MECANICA QUANTICA II

Exame Normal, Segunda-feira, 3 de Junho de 2013

Seja a dinamica de um pacote de ondas numa dimensao e em unidades h =
¢ = 1 dada pela seguinte equacao de Schrodinger

0 1 0

No instante ¢ = 0 a funcao de onda que representa uma particula em repouso
2
é dada por ¥(z,0) = Ne .

Determine a constante da normalizacao N .

No instante genérico ¢ a funcao de onda é dada por

Y(x,t) = Nexp {a(t) — B(t)a?}

Determine a(t) e B(t).

Nota que % = —cf? para f(t) = (1 +ct)" "

Determine a probabilidade, P(z,t), para encontrar a particula na posigao x
no instante t.

Seja a incerteza, Ax, na posi¢ao da particula dada por

Xz

o, 2 ()
Ax271

P(x,t) =

Determine Az para a fungao de onda obtida na alinea (b).



Seja o cotangente do desvio de fase, do(FE), numa experiéncia de dispersao
esférico simétrico em onda S e em unidades h = ¢ = 1 dado por

2ka (EO — E)
cotg ((E)) = —cotg(ka) + V"B )
N pasin®(ka)

onde FE representa a energia cinética relativa entre o projéctil e o alvo, u a
massa reduzida do sistema projéctil-alvo, A\ e a respectivamente a intensidade
e a distancia média da interaccao entre o projéctil e o alvo e onde k£ é dado
por k% = 2uE.

Mostre que o limite A — oo representa o caso de dispersao em onda S (¢ = 0)
contra uma esfera impenetravel de raio a.

A fungao de dispersao So(FE) e a amplitude de dispersao Ty(E) sao respectiva-
mente dadas por

So(E) = e2100(E) o S)(B) =1+ 2Ty(E)

Mostre que Ty(E) = 1/ (cotg (0o(E)) — 7).

Mostre que o caso cotg (0o(E)) = i, portanto To(E) — oo, resulta na seguinte
equacao

E=FE,— %)\2% {sin(ka) cos(ka) + i sin2(/<;a)}

Para os casos de A\ < 1 podemos aproximar a solucao desta equacao, desig-
nada pelo pélo de Ty, por

Epglo = Eo — %)\Zﬂ {sin(koa) cos(koa) +z’sin2(k0a)} onde ko =/2ukEy

ko

A parte real, ER, e a parte imaginaria, —3I's, do pdlo de T sdo respectiva-
mente dadas por

Er~ Ey — %)\Qkﬂ sin(koa) cos(kpa) e Tr=~ )\2]% sin?(koa)
0 0

Substituindo apenas k por kg na equacao (1), mostre que

Er—F
cotg (6o(F)) ~ }EF
3l R

e faca um esquema de |Ty(E)[*, para o caso Ey = 0.8 GeV, pu = 0.14 GeV,
a=25GeV~te)X=0.5 no qual Ey, Er e 'y sao indicados.



Considere a barreira de potencial numa dimensao da seguinte forma (V5 > 0):

0 para z<0
V(z) = Vo para 0<xz<a
0 para z>a

Pretendemos estudar uma onda que vem de x = —oo e que se desloca no
sentido positivo. A onda é suposta ser reflectida em parte (em x = 0) e
na outra parte ser transmitida (em x = a) pela barreira de potencial. Esta
situacao é representada por uma funcao de onda para

n2k2 n2k?
pu— :V
2m o+ 2m

E >Vo

dada por (A e B constantes)

R0t 4 o= R0T  hara 2 < 0

Y(z) = Aethi | pe—ikiz para 0<z<a

tetho para z>a

onde r representa o coeficiente de reflexao e t o coeficiente de transmissao.
Mostre que 1 (x) é solucao da equagao de Schrodinger e ainda que
(k2 — k) sin (k)

r= ,

(k2 + k%) sin (kya) + 2ikok; cos (kia)

2koky {sin (koa) + i cos (koa)}
t pu—

(k% + k2) sin (kia) + 2ikok; cos (kia)

A intensidade relativa 7' do sinal transmitido é igual ao quadrado do mdédulo
da coeficiente de transmissao t. Mostre que

1

V2
_____'0
1E(E - V)

T(E>Vy>0) = e TH+R=tf+r =1

1+ sin? (kya)

O caso 0 < E < Vj obtém-se da alinea a através da substituicao ki — ik;.
Mostre que

TO< E<Vy) =

2
1+ Ve ) sinh? (k,a)

0
1E(Vo— E



Considere a seguinte representacao dos operadores J,, J, e J.:

0110 0 —i —i 0 10
11001 1l io0 0 =i loo
di)=511 90 1| =3, o o | dW=(¢ g
01 1 0 0 = 7 0 0 0

Determine os seguintes comutadores

[d(Je) , d(Jy)], [d(Jy) , d(T)] e [d(J:) , d(J.)]

Determine J2 = d (J,)* +d (J,)* + d (J.)
Determine os valores préprios e os estados préprios de J2.

Determine os valores préprios de d(.J.) dos estados préprios da alinea (c) e
tira uma conclusao do resultado.

o O o o

o o O



Solutions



Exercicio 1

a.

+oo +o0
1 = / dz |1 (z, 0)° = |N]? / dr e 20" = N \/g
Consequently, V| = [%}1/4.

b. From the Schrédinger equation we obtain

da df _ , 1 02 1 B2
{E_dt }/\/a pa? _Zaﬂj(%t):—ﬁ@@b(%t):—5{—25+452$2}N6a fa

We end up with the following differential equations:
do dﬁ

= d = 232
z =0 an n Io]
We experiment for § with §(t) = (1 +ct)~! to find
d
id—f = —ic(1 +ct)? = —ich?

Hence, with ¢ = 2i we obtain z% = 232, whereas the expression 3(t) = (1 + 2it)~! also satisfies
the boundary condition (¢t = 0) = 1.
For a(t) we obtain then

0%
— = (14 2it)™"
i (1 + 2it)

which is solved by
a(t) = —1log(1 + 2it)
which, moreover, satisfies the boundary condition «a(t = 0) = 0.
For the wave function we find thus
—3log(1+2it) — (1+2it) a2 Ne—(1+2i)"1a”
V1 2it

c. For the probability, P(z,t), to find the particle at position z at the instant ¢, we obtain
P(a,t) = [p(z,t)]* = " (z, ) (a, 1) =

P(z,t) = Ne

Noe—(1=2it) a2 \ro—(1+2it) a2 |N2e—2(L+402) "2 5 —2(1+487) 22

V1—2it Vv 1+ 2it V142 NV

d. When we compare the expression of alinea (c) with the general expression given by

(&)
Az 27

l\DI»—A

P(x,t) =

we obtain
Az = 1V1 + 412

Note that Az increases with time.



Exercicio 2

a. Let us first recall that the radial part of the Schrodinger equation is given by (h = ¢ = 1)

{ 1 Lj_;_f(ijl)%v(r)}w(r) = Bulr) = 5 ul)

24

For ¢ = 0 this equation reduces to

(o VO ) = Bulr) = 4l

The projectile cannot reach distances smaller than the radius a of the sphere. Consequently, one
has the condition ug(r) = 0 for r < a and thus ug(a) = 0. For r > a the potential V'(r) vanishes.
Hence, for r > a the Schrodinger equation reduces to

1 d?ug(r) k?
o Pl =g )

which is solved by
uo(r) =sin(kr)  or  wy(r) = cos(kr)
Consequently, a general solution for the wave function is given by (A and B constants)

B
VAT B

uo(r) = Asin(kr) + Bcos(kr) = VA% + B? { sin(kr) + cos(kr)}

Noeew:s
= VA?+ B%sin (kr + 0o (E))
with cos (6g(F)) = A/V A%+ B? and sin (6g(E)) = B/V A2 + B2

From the boundary condition ug(a) = 0 we obtain
0 = up(a) = VA2 + B2sin (ka + 6o(E)) =
= VA2 + B2 {cos (8y(E)) sin(ka) + sin (5o(E)) cos(ka)}
Hence,
cotg (0o(E)) = —cotg(ka)

which is the limit of equation (1) for A — oc.

b.
S 9i0—19(E)
_sin(do(E)) sin (6o(E)) B 1

= 100(E)  cos (0p(E)) —isin (6(E))  cotg (6o(E)) — i



2ka (EQ — E)
i = cotg (0p(F)) = —cotg(ka) + ——————
N pasin?(ka)

< iXpasin®(ka) + N pasin(ka) cos(ka) = 2ka (Ey — E)

g ek A2l o
— E—E=)\ ko sin(ka) cos(ka) + i\ ohg S (ka)

— FE=EF;— %)\2% {sin(ka) cos(ka) + i sinz(ka)}

2k (Eo — E)
cotg (0o(E)) = —cotg(koa) + =
N2 pa sin? (koa)

—A?pia cos(koa) sin(koa) + 2koa (Ey — E)

N pa sin®(koa)

Ey — %)\27{% cos(koa)sin(koa) — £ g, [

%)\Qkﬁo sin?(koa) LR

' ' T
0.7 0.9
EO E(GeV)

ko = \/2uEy = 0.473 GeV, koa = 1.183, sin(koa) = 0.926, cos(koa) = 0.378,

Er=FEy— %)\Qkﬂ cos(koa) sin(koa) = 0.787 GeV
0

Tg = AQkﬂ sin?(koa) = 0.063 GeV
0



Exercicio 3

a. The Schrodinger equation in one-dimension reads
0 (z<0)
n d?
—Q—d—f+ Voo (0<z<a) p¢p=Ey

mar 0 (z>a)
which can be casted in the form

th = —2m(E—-Vy) (0<z<a) o

* —2mE (x> a)

Solutions for d?i/dx? = —2mE+ are given by 1 = exp(ikox) with h*k} = 2mE, whereas
solutions for d?y/dx® = —2m(E — Vy)y are given by v = exp(+ik,z) with h*k? = 2m(E — Vj).
Linear combinations are also solutions of the Schrédinger equation.

From the boundary conditions at x = 0 we find

L+r=9@10) = Y@ 0)=A+B

dzx ] 210
whereas, from the boundary conditions at z = a, we find

Aetk10 4 pe—ikia _ Y(xta) = YPxla)= tetkoa

iky <Aeik1a - Be_ikla) _ | _ | = ik:oteikoa
dx ot dx vla
From those equations we deduce

ko

24 = (1+7r)+—(1-r)
Ky
ko

2B = (14+r)——(1—=r)
ki

Hence



from the latter relations we obtain

(k1 + ko) + (k1 — ko) (1+7)+ 2—2(1 —7) (1 + i—g) eTRI (k) 4 k) e~ iR10
(k= ko) + (ky + ko) 7 (1+7) = J2(1—1) (1—%1) cikna

which is equivalent to

(k?l — k?o) eikla

(k% _ /{ZS) (ez’kla _ e—ikla) _ {(lﬁ . ko)Q e—z’kla — (ks — ko)Z ez’kla} ,

Now,
(ki + ko) e R10 () — k) eP1 =

— (kf + kg) (e_ikla — eikla) + 2k1ko (e_ikla + eikla)

= — (K + k2) 2isin(kya) + 4k ko cos(kya)
Hence,

(k% — k2) 2isin(kya)
D (k3 + k2) 2i sin(kya) + 4ky ko cos(kya)
or
(k2 — k) sin(kya)
r o=

(k% + k2) sin(kia) + 21k, ko cos(kya)

Furthermore, for ¢, we have

(1+r)+@(1—r): 1+@ tet(ko — k1)a
kl kl

< (/{71 + /{70) -+ (/{71 — /{Zo) r = (kl -+ ko) t€i<k0 B kl)a

— t= (1 4z kor) ¢~ ik — k1)a

k1 + ko
Hence, by substitution of r, we find
— (k’l — k’o)Q sin(kla)
t=11+
(

k3 + k2) sin(kia) + 2iky ko cos(kia)

) e—i(k’o — k:l)a —

((k:f + k2) sin(kya) 4 2iky ko cos(kia) — (ky — ko)? sin(kya)

(k3 + k2) sin(k1a) + 2iky ko cos(kra)

10

) e—i(kﬁo — kl)a



2ik1ko cos(kia) + 2k1ko sin(kia)
—i(ko — k1)a
(

k3 + k2)sin(kya) + 2iki ko cos(kia)

Qiklkoe_ikla ) ]{}0 _ ]{11

((k:f + k2) sin(kya) + 2ik, ko cos(kia)

2ik kge ~Roa 2k ko (i cos(koa) + sin(koa))

(k3 + k) sin(kia) + 2ikiko cos(kia)  (k? + k2) sin(kya) + 2ik, ko cos(kya)

b. The intensity 7' of the transmitted signal is obtained from the transmission amplitude by

422

T =|t] =
(k2 + k2)? sin? (kya) + 4k2k3 cos? (kia)

k2K

k2k? cos® (kia) + i (k2 + k2)* sin? (kya)

K2k |
KEKE 4 (R — k)" sin® (ki) 14 B l) G2 g )
pyRIE:
1
= ‘/02 w
1 -+ m Sin (kl@)

This formula works also for the other cases as we will see below.
But, first let us determine the intensity of the reflected signal R = |r|*.

We obtained before
(k2 — k?) sin (kya)

r =
(k2 + k?) sin (kya) + 2ikok; cos (ka)

This can also be written in the form

—& (k2 — k3) sin (kya)

T =

koky cos (kia) — % (k2 + k2) sin (kia)

Consequently R takes the form

) (K2 — k) sin® (k1a)
R=1|r|"= (

k2k? cos? (kia) + ZlI (k2 + k2)? sin? (kia)

11



If we add this expression to

kit
T = ;
k2K cos? (kia) + 21[ (k2 + k2)? sin? (kia)
then we obtain
kKD + 3 (k3 — k)% sin? (kya) k3K? cos? (kya) + % (k3 + k3)° sin® (kia)
R+T = - —1

k2k? cos? (kia) + 21[ (k2 +k2)? sin® (kya)  k2k2 cos? (kya) + 21[ (k2 + k2)? sin? (kya)

The sum of the intensities of the reflected and the transmitted signals, R + T, equals the initial
intensity, which is the coefficient, equal to 1, of the incoming wave for x < 0.

d. For 0 < F <V, we just perform the substitution k; — ix; and also observe

sin (i) = ¥ (e —e ) = isinh(z)
We obtain
1 1
r= Y Y
1-— IE(E —Vy) sinh” (k1a) 1+ IE(Vy = F) sinh® (k1a)

12



Exercicio 4
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:(Q_A)Qdet(l;A liA>:(2—>\)2{(1—>\)2—1}:(A—2)3)\

Hence, J? has three eigenvalues equal to 2 and one equal to 0. The three eigenstates with eigen-
values equal to 2 are given by

1 0 0
0 1 1 0
0 s ﬁ 1 and O
0 0 1
The one eigenstate with eigenvalue equal to 0 is given by
0
|l
V2 | -1
0
d.
1 1 0 0 O 1 1 1
0 000 O 0 0 0
A0 1= oo o o o |=|o = o
0 0 00 0 0 0
0 100 O 0 0
1 1 000 O 1 1 1 1
d(‘]z)ﬁ 1171000 0 Bl 1|70 E
0 0 00 0 0
0 100 O 0 0 0
0 000 O 0 0 0
A0 1= oo o 0 o |~ o [T o
1 0 00 1 -1 1

Hence, we found three states for j =1, j(j + 1) = 2, with eigenvalues j, = 1, 0, —1 for d (J,).
Furthermore,

0 100 0 0 0

1| 1 000 0 | 1[ 1 1] 1
d(Jz)ﬁ 1|7 loo00 0 [B] -1 _O_OX$ 1
0 000 -1 0 0

we found one state for j =0, j(j + 1) = 0 with eigenvalue j, = 0 for d (/).
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