MECANICA QUANTICA II

Exame de recurso, Quinta-feira, 12 de Julho de 2012

1. Um pacote de ondas que representa o movimento numa dimensao de uma particula livre
de massa m é, em unidades h = ¢ = 1, dado pela seguinte expressao:

vlet) = = [ dk o) esp i (ke — (ki)

\2
1 — _
onde w(k) = % e p(k)= (%)1/4 e 2% (k k) , com « e k constantes.

a Demonstre que 9 (z,t) é solucao da equagao de Schrédinger.

¢ Demonstre que ¢(x,t =0) = (—

E de notar que

d Demonstre que

e demonstre ainda que, consequentemente,
1 =\ 2 . k32

(k= 3mt) £ (o)
kr — 5—t| oo _1 it 2 ik (2 — Lt
:el(x ) [ ke (o) ke

1/4 7 <
e Demonstre que ¢ (z,t) = % (%) / e

f  Demonstre que [¢)(x,t)]> =



Uma distribui¢cao normal com média = e desvio padrao ¢ é definida por

o\ 21

Determine a média (valor expectavel de k) e o desvio padrio (Ak) de |o(k)|* e, ainda, a
média (valor expectavel de z) e o desvio padrao (Azx) de |(x, )],

Qual o significado do resultado do produto AkAx?

Qual o significado de = — %t?

Qual o significado da expressio, obtida na alinea g, para o desvio padrao de [¢(z, t)|*?

Considere uma particula que se desloca numa dimensao (de x | —oo para x 1 +00) e cuja
funcao de onda é dada por (em unidades h = 1):

etk + Re~ ik para z <0
(x) = (1)

Ttk para z >0

Demonstre que a fungao de onda (1) é solucao da seguinte equagao de onda:

{_i dd_; +p 5(@«)} V() = Bo(x) |

(p constante) com k? = 2mE.

Mostre que para as derivadas da funcao de onda na posicao z = 0 se tem a seguinte
condicao de fronteira:

_ﬁ{<%@>mo_<%§:)>mo}+pw(o):0 |

onde $(0) = (x4 0) = ¥(x 1 0).

Utilizando as condicoes de fronteira em x = 0, mostre que os coeficientes R e T da
Equacio (1) obedecem & relacao |R|” + |T|” = 1.

E

2—2 < 1 se verifica |T]” & 2E
mp

Mostre que para me®

Um feixe de electroes choca contra uma barreira de potencial caracterizada por p =
1.0 x 1073, Cada electrao tem uma massa igual a 0.5 MeV (em unidades h = ¢ = 1) e
uma energia cinética £ = 1.0 eV.

Determine a fraccao dos electroes transmitidos pela barreira, isto €, |T|2, e a fraccao dos
electroes reflectidos pela barreira, isto é, | R|*.



Considere uma particula de massa m cujo deslocamento unidimensional é descrito pelo

seguinte Hamiltoniano:

P
H= o + %mw2:p2 . (2)

Mostre que, com a defini¢do dos operadores (em unidades i = 1)

VECL) o= E) o

o Hamiltoniano H pode ser dado por
H=w (aTa + %)

e determine os comutadores {a, aq, [H |, a] e [H , aq.

Os estados préprios normalizados do Hamiltoniano H sao designados por |n). O estado
fundamental, |0), é dado por

{mw] B
— e

7r
Determine (i) a|0), (ii) |1) = a'|0) e (iii) H|0).
Determine o valor préprio do estado |1) sob H e a normalizacao de |1).

Demonstre, para os valores expectaveis de p, que

Olpl0) =0 Olpl1) = =[5 L (o) = i/ e (1pl1) =0

Considere um estado 1(0) = \/% (10) +1]1) ) cujo desenvolvimento temporal é dado por
0(t) =) = 57 (o) +11))

Mostre que ((t) |p|¥(t)) = — % sin(wt).

Determine AzAp para o estado fundamental, |0), de H, onde Ax = /(0 |z?|0) e Ap =
(01p?]0).



Considere no espago de funcoes de trés componentes a seguinte base de nove estados
[W=1m;s=1,s,=+1), [{=1,m;s=1,5,=0) e [{ =1,m;s=1,s, = —1), respecti-
vamente dados por

YO () 0 0
0 : Y (D (7) e 0 , com m=0,+1 , (4)
0 0 Y (D (7)

onde as funcdes Y, (7) representam fungoes harmonicas esféricas.
Os operadores L,, L, e L, actuam no espaco das esféricas harménicas da seguinte forma
(Ly =L, £iL,) (h=1):

LYW = 2—mm+1) VY, e LYV =myD

Os operadores S,, S, e S, sdo respectivamente dados pelas seguintes matrizes (h = 1):

010 0 -1 0 1 0 0
1 1
010 0 1 0 00 —1

Determine a matriz que representa S2.

Utilizando Ly = L, £iL, e [L,L_| =2L,, demonstre que
DP=L+L+L2=5LyL_+L L)+ L2=L L, +L.+L2.

Demonstre que L_L, Y, = (2 —m(m +1)) YV =2~ L2~ L)Y,

Determine os valores préprios de L2, L., S? e S, de cada um dos nove estados da base
referida na Equacao (4).

Estes estados formam uma base ortonormal do espaco {s = 1} ® {¢ = 1}. Temos, por
exemplo:

vy
ls=1,s,=4+1)@[(=1,m=+1) = 0 :
0
ou simplesmente
v
|so) @ |m=1L) =[+1) @ [+1) =] 0
0

Determine relagoes semelhantes para os outros oito estados.



5. Uma outra base ortonormal do espago {s = 1} ® {¢ = 1}, considerado no exercicio 4, é
dada por:

1 1y-(1)
y ars 5Y-1 0 0
1 2y,(1) 1)
O ) \/%Yil) ) \/;YE) I \/7Y I 0 I
1) (1)
0 0 \/%YSI) \/gYO( 4

1 1) (1)
ok RE 0 Virs

1 (1

S 0 , 1y e | =/
1y (1) 1y(1) 1

_\/EYH —\/;YO \/%Yil)

Os operadores J=L+S representam neste espaco rotacoes das coordenadas 7.
a Utilizando os resultados das alineas (4b) e (4c), demonstre que

44 2L, 2L_ 0
J2 =1 V2L, 4 V2L_
0 V2L, 4-2L,

b  Determine os valores préprios de J? e J, de cada um dos nove estados da nova base.

¢ Verifica-se que podemos dividir o espago {s = 1} ® {¢ = 1} em trés subespagos: {j = 2}
de cinco dimensodes, {j = 1} de trés dimensoes e {j = 0} de uma dimensao. Os estados
destes tltimos espagos sao designados por |7, j,). Temos, por exemplo:

v
12,4+2) = 0 =ls,=4+1)® |, =m=+1) .
0

Determine relagoes semelhantes para os outros oito estados da nova base.



d Os coeficientes das relagoes mencionadas na alinea ¢ chamam-se coeficientes de Clebsch-
Gordan (CCG) e sao designados por:

(s
eZ SZ jZ .
Da relagao dada na alinea (c) determina-se por exemplo:
1 2y ]
+1 41 +2 )
Determine os outros CCG das relagoes entre as bases dos subespagos {j = 2}, {j =1} e
{j =0} e a base do espago {s =1} ® {¢ = 1} do exercicio 4.



Solutions



Exercicio 1

a. The Schrodinger equation for a free particle is, in units A = ¢ = 1, given by

QW t) 1 P
! ot  2m 022

Now,

1 OPP(x,t) 1 0% 1 = i (kx — w(k)t) _
T e vl IR WL -

:% /de () (_ﬁ%) Ji (kx — w(k)t) :\/%_ﬂ /de w(kj)ﬁkzei(kx—w(k)ﬁ

— \/% | di plpk)e’ (e = @ (B)0)

and
OY(x,t) 9 1 e i (kx — w(k)t)
= dk o(k =
ot i ar | Ak elke
_ 1 /°° die (k)i et (ke —w®)t) L [ g pyhyel (ke — w(k))
\/27‘(’ —00 875 27T —00
1L Py(at)
2m 022
b.
1 - qr\? - x?
—§a<k—k—5) ik — o =
PV I x—2+ K+ ok — ok ik i
—2a 2a 2aa2a aaaazx 2a
I U _ ir 1 N2
= —5ak’® — sk +akk+akg_—§a(k—k) + ikx
C.

Wzt =0) = /OO KL L . /°° _dk_ (2)1/4 —ta(k=k) ik

—00 \/27T —00 \/271’ ™
_ .2 — 2
_ o~ dk <g)1/4 6-%& (k—k—%) +zk:x—%—a
—00 \/27‘(‘ T

1/4 -7, _fL'_2 0 _1 _7_i_SL’ 2
_ L(g) Jkx Qa/ dk e 20‘(k k oz)

2r \T



2
() ek [
2 \T a
1/4 2
_ (i) e_%% ezk:p
T
d.
- k2 k . 1 N2 _
(k—k):c—{%Jrg(k—k)jL%(k—k) }t+/<;:c:
_ 1.2 1. 1.2 2 ]%2 kl_€ _ kQ
ke KR R R R R ke -
2m m m 2m 2m m 2m
Hence,

—%a (k—k)2+i<kx—%t> =
o Dy -y i (- B) (x—%t>+i<kx—%t>

Furthermore, by changing the integration variable from k to k — k, hence dk to dk, we obtain

1 —\ 2 . k32

I[O dke—%(a+%) (k—F) +i(k—F) (x—%t)ﬂ(/%x—%)

vt = [ el (ko= dmt) _



— 7.2 7.
B ei (kx — Qk—mt) oo dk (_)1/4 e—— (a + ) k* + ik ( %t)
—00 \/27‘(‘ T

We define = a + %

=) g o)
' n —00 2T B

<—)1/4 (e - 4at) / i ik (x =)

: %<;>”4s<kw—f—fn>e <—%t>2
f.
l’—kt 2 x—Et i
e, ) = bl ) (a, 1) 615* (ﬂ)”e‘l( 5m) e‘%( 51”) _
B % 5 e W) $m#ﬂ2l:t2) S (o k)

N2
g. |<p(/<;)\2 = \/g e @ <k B k) . Hence, the mean or expectation value of k equals k, whereas the

standard deviation for this distribution of k values is given by Ak = 1/%

The expression for |¢(z,t)|* has been obtained in line f. We read from that expression ﬁt for the

expectation value of z, whereas the standard deviation for this distribution of x values is given by

Ar — a’m? +t2
2am?

_ /1 [aPm? 4t +t2_ /
h. AkAz = 5 pam? = 1+ am

For t = 0 we find AkAxz = 4, which is the minimum possible value for AkAz. However, when the
time ¢ increases AkAx also increases. The reason is that the spreading (standard deviation), or the

uncertainty in the particle’s location, Az = 4/ %, of the distribution |¢(x,t)|* increases

with time.

i. The particle has a velocity given by v = % Hence the peak value for its location, which is

10



0

indicated by e", occurs for x = vt = %t. The probability distribution is thus around x — %t.

j- The spreading (standard deviation) of the probability distribution, or the uncertainty in the
2,2 42
particle’s location, is given by Ax = 1/%. It increases with time. Hence, the particle’s

location becomes more uncertain with time.

11



Exercicio 2

a.
2 . .
22 —ﬁ% (e“m + Re_lkw) for x <0
{-gngatoiofv@ =
%?Telkx for = >0
2
ka (eka + Re_mx) for <0
k;,LTeikx for >0
FE (eﬂm + Re_ﬂm) for <0
= . = Ey(x)
ETeZk"E for >0
b.

= - dx { Ld%(x)} + +€ dx p é(z)(x) = +€ dx Ey(x)

—£ 2m CIZSL’2 —€ —€

( LM)x:+€_< LM>x:_€+p¢(x:0): " de By(a)

om  dx om  dx

Taking, next, the limit € | 0, we obtain:

| (db(a) 1 (d(a) )
_%< dx >x¢0+%< dx ):L’T0+pw(0)_0 .

P(@10)=14+R and YP(zl0)=T .

Hence,
P(0)=Y(x10)=9¢(x]0) < 14+R=T .
1 [dy(x) ik 1 (dy(x) ik
%( dx >:1:TO_%<1_R) and _%< dx >x¢0_ ZmT '
Hence,

_1 (‘Wﬂf)) L L (mp@)) b =0 = Ty g pyy,r=0
210 210 2

2m dx 2m dx m 2m
ik ik k 2mE
P T 4 pT =0 = T=—— =
2m 2m k4 imp 9mE + imp

12



2mkE —imp

rR=T-1=————-1=———
V2mE +imp V2mE +imp
For the transmission probability |7 we obtain
L L k2 2mE E

IT)? =TT = : = = =
k+imp k—imp 24 m20?  2mE +m2p? E—l—%mpZ

whereas, for the reflection probabiblity |R|* we find

PR VR R o N
k+tmp k —imp K24 m2p0?  2mE + m2p? E—l—%me
Consequently,
1, 9 1,2
REpTp= 2 B Al
E+ %me E+ %me E+ %me
d. For 2—2 < 1 one has
mp
2F
TP = mp_ 20
N N 2F 2
Bt ymp? 14l
and L
mEPo_Z Ly 2F
E+imp* 1+ 731—% mp?
e. We determine
2B 2 % (1.0 V) B
mp* (0.5 x 105 eV) x (1.0 x 1073)°
This result does not satisfy 7’21—52 < 1. Hence, we have to use the full expression for |T|*:
ZE2 A
TP =-"1C__ — =0.8
mp?

Furthermore,
R =1—-|T’=1-08=02

80% of the beam is transmitted, 20% of the beam is reflected.

13



Exercicio 3

a. We start with, remember [z | p|] = 1,

2m
and
aa’ = @(l’—i-li) %(x—ii):
2 mw 2 mw
mw 2 1 ° mw [ P>
:7<‘C—Zm—[x’p”mzw2>:—(”f+m+mzw2
L(p 1 5, v H P
:;<%+§mfﬂ$ +§:Z+5 — H:w<aa—§)
We find then
H H
o] =t —ota= 3= (5 1) -
w w

Also using the latter result, we obtain
[H , a :Ha—aH:w(aTaa—aaTa) :w[aT, a}a:—wa
and
[H, a)=Ha' —d'H=w (aTaaT — aTaTa) = wa' [a , aq = wa'

b. We determine

mw {mw]l/‘l N 1 d\ —imwa?
pr— _— _— x RS
2 s mw dx
1/4 1 1 2
— {%] (a: + — (—mwx)) e 2T
2 m mw

and



mw [mw]/4 1 —Imwz
=\/— [—} (x - — (—mw:p)) e
2 T mw

mw [mw] V4 —Imwa?
— e

= 2z —
2

™

The eigenvalue of |0) for H is obtained from
_ T 1 _ 1 1 o 1 1
fﬂm_w(aa+ﬁﬁn_w<a@m+5m>_w<o+ﬂm)_§Mm

Hence, the eigenvalue of |0) for H equals 4w.
c. The eigenvalue of |1) = a'|0) for H is obtained from

H|1) = Ha'|0) = w (aTa + %) a'l0) = w (CLTGCL”O) + %aT\0>) =

=w (aT ({a : aq + aTa) |0) + %a”O)) =w (aT (1 + aTa) 0) + %a”()})

:w<aqm+0)+;ﬂm):gaﬂm

Hence, the eigenvalue of af|0) for H equals 3w.

The normalisation of a'|0) is determined by

ymwf:<@memm>:
= {0eal|0) = (012 +4{0) = (04 + 40) = 00} =1
Hence, a'|0) is normalised.

d. We first determine

Using this result, we find
(vemember H[0) = 4w|0) and (0[H = (£10))" = (|0))' = (310))" = 3w(0] ):

(01p] 0) = (0] =iy/Z5 (a = a')[ 0) = —iy/5=(0] (a = a') [ 0) =
= i/ (01 al0)} ~ ((a0))' 0)) = i/ ™ 0~y =0

15



and

=iy (ol (& + )]0)~ (0] +) 1)
= —iy/ 52 (01al0) = (0ol 0)) = —iy/ =2 0 - 0) =0 .

e. For the time development of the state we have

0(0) = [T (0)+ ) = [3 (730 + T2

Hence, the time development of the expation value for p reads

(¥(t) Ipl¥(t) =
:\/g ( iz wt<0‘+622wt<1|) p\/g (e 22wt‘0>+€—i%wt‘1>)
= 1{(01pl0) + 70 [p| 1) + (1 [p| 0) + (1]p| 1)}
= %{0+e‘m (—z\/?) 4Tt ( \/7) +0}
= %% (e+th — e_Wt) = —\/? sin(wt) .

f. We first determine

1 1 mw P mw . D
) — / S i) ) =1 —
vV 2mw (a+a ) 2mw ( 2 (:E+me) + 2 (x ZmW)) 2 (o) =z,

16




x? = (a + aT)Q = 2n11w (aa + aal + ala + aTaT)

and (see paragraph d)
2
p2 = —% (a - aT) = —% (aa —aa' —a'a + aTaT) .
Using those results, we find (remember H|0) = $w|0))
(0]2%]0) =

= <O ‘% (aa +aal + a'a + aTaT)‘ 0>

(0]aal 0) + <0 (aaT + aTa‘ O> + <O ‘aTaT‘ O>)

2mw(
1 1
:m(0+<0\2%\0>+0) =5
and
(0]p?*10) =
= <O —T—HQQ (aa —aat —afa + aTaT)‘ O>
- _% ((0 laa) 0) — <O ‘aaT + aTa‘ 0> + <0 ‘a*aw O>)
-7 (0 (o) +0) =72
Hence,

AzAp = (0122 0) /(O [p?0) = § .

17



Exercicio 4

and

Hence,

01 0\° 101 0 -1 0\~ 1 0 —1
1 1
Lo 1| =51020|,8=-5|10 1] =50 20
010 101 0 1 0 -1 0 1
10 0\’ 100
S2=100 0 =1 000
00 —1 00 1
2.0 0

SP=4+2+52=02 0 |=21=s(s+1)1 with s=1
00 2

b. Using L, = 5 (Ly + L_) and L, = 5- (L — L_), we obtain

L’ = L2+ L+ L= {% (Ly+ L)}2 + {QL (Ly — L)}2 + L2
_ {% (L 4+ Lol +L L+ LZ_)} + {—i (L~ Lyl —L L.+ L%)} .
= $(LyL_+L L)+ L2=35(LyL_—L Ly +2L L.)+L?
= $(2L,+2L_Ly)+L2=L,+L L, +L?.
C.
LLYY = Lo (L.yP)=L. ( 2 —m(m+1) Y,ﬂl)

= 2-m(m+1) LY,

= V2-mm+1)\2—m+Dm+1-1) v,

= 2-mm+1) VP =2-m*-m) v,V =(2-L2- L) v,V .

m

As a consequence, one has

Y = (L.Ly+ L.+ L2) Y

= (2-L2- L.+ L+ L)YV =2y =0+ )Y with (=1 .

18



c. At the 3 x 3 basis L? = L?1. Hence,

YD L*y () 2y, (1) YD
L)1 o |= 0 = 0 =2 0
0 0 0 0

and similar for the other six states.
Furthermore for L, = L,1:

Y L.y, my,) Y
L1 0 = 0 = 0 =m 0
0 0 0 0

and similar for the other six states.
For S%? = 21 one has

y (@) Yn(ll)
P11 0 [=2( o0
0 0
and similar for the other six states.
Furthermore, for S, we have
Y 10 0\ /Y v v
S, 0 =100 O 0 = 0 =+1 0 )
0 00 —1 0 0 0
0 10 0 0 0 0
S,y =100 0 vy =10 ]|=0[ YD
0 00 —1 0 0 0
and
0 1 0 0 0 0 0
S, 0 =100 O 0 = 0 =-1 0
Y (1 00 —1 YD Y, YD

d. Using the results of (c), with L? = ¢({ + 1) = 2, hence £ = 1 and S? = s(s + 1) = 2, hence
s = 1, we obtain

19



basis ‘ S, ‘ state
m=+1|]s=Ls.=4+)@[{=1,m=+1) = [+1) @ |+1)
Y/ (D
0 1 m=0||ls=1s,=+1)@{=1,m=0) =|+1) ®|0)
0
m=—1|ls=1Ls.,=+)@l=1,m=—-1)=|+1)®|-1)
m=4+1|]s=1,5.,=0)@{=1,m=+1)=10) ® |+1)
0
Yo ol m=0]ls=1s=0)®(=1m=0)=]0)x]0)
0
m=-1|ls=1Ls,=0@[=1m=-1)=[0)®|-1)
m=+1]]s=1s =-1)®0=Lm=+1) = |-1) ® |+1)
0
YD
m=—1||s=1s,=-1)@=1,m=-1)=|-1)®|-1)

20



Exercicio 5

a. The operators Jy and J, are represented by

Ly V2 0
J+:L+1+S+:L+1+Sm+'lsy: 0 L+ \/5 5

0 0 L,
L. 0 0

J =L 1+S =L 1+8,-iS,=| V2 L 0
0 V2 L_

L.,+1 0 0

and

J,=L1+5,= 0 L, 0
0 0 L.—1

Using the results of exercises (4a e b) one has for J? the following result:

J=J Je+ o+ T =

L. 0 0 Ly V2 0 L.+1 0 0 L.+1 0 0
=l V2 L. 0 0 Ly V2 |+ 0 L. O + 0O L. O
0 2 L_ 0 0 L, 0 0 L.—1 0 0 L,—1
L_L, +2L_ 0
=| V2L, 24+ L. L, V2L +
0 V2L, 2+ L_L,
L.+1 0 0 L?4+2L.+1 0 0
+ 0o L. 0 + 0 L? 0
0 0 L,—1 0 0 L?—2L.+1
L L, +L?+3L,+2 V2L 0
= V2L, L Ly +L?+L,+2 V2L_
0 V2L, L Ly+I?—L,+2
44 2L, 2L_ 0
=| V2L, 4 V2L

0 V2L, 4-2L,

21



We must remember:
Ly =0, LV =+v2v{) and LYY =vayg!

and
LYY =vay? | LyfV =v2y®W and L_y%W =0 .

We study next each of the nine states of the new basis.

YW 442L. V2L 0 y W (4 +2L.)Y Y 6y Y
221 o =| voL, 4 V2L 0 = VLYW — 0
0 0 V2L, 4—2L, 0 0 0
Hence,
v i i
jG+D | o =J*l 0 |=6| o0 = j=
0 0 0
Furthermore,
vy L.+1 0 0 vy (L. + 1YY 2y}
L1 0 = 0 L, 0 0 = 0 = 0
0 0 0 L.—1 0 0 0
Hence,
AN SRR
J:| 0 =J.| 0 =2 0 = g, =+2.
0 0 0
Conclusion:
v
+1
J=24.=42=| 0 |=ls.=+D)@|m=+1).
0
Next, we study two states at once:
ayy a(4+2L.) Yy +0v2L YY) (4a + 20)Yy Y
T ey | = av2L, YV + apy’ ) = | (2a+ 1)y
0 bv2L, Y} 0
and
CLYE)(l) CL(LZ + 1)}/0(1) CLYE)(I)
Loyl | = LYY =| ) | = .=+
0 0 0

22



a)/o(l) 6(1)/0(1) aYE](l)
J? anl) = 6aYJ£11) =6 anl) = Jj=2.
0 0 0

Conclusion:

i=2i=+1)=| iy | = fls=+D@m=0+ [{s=0)&m=1+1).

0
2. For b= —a = —/1 we find
aYO(l) 2ayo(1) ayo(l)
J? —aYJfll) = —2aYJE11) =2 —aYJfll) — Jj=1
0 0 0

Conclusion:

(1)
Vi
F=1i=40=| —/Iv) | = il =+)®m=0 - [is =0 ®m=+1).
0

Next, we study three states at once:

ay a(d+2L)YY + bv2L_v Y (2a + 20) YW
T | = av2L Y + a0y + 2L Y | = | (204 4b + 20) vV
cyW 2L, YV + c(4 —2L.)YH) (2b + 2¢)Y Y
and
ayV a(L, + l)Y,(ll) 0
L M | = LYV =l 0| = j=0.
vy a(L, —1)YY 0

1. Forc:a:\/%andb:%:\/gweﬁnd

aY,(ll) 6aY,(11) aY,(ll)
T 2av | =] 127 [ =6] 2avV | = j=2.
aYJfll) 6aYJ£11) aYﬁ)
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Conclusion:
1y
j=20=0=| 2" | =
s
:\/g|sz:+1>®|m:— \/7|3Z—0 ) ®|m =0)+ \/7|sz— ) ®|m = +1) .

2. Forc:—a:—\/gandb:OWeﬁnd

aY,(ll) 2aY,(11) aY,(ll)
J? 0 = 0 =2 0 — j=1.
—an) —2anE11) —an)
Conclusion:
ly®)
J=17.=0)= 0 =

e

1
:¢;@:+D®hn— 1) 4 0ls. = 0) @ [m = 0) — J}k_ ) ® [m = +1) .

3. Forc=a = éandb:—a:— éweﬁnd
aY_(ll) 0 aY_(ll)
Pl —avy® | =0 |=0] ey’ | = =0
a ) o v
Conclusion:
1
1y

=0J.=0)=| —/zv" | =
1
i
:\/§|5Z:+1)®\m:— \[\52—0 ) ®|m = 0) + \[\Sz— ) ® |m=+1) .
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Next, we study two states at once:

0 2L Y 0
22 ey® | = 4y Y+ ev2r yW = | b+20YY
cy 2L YW + (4 —2L,)YW (2b + 4c) YV
and
0 0 0 0
g oy | = bL, Y | =y | == W% | = j=-1.
ey (L. — )Y ey ® ey )

1. Forc:b:\/gweﬁnd

0 0 0
J2 | sy by ) | =6| ) | = j=2
by 6by. by
Conclusion:
0
=24 =—1) = | /3¥"

Vin

2. Forc=—-b= —\/gwe find

W ) :\/g‘szz(])@‘m:—l)—i-\/;Sz:_1>®|m:0>'
iy

0 0
2w =] vy | =2| — j=1.
_bY‘O(l) _QbY'O(l) _be(l)

Conclusion:
0

j=1g=-n=| VY |=\s=0@m=-1)-[s=-)om=0.
1
—\/;Yo)

Finally, we are left with one more state.

0 0 0 0
2 0 [= v2Ly®W |[=| o |=6| 0 — j=2.
v (4—2L,)YY 6y v
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Furthermore,

0 0 0
J. 0 = 0 S 0 — j,=-2
e (L. — 1YY vy
Conclusion:
0
j=2j=-2=| 0 |=|s.=-Nem=-1)
v

c. We found (|7,7.) and |s,) ® |(,)):

1. Five states with 7 = 2:

12,42) = [+1)®|+1)

241) = D ®10) + 20 @)

12,0) = \/;H)@'_lH\E'O>®|O>+\/g|_l>®|ﬂ>
2-1) = [oyel-1)+ /-1 )

2,-2) = |-hHel-1)

2. Three states with j = 1:

L+1) = |20 ®10) - /210) ® [+1)

1L0) =\l ®l-1) +00) ©10) - /21-1) @ [+1)

oo @l-1) - 1-1) e o

‘17_1>

3. One state with j = 0:

0,00 = el - e+ -y el
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d. From the solutions of (c) we read the Clebsch-Gordan coefficients:

¢t s 3
EZ SZ jZ .

‘ s, =+1 ‘ s, =10 s, =—1

=49 Lobo2)y

2= 41 41 42 )

. 112\

2= +1 0 41 )
, 1 12

jZZO =
41 -1 0

1 1 2 11 2

J (()—1 —1) Vi (—10—1

o 11 .
2= 1 -1 =2 )

=S
N
(eI
+
o —_ =
O[\D+
~_ — = N
Il
w N
N | —
/N
|
—_ =
+
—_ =
o N

N[

111 111
= +1 =,/1
Je = (+10+1> Vs (0 41 +1>
L, 11y 5 111
2= 41 -1 0 ) Ve 00 0
. 111
J2 = 0 -1 -1

I
o
7N

|
—_ =
+
—_ =
S =
~—
I
I
[

Il
N[
VR

|
—_ =
O =
|
—_ =
~__—
Il
|
S

j=0

i =0 110 _ 5 L10Y_ g 110 _ g

? +1 =1 0 3 00 0 3 -1 +1 0 3
See also

http://en.wikipedia.org/wiki/Table_of_Clebsch-Gordan_coefficients#j1.3D1.2C_j2.3D1
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