se
tion of the tube be the same everywhere and its area be indi
atedby A. At a 
ertain lo
ation of the tube, indi
ated by P in the �gure below, passesper unit of time an amount of 
uid whi
h has a volume given by:
uid whi
h passes in P = Av per unit of time; (6.6)where v, whi
h equals the modulus of ~v, represents the speed of the materialpoints of the 
uid 
ow. The derivation of formula ( 6.6) for the 
uid 
ow in thetube under 
onsideration, is shown in the �gure below:
� -- -��� area A

Dv
~v ~vP?
The volume Av of 
uid inside the domain D passes in one unit of time at thelo
ation P . The reason for this is, that the length of the domain D has the samevalue as the speed v of the 
uid. Consequently, the amount of matter (i.e. the massin the domain D) whi
h passes per unit of time at lo
ation P , is given by:mass whi
h passes in P = Av� per unit of time: (6.7)When one next 
onsiders an unit area U at lo
ation P , as is shown in the following�gure, 117



- -unit area U��	~v ~vP?
then, using the de�nition ( 6.5) for the 
urrent of the 
uid 
ow and the relation( 6.7) for the amount of matter whi
h passes at lo
ation P per unit of time, oneobtains for the amount of matter whi
h passes through the unit area U per unit oftime, the following:mass whi
h passes per unit of time through U = v� =j ~j j :The unit area U in the above �gure is perpendi
ular to the velo
ity ve
tor ~v, andhen
e to the 
urrent ve
tor ~j, whi
h leads us to the following interpretation of the
urrent ve
tor �eld:1 The ve
tor ~j(~x; t) is pointing in the same dire
tion as the velo
ity ve
tor~v(~x; t) at the position ~x and at the instant of time t.2 The modulus j ~j(~x; t) j represents the amount of matter whi
h passesthrough an area perpendi
ular to ~j(~x; t) per unit area and per unit oftime.For a surfa
e element whi
h is not perpendi
ular to the 
urrent ve
tor one might
onsider the following: In the same tube of the above example let us 
onsider twodi�erent surfa
e elements, one perpendi
ular to the 
urrent and with an area A atlo
ation P , another whi
h makes an angle � with the previous surfa
e element andhas an area B at lo
ation Q. This situation is shown below:SSSSSSSSS- -��� �area A

� area B~v ~vP? Q?
From the �gure one might 
on
lude that the relation between the areas A and Bis given by the formula: A = B 
os(�): (6.8)118



The amount of matter passing through the surfa
e element A at lo
ation P perunit of time must be equal to the amount of matter passing through the surfa
eelement B at lo
ation Q per unit of time. This observation is based on the prin
ipleof 
onservation of matter, and only valid if there are, as we assume to be the 
asehere, no sour
es or sinks in between the lo
ations P and Q.Now, let us represent the two surfa
e elements A and B by a ve
tor (as de�nedin formula 4.20). This is depi
ted below: SSSSSSSSS --~j ~j���>- ~B~A �P? Q?
In the above �gure the area A of the surfa
e element at lo
ation P is representedby the modulus of ~A and similar for B. We �nd then for the amount of matterpassing per unit of time through the surfa
e elements at P and Q respe
tively, usingthe prin
iple of 
onservation of matter and the formulas ( 6.7), ( 6.5) and ( 6.8), thefollowing: �vA = jA = ~j � ~A= �vB 
os(�) = jB 
os(�) = ~j � ~B:This way we obtain the following interpretation for the 
urrent �eld:1 The ve
tor ~j(~x; t) is pointing in the same dire
tion as the velo
ity ve
tor~v(~x; t) at the position ~x and at the instant of time t.2 Through an arbitrary surfa
e element � ~A(~x) at position ~x passes perunit of time at instant t the amount of matter given by:~j(~x; t) �� ~A(~x): (6.9)6.3 The 
ontinuity equation.In se
tion ( 1.1) we mentioned that the density �(~x; t) and the velo
ity ~v(~x; t) at a
ertain position ~x in a 
uid 
ow at a 
ertain instant of time t, are not independent.The related equation is the equation of 
ontinuity ( 1.3). In the following we dis
ussa derivation of this equation based on the 
onservation of matter.Let us 
onsider a �xed volume element V inside a 
uid 
ow. Fluid enters andleaves this volume, passing through its �xed surfa
e A. As a 
onsequen
e, theamount of 
uid whi
h is inside the volume element might vary with time. On
e the119



density �eld �(~x; t) is known as a fun
tion of 
oordinates and time, we 
an determinethe total mass inside the volume element as a fun
tion of time, as follows:MV (t) = Zvolume V dV (~x)�(~x; t): (6.10)How this quantity varies with time, is given by its derivative with respe
t to t,a

ording to:ddtMV (t) = lim�t! 0MV (t+�t)�MV (t)�t= Zvolume V dV (~x)( lim�t! 0 �(~x; t+�t)� �(~x; t)�t ) ;or 
onsequently: ddtMV (t) = Zvolume V dV (~x)0� ���t �����(~x; t)1A : (6.11)The partial derivative of the density �eld 
omes in this expression, rather than thetotal derivative, be
ause the density is a fun
tion of the four independent variablesx1, x2, x3 and t whereas the derivative of the total mass is only in the fourth variablet sin
e the other three are integrated.Through a surfa
e element � ~A(~x) of the surfa
e A of the volume element V 
owsper unit of time the amount of matter given by the expression ( 6.9). The ve
tor� ~A(~x) is supposed to point outward with respe
t to the interior of the volumeelement V. So, more a

urately, formula ( 6.9) represents the amount of matterwhi
h leaves the volume element V through the surfa
e element represented by� ~A(~x). Consequently, the total amount of matter whi
h leaves V per unit of time,is given by the integral of 
ontributions ( 6.9) over the whole surfa
e A of the volumeelement V, i.e.: JV (t) = Zsurfa
e A d ~A(~x) �~j(~x; t);whi
h, by virtue of the divergen
e theorem, alternatively 
an be expressed by:JV (t) = Zvolume V dV (~x)0� �ji�xi �����(~x; t)1A : (6.12)The amount of matter whi
h enters the volume element in a short time intervalgiven by (t; t +�t), is then equal to:��t JV (t):This must be equal to the in
rease in total mass of the volume element V withinthe same time interval, whi
h is expressed by:MV (t +�t)�MV (t) = ��t JV (t):120



In the limit of �t ! 0, one �nds then:dMV (t)dt = lim�t ! 0MV (t +�t)�MV (t)�t = �JV (t): (6.13)This formula expresses the 
onservation of matter, i.e. the in
rease of mass insidethe volume element V is equal to the amount of matter whi
h enters through itssurfa
e A. Using the equations ( 6.11) for the derivative with respe
t to time ofMV (t) and ( 6.12) for JV (t), we arrive at:Zvolume V dV (~x)8<:0� ���t �����(~x; t)1A+ 0� �ji�xi �����(~x; t)1A9=; = 0:And, sin
e the result has been obtained for an arbitrary volume element V, theintegrand must vanish, i.e.:0� ���t �����(~x; t)1A+ 0� �ji�xi �����(~x; t)1A = 0: (6.14)The above relation is known as the 
ontinuity equation for 
uids.
Problem 28:Consider for a 
ollapsing system, the following density distribution as a fun
tionof position ~x and time t:�(~x; t) = M04� �te��t j ~x jj ~x j2 , for t > 0: (6.15)The parameterM0 represents the total mass of the 
ollapsing system and �, whi
hhas the units "per unit of length and per unit of time", indi
ates the 
ollapse velo
ity.(i) Determine the total mass M(R; t) inside a sphere of radius R at instantt > 0.(ii) Determine for a �xed instant t > 0 the limit M(R!1; t).(iii) Determine for a �xed radius R > 0 the limit M(R; t!1).Noti
e that all massM0, whi
h for �xed time t is distributed over the whole spa
e,i.e. R ! 1, is inside a sphere of arbitrary radius R > 0 for t ! 1. This meansthat all mass of the 
ollapsing system is 
on
entrating in the origin.The expression ( 6.15) has the same value at all points of the surfa
e of a spherearound the origin. So, we may expe
t that the modulus of the 
urrent shows thesame phenomenon. 121



(iv) Using formula ( 6.13) determine the amount of matter whi
h passesthrough the surfa
e of a spere of radius R per unit of time.(v) Determine the 
urrent of the 
uid 
ow under 
onsideration.(vi) Verify that the 
urrent obtained in (v) and the density given in ( 6.15)satisfy the 
ontinuity equation ( 6.14).(vii) Show, using the de�nition ( 6.5) for the 
urrent of a 
uid 
ow, thatthe velo
ity �eld is given by:~v(~x; t) = �~xt :The speed of material points ex
eeds here the velo
ity of light at distan
es whi
hare given by j ~x j> 
t. Consequently, the density �eld ( 6.15) is not a realisti
representation of a 
ollapsing system.
6.4 Euler's equations for a 
uid in motion.In se
tion ( 4.3) the equilibrium 
onditions for a solid whi
h is subje
t to stressfor
es are dis
ussed. Formula ( 6.1) shows the total for
e per unit volume in termsof the stress tensor and the body for
es, whi
h in 
ase of equilibrium vanishes. Fora 
uid in motion we assume a similar expression for the for
e per unit volume withthe following interpretation: At a small amount of matter �M whi
h at instant to

upies a small domain �V of the 
uid around the position ~x, a
ts a for
e givenby: �V 8><>:0B� �tij�xj ������(~x; t)1CA+ �(~x; t)f (b)i (~x)9>=>; ;and 
onsequently this amount of matter is a

ellerated with an a

elleration givenby: �M~a(~x; t) = �V 8><>:0B� �tij�xj ������(~x; t)1CA+ �(~x; t)f (b)i (~x)9>=>; : (6.16)However, the position ve
tor of the small amount of matter �M is not a prioriknown to us as a fun
tion of time, neither its velo
ity. So, how 
an we know itsa

elleration?What we do know is the velo
ity �eld ~v(~x; t) of the 
uid 
ow. The question isthen: "How is the a

elleration of �M related to the velo
ity �eld?".Let the position of the small amount of matter under 
onsideration at a laterinstant t + �t be given by ~x + �~x. Then its velo
ity at that later instant will begiven by: 122



~v(~x +�~x; t+�t);whi
h by a Taylor expansion 
an be related to the velo
ity at the instant t,a

ording to:vi(~x+�~x; t+�t) = vi(~x; t) + 0B� �vi�xj ������(~x; t)1CA�xj + 0� �vi�t �����(~x; t)1A�t+ � � � :The a

elleration is then given by:ai(~x; t) = lim�t! 0 vi(~x +�~x; t+�t)� vi(~x; t)�t ;whi
h, by means of the above Taylor expansion, yields:ai(~x; t) = 0B� �vi�xj ������(~x; t)1CA dxjdt + 0� �vi�t �����(~x; t)1A : (6.17)This expression is just equal to the total derivative with respe
t to time t of thevelo
ity ve
tor �eld. It 
an be rewritten, using the usual de�nition of velo
ity, i.e.v = dx=dt, a

ording to:ai(~x; t) = 0B� �vi�xj ������(~x; t)1CA vj(~x; t) + 0� �vi�t �����(~x; t)1A : (6.18)In the following we will relax our notation and no longer refer to the 
oordinates(~x; t), whi
h from now on are understood impli
itly. Inserting the above formula( 6.18) for the a

elleration in expression ( 6.16), we obtain:�M 8<:vj �vi�xj + �vi�t 9=; = �V 8<:�tij�xj + �f (b)i 9=; : (6.19)Now, the relation between �M , � and �V , given by: �M = ��V , leads �nallyto the expression: �8<:vj �vi�xj + �vi�t 9=; = �tij�xj + �f (b)i : (6.20)A non-vis
ous (fri
tionless) or perfe
t 
uid does not support shear for
es. So, thestress tensor be
omes diagonal. Moreover, using the property of isotropy for a 
uid,we are led to the same form for the stress tensor as in the 
ase of a 
uid at rest, i.e.:tij = �pÆij : (6.21)Inserting this relation in equation ( 6.20), one �nds:123



�8<:vj �vi�xj + �vi�t 9=; = � �p�xi + �f (b)i : (6.22)These equations 
an be further modi�ed, but that is left as an ex
er
ise to thereader.Problem 29:Proof the following identity:vj �vi�xj = 12 ��xi fj ~v j2g � [~v � 
url(~v)℄i: (6.23)
Using the above identity, one �nds for ( 6.22) the usual expression for Euler'sequation of motion for a 
uid:�f�~v�t � ~v � 
url(~v) + 12grad(j ~v j2)g+ grad(p) = �~f (b): (6.24)This is a nonlinear equation in the velo
ity of the 
uid and hen
e in generaldiÆ
ult to solve. But in some spe
ial situations one might obtain solutions as wewill dis
uss below.6.5 Bernoulli's equation.When one puts the following 
onditions on the form of the 
uid 
ow, then oneobtains from Euler's equation the equation of Bernoulli, whi
h has been dis
ussedin se
tion ( 1.7):1. The 
ow is irrotational.The vorti
ity ~! of a 
uid 
ow is de�ned by:~! = 
url(~v) = r� ~v: (6.25)In order to interpret this quantity, let us return to a 
uid 
ow in two dimensions.For a 
ow in the (x,y)-plane the vorti
ity is in the z-dire
tion, a

ording to:~! = !ẑ , with ! = �vy�x � �vx�y : (6.26)
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Problem 30:(i) Show that for the velo
ity ve
tor �elds whi
h follow from the stream-fun
tions ( 1.7), ( 1.8) and ( 1.9), the vorti
ity vanishes.(ii) Show that in the 
ase ( 1.10) the vorti
ity is given by:!(x; y) = �2�Æ(x)Æ(y);where Æ(x) and Æ(y) represent the Dira
 delta fun
tion.The latter result 
an be obtained by integration of 
urlf~v(x; y)g over the surfa
eof a 
ir
le with arbitrary radius. This integral 
an, by means of Stoke's theorem, be
onverted into the integral of the velo
ity ve
tor �eld over the 
ir
umferen
e of the
ir
le, i.e. Zsurfa
e dxdyẑ � (r� ~v) = Z
ir
umferen
e d~s � ~v = �2�:The rest of the proof is then simple.
The 
on
lusion of the se
ond part (ii) of the above problem is, that the vorti
ity! does not vanish at the position of a vortex. If we are 
areful enough to stay awayfrom vorti
es, then the remaining part of the 
uid 
ow may still be 
onsidered tohave vanishing vorti
ity.One de�nes, in general, for a 
uid to be 
onsidered free of vorti
es, or irrotational,when: r� ~v = ~! = 0: (6.27)For an irrotational 
ow one has moreover that the velo
ity may be written as thegradient of the velo
ity potential �, i.e.:~v = grad(�) = r(�): (6.28)
Problem 31:Show that the de�nition ( 6.28) is a 
onsequen
e of the identity ( 6.27).
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2. The body for
e is 
onservative.When the body for
e is 
onservative, then we know from Newtonian me
hani
sthat a potential �eld U (b)(~x) 
an be de�ned, su
h that:~f (b) = �grad(U (b)) = �rU (b): (6.29)3. The 
uid is in
ompressible.In the 
ase of in
ompressible 
uids one has moreover that the density is 
onstantand independent of the pressure.For an in
ompressible 
uid, free of vorti
es and subje
t to a 
onservative bodyfor
e, we �nd for Euler's equation of motion ( 6.24), using the formulas ( 6.27),( 6.28) and ( 6.29), the following form:�gradf���t + 12 j ~v j2 +p�g = ��grad(U (b));or equivalently: ���t + 12 j ~v j2 +p� + U (b) = 
onstant: (6.30)4. The 
ow is steady.In 
ase that the velo
ity ve
tor �eld is independent of time (steady 
ow), one hasmoreover that the velo
ity potential � is 
onstant in time, whi
h redu
es the aboveformula to the Bernoulli equation (
ompare formula 1.40):12� j ~v j2 +p+ �U (b) = 
onstant: (6.31)This leaves us with the �nal 
on
lusion that in 
hapter 1 we studied 
uid 
owswhi
h satisfy all the above 
onditions, i.e. a perfe
t 
uid, free of vorti
es, in
om-pressible and steady, in the 
ase that moreover the body for
es 
an be ignored.
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