Mecanica Quantica IT (2013-2014)

Um pacote de ondas que representa o movimento de uma particula livre numa
dimensao ¢, em unidades h = ¢ = 1, dado pela seguinte expressao

vlet) = = [ dk e espdi (ke — (k)

onde (k constante e ‘E‘ > Ak > 0)

) S k= k| < Ak
o= eor-) - (T
w(k):%

Mostre que no instante ¢ = 0 a funcao de onda é dada por
1 iky sin (Ak x)
e - )
VT Ak x

e faca um esquema de [p(z,t = 0)|° em funcéo de z.

Yo, t=0) =

Determine graficamente Az e AxAk e compare o resultado com a relagao de
incerteza de Heisenberg.



Considere de novo o pacote de ondas do problema anterior (1) que representa
o movimento de uma particula livre numa dimensao em unidades h = ¢ = 1.

Determine

|k L)

Determine (O integral nimero 11 da tabela das integrais na péagina http:-
//www.sosmath.com/tables/integral /integ37/integ37.html do web pode ser
util.)

| dw it =0)f

e interprete o resultado.

Demonstre a seguinte relacao

| vl =0f = ["dk [~ & (R)e(K) 5 [ i R

A expressao

Sk — k) = % /_O:O dz (K = k)z

¢ designada a fungao delta de Dirac e tem a seguinte propriedade
/OO Ak F(K) §(K — &) = F(k)

para funcoes F' "bem comportadas”.

Demonstre - -
|z et =0 = [ dk o)

e verifique o resultado com as alineas a) e b).

Considere mais uma vez o pacote de ondas do problema (1) que representa o
movimento de uma particula livre numa dimensao em unidades 7 = ¢ = 1.

Faca outros esquemas de |[¢)(x, ¢ = 1)|* e [¢)(x, t = 2)|* na aproximacio
k2 k .
B = — + % (k—k
w(k) om T m ( ) ’

em funcao de x e tire uma conclusao relativamente a velocidade do pacote de
ondas.

Mostre que o pacote de ondas é solucao da seguinte equacao de onda

1 02

.0
Zai/f(l’at) = _%@Qﬁ(xat) )

e interprete este resultado.



Considera um pacote de ondas que representa o movimento de uma particula
livre numa dimensao em unidades i = ¢ = 1, dado pela seguinte expressao

vt = o= [Cabe®enlio—w®n @

com

w(k) = Vk? 4+ m? (relacdo de Einstein)

Mostra que o pacote de ondas é solugao da seguinte equagao da onda (equagao
de Klein e Gordon)

0? 0?
S 0w0) = (5 = m2) vl

Considera a seguinte transformacao de Lorentz para um referéncial (z’,¢") em
movimento relativamente ao referéncial (z,t) com velocidade

1
1— 32

Determina a equagao da onda nas coordenadas (z/,t’). para o pacote de ondas

V() = (x(a ), t(!, ).

/

v =y@—pt) e t =~(t—pr) com 7 =



Considera um pacote de ondas que representa o movimento de uma particula
livre em trés dimensoes em unidades 7 = ¢ = 1, dado pela seguinte expressao

vt = () [dk o (F)ew (i[f-G -5 - ()]}

onde Ty representa a ”"posi¢cao” da particula no instante t =0, e E (E) ¢é dado
por

— k2
E (k) = 5
Caso
— 1 5 L
o(F) = 11 Yo o((ak)" = (ki — 1))
_ 2\/2Ak11Ak2Ak3 v’%’—’giléﬁki i=1, ei=2 ei=3
! ’ki_Ei’>Aki i=1, oui=2, oui=3
mostra que
= 3

— —

Y(E,t=0) = ezk (T — Zo) H 1 sin (Aki {xi_)— <50)2D |
i=1 \/Kkz x; — (Zo);
e enterpreta o resultado.

o pacote de ondas ¢ solugao da equacao

02 o2 02
Oz i oz i oz

0
Yot

v 2
?/)(Tat) = _%,@Z) (T‘,t) onde Vo=



Analise Fourier e funcao Dirac delta
Para o intervalo —L < x < L, mostrar

flz) = % i [an sin(n—7£x> + b, cos<nLLx>} :

n=—oo

com

1 (L 1 (L
@ = 7 [L dzr f(x) sin <nLLx> e b, = 7 [L dx f(x) cos (%)
Para o intervalo —L < x < L, mostrar

flz) = i Cp €Xp (—i ?) com ¢, = % /LL dx f(x) exp (z nLLx) :

n=—oo

Com Aw =7/L, w, =nn/L e F,, = 2Lc,/v/2m, mostrar que no limite L — oo
se obtem

flx) = /_O:O \C/Z—;}_WF(W) e com F(w) = /_O:O \;l—;c_wf(x) e

Mostrar (por substituigao)

A distribuicao Gaussiana

A
Mostra [ d3k ‘gp (E)f =1 com cp(E) = (%)3/4 e 24 <k k)

Determina



A equagao de Schrodinger em coordenadas esféricas (r, 9, ¢):

Mostre

2
comL2:—h2{ L 9 0 ! 8}

il ) — 4+ —
sn) 99 25+ sy a2
Considere a substituicao seguinte

we(r)

b (r) =

ng(ﬂ, 90) )

onde o harmoénico esférico ng(ﬁ‘, ¢) representa uma solugao da equagao
seguinte

LY, (9,9) = B2+ 1) Yy, (9,) -
Para um potencial esférico simétrico, i.e. V() = V(r), a partir da equagao
de Schrodinger dada por

{% - V(F)} Y(r) = By(r)

deduze a relagao (Equacao radial de Schrodinger)

{_j_; . e(e; D1 - k,2} wlr) = 0

com




9. O espectro do atomo de hidrogénio é o conjunto de comprimentos de onda
presentes na luz que o atomo de hidrogénio é capaz de emitir quando baixa de
nivel de energia.

O modelo mais simples do atomo de hidrogénio é representado pelo atomo de
Bohr. Neste modelo o espectro de luz é composto de comprimentos de onda
discretos, cujos valores sao expressos pela férmula de Rydberg

1 1 1
I .
Avac H (n% n%) ’

onde Ay, € 0 comprimento de onda da luz emitida no vacuo, Ry € a constante
de Rydberg para o hidrogénio, e ny e ny sao inteiros tais que n; < ns.
Deixando n; igual a 1 e fazendo ns percorrer valores de 2 a infinito, as linhas de
espectro conhecidas como série de Lyman convergem para 91 nm. Da mesma
maneira:

ny N9 limite (nm)
1 2 — 00 Sériede Lyman 91

2 3 — oo Série de Balmer 365

3 4 — oo Série de Paschen 821

4 5 — 0o Série de Brackett 1459

5 6 — oo Série de Pfund 2280

6 7 — oo Série de Humphreys 3283

a Determine os valores de ny para as linhas da série de Balmer (1885), H,, Hz,
H.,, etc., que tém respectivamente os seguintes comprimentos de onda (em
nm): no espectro visivel 656.3 (vermelho), 486.1 (azul-verde), 434.1 (azul-

violeta) e 410.2 (violeta) e no espectro ultra-violeta 397.0, 388.9, 383.5 e 364.6.

b A mesma pergunta para as linhas da série de Lyman, cujas frequéncias sao
(em 105 Hz) 3.238, 3.223, 3.198, 3.158, 3.084, 2.924 e 2.467.



10.

11.

O termo da energia cinética da equagao de Schrédinger é dado por

o, h? o2 . L?
Tom V) = g g T g

()

onde o momento angular ao quadrado L? é dado por

SRS N 1 &
L= —h {sin(ﬁ) oV sin(?) oV * sin?(0) dg?

Define ainda o seguinte operador

)
L. = —ih—
7 a(p

Mostre que as seguintes expressoes sao simultaneamente fungoes préprias de
L? e de L, e determine os respectivos valores préprios:

¢ YI(0,p) = —/3/87 sin(9) ¥

d  Y7U(0,0) = /3/87 sin(0) e ¥

e Y (0,9) = W {3@052(19) — 1}
£ Y} (0,¢) = —\/15/32 sin(20) '

g Yy (0,) = \/15/32r sin(20) e ¥
h Y2(0,¢) = /15/32n sin’(9) 2%

i Yy 2(0,9) = /15/32m sin(0) e 2%

Os operadores de subida L, e de descida L_ sao dados por

. 0 _cos(¥) 0
= ) -
- he { o T sin(d) dp

; 0 _cos(¥) 0
Ly he {819 o sin(v) &p}

Determine L, Y, e L_Y,;™ para cada uma das fungdes dadas no exercicio (10).



12.

Considere a equacao de onda para o sistema electrao-protao dada por

d2

R0+ 1) e

h2
{_Zmer dr? "

Mostre que as seguintes expressoes

2m,r?

os respectivos valores proprios F,,.

e ma- L (L)

— }Rng(’f‘) = E, Ry(r)

dmegr

R,.¢(r) para diversos valores de n (n =1, 2,
3,...)edel ({=0,1,2,... <n—1), sdo solugoes dessa equacao e determine

Qo

1 \3/2 2r 2 /r\2
d R =2 — 1—-— 4+ = (= —r/3aq
30<T> ( ) { 3&0 + 27 (CLQ) } ¢

_ ( 1
_4 3&0

f Rgg(?")
onde ag represente o raio de Bohr

Qo

2 (2 0 TNY2 (/12
=27\s (5ar) {(a—o)

dado por

Areoh?

mee?




13.

Considere os resultados dos exercicios (10) e (12).

Caso Ry(r), paran=1,2,3,...el=0,1,2, ... <n—1, é uma das solugoes
da equacao

{ h2 2 h2 f(£+1) B e? }Rng@“) = F, Rng('r)

— —
2mer dr? 2m,r? 4dmegr

e Y (W, ¢), paral =0,1,2, ...em=—{, —(+1,...,¢—1, ¢ uma das
solugoes da equagao

L2YM(9,9) = R+ 1) Y9, 9)

com

sin(9) 90 sin(v) a0 sin?(0) dg?

entao mostre que Ve, (1) = Rpe(r) Y™ (V, ) é uma das solugoes da equagao

L2:—h2{1 o 0 1 82}

2 2
{ "o C }Wm(f) — By ten(7)

2me, dmegr

Caso R,(r) satisfaz a relagao

/Oo T2d7’ |RnZ<T)‘2 =1 )
0

e Y™ (¥, p) satisfaz a relagao

27 ™
[ de [ s @)l =1
0 0

entao mostre que Ve, (1) = Rue(r) Y™ (0, ) satisfaz a relagao

/OO dx /OO dy /OO dz |@Z)n€m(xayaz)|2 =1

10



14.

Um estado excitado do atomo de hidrogénio pode-se representar por
H(n,¢,m), onde n, { e m representam respectivamente o numero quantico
principal, o de momento angular orbital e o magnético (m = —¢, —¢ + 1, ...,
0, ..., +0).

No entanto, da solugao da equagao de onda para o dtomo de hidrogénio de-
duzimos que o espectro de Coulomb é dado por

e ainda a condicao ¢ < n — 1 para estados quanticos fisicamente aceitaveis.
Portanto, existem vérios estados excitados diferentes com a mesma energia.
Este fenomeno chama-se degenerescéncia.

Demostra que o nimero de estados excitados diferentes com energia F,,, é igual
ao quadrado do niimero quantico principal n.

Do passado existe ainda uma outra classificacao dos estados excitados de
hidrogénio, classificacao em que se consideram como manifestacoes diferentes
do mesmo estado H(n, /) (indicado por nf), os vérios estados H(n,(,0),
H(n,0,4+1), H(n,t,£2), ..., H(n,{,+(). Neste abordagem o niimero quantico
de momento angular orbital ¢ é representado por uma letra de acordo com o
seguinte quadro

6‘01234567

letra‘spdfghij

Faca um quadro para estados quanticos fisicamente aceitaveis onde se indica
os estados H(n,l) paran=1,..,6e (=0, ..., 5.

11



15.

Considere a transicao Fy — FE; para o atomo de hidrogénio. Por razoes ainda
nao consideradas, o estado 2s nao contribui para esta transicao. Portanto, ape-
nas os trés estados 2p sao relevantes. O comprimento de onda desta transicao
é igual a 122 nanometros.
Num campo magnético as energias ligantes do electrao nos estados 2p, alteram-
se de forma diferente para cada estado.
Mostre que no modelo semi-cldssico o momento magnético fimag do electrao
(aqui representado pela sua massa reduzida pe e pela sua carga eléctrica —e)
na sua érbita (representada pelo momento angular orbital Eint)7 é igual a

ﬁmag = _QLLin‘c

He

A quantidade —e/(2me), que apenas envolve a carga eléctrica e a massa do
electrao, chama-se razao giromagnética do electrao.
Suponhamos que a mudancga de energia ligante do electrao AE devida a um
campo magnético fraco de intensidade B é caracterizada por

AFE = mﬂB ,
2/te
onde m representa o nimero quantico magnético do estado.
Calcula as mudangas dos comprimentos de onda (o efeito de Zeeman, 1896,
prémio Nobel 1902) das trés transi¢oes Fo — FE; num campo magnético com
intensidade de 1000 T (Tesla).
A quantidade eh/(2me) chama-se magnetao de Bohr e tem um valor igual a

9.27x10724 J/T = 5.79 x1075 eV/T.

12



16. As solugbes préprias |n, £, m) do Hamiltoniano com o potencial Coulombiano,

dado por
2

p
o + Vel(r)

sao simultaneamente as funcoes proprias do quadrado e da componente zz do
momento angular orbital:

H =

L*n,0,m) = B2+ 1D|n,6,m) e L.n,l,m) = hm|n,t,m)
Isto é uma consequeéncia da seguinte propriedade
|H,L| = HL-LH =0 . (3)
O momento linear p representa-se pelo operador

- . o 0 0
p = (p:vup?ﬁpz) = —ih (%7 a_yu @) )

o momento angular orbital L pelo operador 7 X p, enquanto r = /x? + y? + 22
representa a distancia relativa entre o protao e o electrao.

Mostra que:
a
[pa:a Lz] = _ihpy 5 [pya Lz] = tha: € [Pz, Lz] =0
b
2 _ - 2 _ o 2 _
{px, Lz} = —2ihp.p, {py, Lz} = 2ihpyp, e [pz, LZ} =0
C

[pQ, LZ} =0 e [Vo(r), L] =0

Portanto, verifica-se a relagao (3) para a componente L,.

13



17.

18.

A particula livre:

Para uma particula livre, mostre que substituindo z = kr na equacao radial
de Schrodinger, se obtém a equacao diferencial seguinte

d? L(l+1)
{_@+T_1 u(z) = 0, (4)
e comente os casos (i) £ =0, (ii) z> 1 e (iii) z < 1.

A seguir, mostre que se uy(z) representa uma solu¢ao da equagao (4) para o
nimero quantico rotacional igual a ¢, entao

R e R

z

representa uma solugao para o nimero quantico rotacional igual a ¢ + 1.

1 d\ wlz
upp1(2) = 242 (“ _> %

z dz

Deduze a relagao

A funcao esférica de Bessel é dada por

ﬂ@>:ze(£_inm@>

z dz z

Mostre que u,(z) = zji(z) representa uma solugdo da equacao (4) para o
nimero quantico rotacional igual a ¢ e comente os casos z > 1 e 2z < 1.

A fungao esférica de Neumann é dada por

no(z) = 2 (..1 :i)é cos(z)

z dz z

Mostre que uy(z) = zny(z) representa uma solucdo da equagao (4) para o
nimero quantico rotacional igual a ¢ e comente os casos z > 1 e z < 1.

Considere o potencial seguinte

U para r<a
Vir) = (5)

0 para T >a

U e a constantes.

No caso em que ¢ = 0 determina a fungao de onda.

Determine a diferenca de fase, d, entre a funcao de onda ao infinito para U = 0
e a funcao de onda ao infinito para U > 0.

Determine ainda S = exp(2id) e |S — 1|’

14



19.

e

Neste problema consideramos a seguinte equacao diferencial de segunda ordem:

2

h? d*u(r)

_2M e r*u(r) = Eu(r) . (6)

+ %uw

Considera a substituicao x = 'L;.l—wr2. Mostre que
d*u
dr?

com u' = du/dx e u" = d*u/dz*.

— 2%{1/ + 2zu” },

Mostre que
/ 1 B
— U + 37U = U

hw

1
Considere a substituicao u(z) = y/ze 2x¢(x) e deduza as relagoes
2au” = L e_%x {(xZ — 2x — 1) ¢ — 4 (xQ - x) ¢+ 4x2¢"}
2Vx
e x¢"—<x—%)¢/+s¢:0 : (7)

com FE = hw (25+%).

Para a funcao hipergeométrica confluente | F}, definida por

a(a+1)%2 alat+(a+2)a>

a
Fuaba) = 1+ 2
tFifa,b ) Tt bb+ 1) (b+2) 3!

b b(b+1)

5@

n=0 (b)

com (p), = plp+1)p+2)---(p+n—-1)e (po =1,

n

3
8

n!

3

mostre as seguintes relacoes:

d a
%1F1<a7b7x> = Elpl(a_'_Lb_'_Lx) )

(a+ Dz 1 Fila+2,0+2,2)+ (b+1)b—2)1Fila+1,b+1,2) =

= b(b+ 1) 1F1(CL, b, .T)

Mostre que 1 F} (—s, %,:c) e vV Fy (—5 -1 %,x) resolvem a equagao ( 7).

15



20.

21.

Considere o potencial seguinte

V(r) = Xd(r—1») (8)
A e b constantes.
Mostre que em r = b para a funcao de onda se tem as seguintes condigoes.

d_u
dr

du

+
rlb dr

+ Au(b) = 0 and wu(rdbd) = u(rtb)
r1b

No caso em que ¢ = 0 determina a fungao de onda.

Determine a diferenga de fase, 9, entre a fun¢ao de onda ao infinito para A = 0
e a funcao de onda ao infinito para A > 0.

Determine ainda S = exp(2i6) e |S — 1|

Considere o propagador G (19, 71) que relaciona a fungao de onda u (r1) e a sua
derivada «’ (1) na posi¢do r = r; com a funcao de onda u (r3) e a sua derivada
u’ (r9) na posicao r = ry > 11 e que é dado por

u (rg) u(ry)
= 9(7’2,7“1)
u (19) u' (1)

Mostre as seguintes relagoes:

g (7’1,7“1) = 1 ) g <T37T1) = g (T37T2) g <T27T1) € g—l (T27T1) = g <T17T2) :

No caso em que o potencial é nulo e para ¢ = 0 mostre que

sin (krsy _cos (kry) sin (kry cos (kry)
G (ra,m1) = ( (kr2) k ) ( (kr1) k )
kcos (kry)  sin (kry) —kcos (kry) sin (kr)

No caso em que o potencial é dado por V(r) = X §(r — b) (problema 20),

mostre que
(u(rib)) B (1 0)(u(rTb))
VRO YARIEY)

16



22.

Além da sua posigao, indicada por 77 = (r, 1, ¢), um electrao tem outro grau de
liberdade: o seu spin. Num campo magnético ha duas orientacoes diferentes
possiveis para o spin do electrao. Se o campo magnético é orientado ao longo
do eixo dos zz, os dois possiveis estados do electrao sao indicados por

R R

Os operadores associados com os observaveis do spin do electrao sao designados
por S = (S;,5,,5,), com as seguintes propriedades.

seb) = 51 sl = Sl
Sy‘+%> - Zg _%> Sy _%> = —25 ‘+%>
S, +§> = g +§> : Sz—§> = _% ‘_%>

Numa representagao matricial, onde os dois estados do spin do electrao sao
representados pelos vectores

=(s)  F9=(7) -

determina as matrizes que representam os operadores S;, S, e S, (as matrizes
de Pauli, inventadas por Wolfgang Pauli).

Determina a matriz que representa S* = S? 4 Sy 4 S2.

Determina como actuam os operadores de subida, S = S, +15,, e de descida,
S_ =5, —1iS,, nos dois estados do spin do electrao.

Determina os comutadores [S, , Sy, [Sy, S:] e [S:, Sal.

17



23.

24.

25.

O momento linear p representa-se pelo operador

. . o 0 0
p = (pxapyapz) = —ih (%7 a_ya @) ’

o momento angular orbital L pelo operador 7 x 7, enquanto 7 = /22 + 42 + 22
representa a distancia relativa entre o protao e o electrao.

O operador S (definido no problema 22) estd relacionado com a rotagao in-
terna do electrao e consequentemente ¢é independente do movimento orbital do
electrao. Portanto, considera-se que (observéveis independentes)

L. S| =0

Determina os comutadores [L, , L], [L, , L.] e [L., L,].

— - —

Para L - S = LS, + L,S, + L.S., determina os comutadores {L =S, Lx},
L-S, L) [L-§, L] [L-5,8] [L-§,8]e|L-5, 5]

—

Determina os comutadores {E . §, LZ} e [E =S, Sz}.

O movimento orbital do electrao dentro do interior do atomo de hidrogénio
causa um momento magnético proporcional ao momento angular orbital L.
Consequentemente, o0 momento magnético intrinseco do electrao, proporcional
a0 spin S sofre uma forca, proporcional com LS (acoplamento spin-orbital).
Portanto, a forma mais completa do Hamiltoniano do atomo de hidrogénio é

igual a
P o2 L
+W(r)L-S

H = — —
2ue  Amepr

onde W (r) é uma funcao da distancia entre o protao e o electrao.
Utilizando os resultados dos problemas (22) e (23), mostra que {H ", 5‘} #0,
{H’ : [j} #0,[H", S?| =0e[H', L?] =0 e tira uma conclusao relativamente

aos observéaveis L., S,, L? e S%.

Devido as concluses do problema (24) é preciso encontrar um novo observéavel
para rotular os estados préprios do Hamiltoniano H’.

Defina-se o momento angular total J =L+ S do &tomo de hidrogénio.
Utilizando os resultados dos problemas (22) e (23), mostra que [H' , j] =0e

[H', J?] = 0 e tira uma conclusao relativamente aos observaveis J, e J2.

18



26.

Considere, em trés dimensoes, dois sistemas de coordenadas S e §’. As origens,
O e O’, dos dois sistemas coincidem. No sistema S uma base ortonormal é
dada por eq, e; e e3 = e; X ey, e no sistema S’ por €', €, e €35 =€’ X €5.
Sejam as relacoes entre as duas bases dadas por:

3
i = > Rjej
i=1

onde R representa uma rotagao (transformacgao ortogonal).
Sejam ainda as componentes de um vector 7 no sistema S dadas por 7 =
T1€1 + x9es + w3es, e no sistema S’ por 7= 2/1€' + 2'9€’y + 2'5€’;.

Mostre que as relagoes entre {x’i , 1= 1,2,3} e {a:j , = 1,2,3} sao dadas
por:

3
— Zl[R_lhjxj e ZRZ:EZ ,
=

3 2 3 2
e ainda que ) (:U'Z) => (a:j) .
i=1 j=1
Mostre que uma fungao Hamiltoniana, H, dada no sistema S pela seguinte

expressao:
3
H(xi,pi,izl,Z ):%Z(pl) +V(r) ,com r=
i=1
é no sistema S’ dada por:

e
%i (p/i)Q +V(')=H (fi,pli,i = 1,2,3) ,com 1’ = W
=

i=1

19



d Seja o valor de uma funcao (de onda) escalar num ponto P (P indicado pelo
vector posicao T = xi1e; + xees + wzes) dado por ¥ (xl) = ¢ (x1, 29, x3) NO
sistema S, e por ¢/ (x'Z) = (2'1, 2’5, 2'3) no sistema S’. Suponha que o valor
da funcao nao depende do sistema dos eixos, entao v’ (:c’ z) =1 (xl), ou seja

1) ol : ) — P
Qléo(izis)o_erlrpl ((i)lléy ij )rgglle:;r?’?j fm(axlrz)t_agléo(lzgxgo)r.no do eixo dos zz com

angulo a, temos R, ;z; = rcos(a) — ysin(a) =~ = — Lo’z — ay, Ryjx; =

rsin(a) + ycos(a) ~ y — o’y + ax e Ryjx; = z. Mostre que (expansdo de

Taylor até a segunda ordem em «):
v (Rijej) =
8 a a 8 2
21/1(371') e (SC@_?/ —y%>¢(%) + 30 (xa—y— 8_:;5) 1/}(:62) G

= exp {a (a% - yai)} b (z;)
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27.

Considere, em trés dimensoes, um conjunto de trés matrizes, A;, Ay e Az, cujas
elementos da matriz sao dados por:

Ail i = e

Mostre, para um vector espacial 7 = nie; + noey + nzes, a seguinte igualdade:

0 —n3 %)
- /_1’ = TLlAl + TLQAQ + TL3A3 = n3 0 —n
—TN9 nq 0

Para 77 = aes, mostre que

exp(ﬁ-ff) = 1—|—ﬁ~A+%(ﬁ-[f)Qq_%(ﬁ./T)g_F%(ﬁ.j)4+...

Mostre que para o comutador entre as matrizes Ai e Aj se tem:
3
Ay Al =3 eijmAm -
m=1

Para 77 = an (direccao arbitraria), mostre que

(ﬁ-ﬁ)3:—a2(ﬁ.ﬁ) ,

e ainda que
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28.

Neste problema pretende-se mostrar que a expressao do problema anterior
( 27e) pode ser identificada com a rotacao R (7, «).

Mostre que (ﬁ . /Y) n = 0 e entao exp (fi : /Y) 1 =1 (isto é: a transformacao

exp (ﬁ <A ) deixa o vector 71 invariante, ou seja, indica o eixo da rotacao).

Para os vectores ¢ e w definidos por

ng — N3
U= ng —ny € w:ﬁx{)’,
ny —ng
mostre que (ﬁ-A)ﬁ:we(ﬁ~A)w:—17,

e ainda que

= exp(ﬁ-J)U:Ucos(oz)—l—wsin(a) , e

g
I

exp (ﬁ : ff) W = —vsin(a) + weos(a) .

Indique entao as razoes por que exp (fi A ) pode ser identificado com a rotagao

R (n, ).
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29.

Neste problema pretende-se estudar o comportamento de uma funcao vectorial
sob uma rotacao do sistema de coordenadas. Considere as transformagoes
estudadas no problema (28) e em particular uma rotacao em torno do eixo dos
2z, R(Z, ), dada por

€1 = ejcos(a) + ey sin(a) , €y = —e;sin(a) + ey cos(a) e €'s = ez,
e uma funcao vectorial, 1/_1)(77 ), dada por
D) = 1 (7 )er + a7 )es + v3(7 Jes

Para as componentes da funcao vectorial, que sao funcoes escalares, tem-se:

() =—2—L _'LaLz (r ) — — é_ g
’17/)](7“)————:>6 @Z)J(r) (j=1,2,3) , com L, = z(:pay y@x) ,

Qual o aspecto de ¢/ (7) = ¢/, (7 ey + ¢y (7 )es + 1/5(F )es na base €1, €'y e
6/3?

Mostre que
Y () Pr (1) 0 —2 0
V(™) | = etalzo—ias, Po(F) | , com S,=|idi 0 0
Pa(r) Ps() 0 0 0

Determine os vectores proprios de S..
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30.

Considere fungoes de onda de duas componentes, ¥ (7 ), dadas por

)
ey = .
V()
e uma rotagao R(n,«) do sistema de coordenadas.
No espago das funcoes de onda de duas componentes esperamos sob a trans-

formacao de coordenadas do sistema S para as coordenadas do sistema &7,
uma transformacao da seguinte forma para a fun¢ao da onda (7 ):

. —iah- L., (= . PN
! ) U1 (F) + iz (R,
o) TE, gy - | () + g, e O Ly ()

st (7, @)e 8O Ly (7) 4 gy (7, @)e 00T Lo, (7)

onde u; j (1,7 = 1,2) sao constantes que s6 dependem da orientagao do sistema
S’ relativamente ao sistema S.

Mostre que e—tan-L U(n,a) comutam e que (7 ) =
e—tom - LU(ﬁ, a)(r'), com

. Ull(ﬁ, Oz) Ulg(’fl, Oz)
Un,a) =

un (n, @) uz(f, )
Mostre que |[¢(7)|* = |1 (7)|* implica UUt = 1 e ainda que det(U) = =£1.
Mostre que a forma mais geral de uma matriz 2 x 2 para que UUT = 1 e

det(U) = 1, é dada por U(n, ) = 1 cos (%2 —in - & sin (%), onde oy, 09 € 03
representam as matrizes o de Pauli, definidas por

0 1 0 — 1 0
0'1:<10>,O'2:<Z. 0) and 0'3:<0_1>

Mostre que U(n, o) = exp (—i%ﬁ . 5), e entao

=
I
9]
4
o
>
7N
b‘
+
noQy
N————
=
~

U

Determine os vectores préprios de S, = 103.
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31. Rotacgoes deixam invariante uma esfera em torno da origem. As coordenadas
da esfera sao os angulos polares ¥ e .
Qualquer fungao f, fungao de ¥ e ¢, f = f(U, ), pode ser expandida na base
das fungoes esféricas harmoénicas Yy,,, (¥, ¢), de acordo com

oo V4
F0,0) =5 S By Yoy, (0,0), com By, = / QY (9,0)] (0, ¢).

(=0 m=—/¢

As funcoes esféricas harmonicas sao funcoes préprias dos operadores L, e L? =
(Ly)*+(Ly)*+(L.)*, com os respectivos valores préprios dados por (7 = (19, ¢)):

LYy, (F) =mYy,, (F) e LZng(f)€(€+ DYy, (7)

Os operadores de escada, Ly = L, £ ilL,, actuam nas funcoes esféricas
harmonicas da seguinte maneira:

LYy (7)) = U0+ 1) = m(m £ 1)Yy 41 () -

Considere para ¢ = 1 no espaco de funcoes de duas componentes a seguinte
base de seis estados:

Yl,m('f’) 0
, R , com m=0,£1 .
0 Yl,m(r)

a Mostre que

( 1 ) ( L_1s, ) ( (0 ) ( L. )
(Lyo1 + Lyos) = e L,og = .
() Ly (o — L.

b Seja J=1IL+ %, entao mostre que

Y1 m (% + L) Y1, 0 LY] m
J? ’ = ’ e J? =
0 LYy m Y1 m (Y= L)Y 4,
_ (4 2
C Mostre que as funcoes :)7;257+;25 = 0 , J_y%,%, (J-) y%7+;21 e

(J_)? y% 3 sao funcoes proprias dos operadores J2 e .J,.
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32.

Neste problema pretende-se mostrar que {2} ® {3} = {4} @ {2}.

N2
Determine os valores préprios de L?, L., (%) e % de cada um dos seguintes
seis estados
Yl, m(7) 0
, X , com m=0,%+1 .
0 Yl, m(7)

Estes estados formam uma base ortonormal do espago {s = 3} ® {¢ = 1}.
Temos por exemplo:

Y141
S:%7Sz:+%>®|£:17€2’:+1>:< ’ )

0

Determine relagoes semelhantes para os outros cinco estados.

Uma outra base ortonormal do espago {s = 1} ® {¢ =1} é dada por:

( Y] 41 ) V31,0 NEA S 0
0 ) Ao ) v )
/0 -/, -1
(§]
VAV 41 V30

2

Determine, se possivel, os valores préprios de L2, L., (%) , %, e ainda de
L2

J? = <L + %) e, =L,+ % de cada um destes seis estados.

Verifica-se que podemos dividir o espaco {s = $}®{¢ = 1} em dois subespacos:
{ ] = %} de quatro dimensoes e { J= %} de duas dimensoes. Os estados destes
ultimos espacos sao designados por |j, j.). Temos por exemplo:

Y-
]jz%,jz=+%>:( 1’@“ ) =ls=%s =+ ®=16=1+1).

Determine relagoes semelhantes para os outros cinco estados da alinea (c).
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33.

Os coeficientes destas relacoes chamam-se coeficientes de Clebsch-Gordan
(CCG), designados por:

(s

'€Z SZ ,jZ .

Da relacdo dada na alinea (d) determina-se por exemplo:

oo oo

14 )
+1 +5 +3 )

Determine os outros CCG das relacoes entre as bases dos subespacos { j = %}

{j = %} e a base do espaco {s = 3} @ {¢{ =1}.

Em virtude de se estar a estudar o espectro rotacional de uma molécula polar
diatomica, considere que os dois ntcleos atémicos, de massas m; e mo, giram
em volta do seu centro de massa comum.

Determine uma relacao entre a energia total deste sistema, o momento angular
total K, a massa reduzida e a distancia entre os ntcleos.

Sabendo que K? apenas pode ter valores KK (K + 1), com K = 0, 1, 2, ...,
que o espectro rotacional de HC? contém os comprimentos de onda (em pm)
120.3, 96.0, 80.4, 68.9 e 60.4, e ainda que apenas ocorem transi¢oes dipolares

com AK = +1, determine a distancia entre os nicleos de hidrogénio (;H') e
cloro (17C¢*) da molécula de HC/.
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34.

Oscilagoes pequenas de um sistema de duas particulas, ligadas por uma
mola (constante de mola ('), cujos movimentos estdo restritos a uma di-
mensao (coordenada 7), sdao classicamente descritas pela equacao dinamica
pui = —C (r — ), onde 1o representa a distancia de equilibrio do sistema das

duas particulas e p a sua massa reduzida.

Mostre que o Hamiltoniano deste sistema é dado por

p2
H = %{;+MW2ZC’2} s

comzx=1r—79ew=4/C/pu.

A correspondente equacao de onda na Mecanica Quantica obtém-se pela sub-
stituicdo p — —i h d/0x e é dada por

24 or?

[P {—h2 s +(wa)2} : (9)

Mostre que a funcao de onda, dada por

L

mh ’ (10)

representa uma solucao normalizada da equacao de Schrédinger Hyp = Ev
para E = Ey = hw/2.
Os operadores de criacao e aniquilacao sao respectivamente definidos por

Y [ PR A _ [ o

¢ 2h (3: ,uw@:c) ¢ 2h <:c * pw oz ) (11)
Mostre (i) ayg = 0, (ii) H = hw (aTaJr %), (iii) [a, aq =1, (iv) [H, aq =
fiwa' e (v) [H, a)l = —hwa.

Mostre que, se @ é uma solucao propria com valor préprio E da equacao
H+vy = E1, entao aly é uma solucdo prépria com valor préprio F + hw da
mesma equacao.
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35.

Numa notacao devida ao fisico P.A.M. Dirac, os estados proprios normalizados
do oscilador harménico numa dimensao sao designados por |v). O estado
fundamental é dado por |0) = (), onde ¥y(z) é dada por

dolz) = Ny o~ huwrt/h , (12)

1/4
onde Nj representa a constante de normalizacao, Ny = {%} /
Mostre que é igual a hw/2 o valor préprio de |0) sob o efeito do Hamiltoniano
dado no exercicio (34) e igual a hw (1/ + %) o valor préprio de (aT) |0) (aplicar
v vezes o operador a' definido no exercicio 34).

Na notacao acima definida, o valor expectavel de um operador A, caso o sistema
se encontre no estado excitado |v) = v, (x), é denotado por

(A) = WAl = [ dwvi(e) A )

Determine o valor expectavel do Hamiltoniano dado no exercicio (34) para o

estado (aT) Y |0).

O estado a'|v) é proporcional ao estado |v + 1) (porqué?). Utilizando o re-
sultado da alinea b, mostre que a constante de proporcionalidade ¢ igual a

Vv + 1.

Mostre que o valor expectdvel do operador x (exprimir em a e a') para a
transigao de um estado |v) para um estado |v + m) se anula, salvo nos casos
m = =£1.
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36.

Em virtude de se estar a estudar o espectro vibracional de uma molécula
polar diatomica, considere que os dois nucleos atémicos estao ligados por uma
mola (frequéncia de mola w = 27v) e cujos movimentos estao restritos a uma
dimensao ().

Utilizando os resultados do exercicio (35), mostre que o espectro deste oscilador
é dado por

1
E, = hw(v—i—é), v=20,1,2, 3, ...

A probabilidade de ocorrer uma transicao dipolar entre os estados |n) e |n + m)
é dada pelo integral [*2° dx 1) () 2 ¢n4m(x). Utilizando os resultados do ex-
ercicio (35), determine as regras de selecgao para transi¢oes dipolares.

No entanto, o potencial entre os ntucleos atémicos de uma molécula polar
diatomica na realidade nao é dado por um oscilador harménico. O espectro
real é dado por

e L [ (e IR (Y L

v=0,1,2 3, ... ,

onde os parametros ap, as, ... variam de molécula para molécula. Também
as regras de seleccao sao mais flexiveis na realidade, embora as transicoes
Av = +1 sejam mais intensas do que as transicoes Av = £+2, etc..

Numa aproximagao linear (as = a3 = ... = 0), determine hw e a; para a
molécula HCY, caso o espectro de vibracao de HC? mostre uma linha intensa
com frequéncia 2886 cm™! !

, uma linha mais fraca com frequéncia 5668 cm™" e
ainda uma linha muito fraca com frequéncia 8347 cm™*.
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37. Considere a seguinte funcao de ondas de duas componentes

- Ue (T

( 4o () ) i

¥s (77) us (1)
e a seguinte equagao radial de Schrodinger

( he — AV(r) ) ( Ue ) ( Ue )
— E :
V() hy Us U

=

onde

1 d?

hc = —2'u W + mq —+ mq + %MCWQTZ s
1 d?

hy = —— — + M M.
s dr? oA

e

1

vV o= d(r—a)

2uc.a

Deduza as condicoes fronteiras

1 d u.(r) d u.(r) A -
2,“0 <_ dr ‘o + dr ra + Q,UCCE Ug (a) =

A 1 d ug(r) d ug(r) -
ZucauC(a) T 2is <_ dr |, T ta)
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38.

39.

2
Os niveis energéticos do oscilador harménico numa dimensao, H, = —Qlﬁ% +

Tuw?z?, sao dados por

1
En:w(n+§) (n=0,1,2,...)

Determine as correcgoes de primeira ordem em A aos niveis energéticos do
oscilador harmoénico numa dimensao, quando se aplica uma perturbacao da
forma

AV (x) = M,
AV (x) = M3,

utilizando os operadores a e a' definidos no exercio 34c.

Determine a correccao de segunda ordem em A ao nivel energético do estado
principal do oscilador harmoénico numa dimensao, quando se aplica uma per-
turbacao da forma

2
RO s PN [ ( " ) ( w )
= F
Vi) e | A g
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40. Mostra que a equagao radial de Schrodinger

1 d?
[ 2,u ) + mg + mg + %,uwQTZ] u(r) = Eu(r) |

tem solucoes

1 2
F(v,r) = yJuwr?e KT ) (—1/; %;uwrz)

_1 2
Gt = I ()

onde o nimero quantico radial v se defina por
E=uw (2y+§) +my+mg

e as fungoes ¢ e ¥ por (utiliza o resultado do problema 19)

olasb;z) = i cg nT with (a)o=1 and (a),+1 = (a+n)(a),
n=0 ”

(o) - ) - el

41. Uma solucao geral da seguinte equacgao radial de Schrodinger

Lt o) (u ) ) (u )
1 2 a
Ad(r—a) T Us Us
é dada por
F(v,r) A,
r<a
(1) sin (kr) A

(us(r) ) ) ( G(v,r) B, )
r>a
sin (kr +9) Bs

determina, por eliminacao de A., Ay e B, uma expressao para cotg(d).
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42.

43.

44.

Seja a amplitude da probabiblidade de transi¢ao entre o estado s e o estado k
dada por

o »
cr(+o0) = —%/ dt’ Vi, st

—00

onde Vi = (k |V s) e V hermitico. Mostrar que a amplitude da probabiblidade
de transicao entre o estado s e o estado k, dada por

e .
cy(4o0) = —% / dt' Vi clsil’

—00

tem a seguinte propriedade (detailed balancing)

¢i(+00) = —{ex(+o0)}

Mostrar que para radiagdo polarizada (na direcgao ¢é), dada por

9

o +00 —iw (t — ﬁCF)
A7) = / dwA(w)é e

—00
o vector Poynting é dado por

~

—i(w+ W) (t— nCF>

5 n +o0 +o0
N = ——/ dw/ dw' A(w)A(W') e

dre J-xo o0

Para a amplitude de transicao, dada por
f(ir) = —Vomp [ar TRy @ g (R
deduza a seguinte relagao
f(k#) = —anr’p §(2€+1) Py (k-#) Tu(k)
=0

onde Ty(k, k') se defina por

o0

</§ |T<k2+ie)|/2’> = Y @0+1) P (k) Tk, k)
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45.

46.

A equacao de Schrodinger para um potencial nao-local tem a seguinte forma

VR0 + [P V() e() = B

onde E representa a energia total do sistema.
Mostra que no espaco dos momentos lineares a equacao correspondente € dada
por

o(F) /d3l<;’ (12/2)¢(/5”) — Eo(F)

Qual a relagao entre ¢ (77) e ¢ (E )?

Considere o seguinte sistema de equacoes acopladas
(B —=He) ¢ () = Vidhy () and (B —Hy) ¢p(7) = Vit (7)
Onde o espectro discreto de H, é dado por
n=0,12,...,
H. YY) (7)) Frp. (1) = Eng, Y (7) Frp, () com l.=0,1,2,...,
m=—Vle, ..., +l..

e onde Hy e V; sao dados por

1
Hf:—§M71V§+M1+M2,€V;:

Mostra que o operador de dispersao na onda parcial ¢ é dado por

|“Fn€c
E - Engc

Sg(E):[l—QzA—QMJ()H H Z

ba

A2 [Frel@) 17
(1 Nte
X ll + 22p—a pd(a) H [ } Z — B, ] ’

com
J(a) = paje(pa) e H*P(a) = pah;"” (pa)

35



47.

Considere a dispersao de uma particula num potencial esférico cuja dinamica
¢ dada pela seguinte equacao

(= V2 +go(r— ) v (F) = Ko () (13)

Mostre, para onda S (¢ = 0), a solu¢ao da equacao (13) é dada por (A e B
constantes)

Asin(kr) para 1 <a
Y (F) = —2Y5 (), onde wu(r)= ,
Bsin(kr+0) para r>a

demostre que

COtg((S) = = —Cotg(ka) — M

e determine a relacao entre A e B.

Demostre que a amplitude de dispersao na aproximacao de Born é dada por

. _)_ A .—),
Jlh,7) = =5 [ d e (k= k2) -7y oy

—

:_% /d3r’ei (E_M) T 5(&—7“’):—‘ 29 asin(‘lg—kf‘a)
k — kr

Utilizando o resultado da alinea (a) determine o termo em ordem g para g | 0
da expressao

2 .
2m is

f) = =t sin(s)

Utilizando o resultado da alinea (b) determine a componente da onda S dada
pela expressao

sy = [ 5he)
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48.

Considere o sistema electrao-protao cuja dinamica é dada por

h? e?
Hy = — v —— 14
0 Y T (14)

Mostre que o estado préprio principal 1/1(()0) é dado por
0) , - _
W) = Nl

pela energia prépria igual a Ey = —e*/2a, onde N é uma constante de nor-
malizacdo e onde o raio de Bohr, a, é dado por a = h?/pue?.

Para um operador F' = F (i) = — h‘; (%7’ + a) z demonstre que
2

[F', Hy| = %{(VQF) +2(VF)V} — [F, Hy ((]0) _ Zw(()O)

Para um campo eléctrico fraco, dado por E= EZz, o termo quadratico do efeito
de Stark no estado principal é dado por

2 12 20k Zk0
2E? Y — ZORER
iz E - EY
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Utilizando o resultado da alinea (b) mostre que
a0 = (k12]0) = (B — ) (k F|0)
e, ainda, que
CE Y oy = B Y (0|2l K) (k| F|0) =

k0 EY — B k0

= ¢’E” {Z (02| k) (K |F10) = (02| 0){0 | F 0)}

k

= e"E* {{0[F2]0) — (0]2/ 0){0[F'| 0)}

Demonstre que (0 |z| 0) = 0 e portanto

S e = k(4 +0) 20)

Utilizando a simetria esférica do estado principal @Z)éo) e o resultado da alinea
(d) demonstre que

(01£(r)2?|0) = (0| f(r)y*|0) = (0[f(r)2*]0) = 5(0|f(r)r*|0)

e portanto, com Eél) = 0, temos

2

Fo=E9+EQ 4. = _g_a_§E2{;<0\r3|o>+a<0|r2|o>}+...
2
e 9 372
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49. Neste problema pretende-se mostrar que {2} ® {5} = {6} @© {4}.

N2
a Determine os valores préprios de L?, L., (%) e % de cada um dos seguintes

dez estados

YQ,m(f) 0
) , com m=0,+1,£2 .

0 Y2, m(7)

b  Estes estados formam uma base ortonormal do espaco {s = 1} ® {¢ = 2}.
Temos por exemplo:

Y9 42
S:%7Sz:+%>®|£:27€2’:+2>:< ’ )

0

Determine relagoes semelhantes para os outros nove estados.

¢ Uma outra base ortonormal do espaco {s = $} @ {¢ = 2} ¢ dada por:

Yo 4o \/%Y2,+1 \/§Y2,0 \/%Y2,71 \/%Y2,72 0
0 \/%Y2,+2 \/%YQ,—H \/§Y2,o \/%Y2,—1 Yy 2
*\/gY2,+1 *\/%Yzo *\/§Y2,—1 *\/%YQ,—2
) ) e
\/%Y2,+2 \/§Y2,+1 \/ngo \/%Yl,—l

N 2
. , , . o .
Determine, se possivel, os valores préprios de L2, L., (%) RS ainda de

N2
J? = (L + %) e, =L,+ (—72& de cada um destes dez estados.

d  Verifica-se que podemos dividir o espago {s = $}®{¢ = 2} em dois subespacos:

{ ] = g} de seis dimensoes e { ] = %} de quatro dimensoes. Os estados destes

ultimos espacos sao designados por |j, j,). Temos por exemplo:
JORES)
‘J:%’Jz:+%>:( ) :‘S:%7Sz:+%>®|£:27€z:+2>

Determine relagoes semelhantes para os outros nove estados da alinea (c).
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e Os coeficientes destas relacoes chamam-se coeficientes de Clebsch-Gordan
(CCG), designados por:
(s
'€Z SZ ,jZ .

Da relacdo dada na alinea (d) determina-se por exemplo:

(200)

Determine os outros CCG das relagoes entre as bases dos subespacos { Jj= g}
e {j = %} e a base do espaco {s = 3} @ {¢ =2}.

N N
oot oot

+
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50.

Considere um sistema de dois estados descrito pelo seguinte Hamiltoniano:

A % A:M+%(AM—%Z'(71+72))
H = com . (15)
Br A B=—1 (AM+3i(yn —))

O parametro complexo r é dado pela expressao r = 1 — 2¢ onde |¢| < 1.
Notar que H nao é hermitico e portanto H' # H.

Mostre que os dois estados préprios normalizados do Hamiltoniano (15) sao
dados por

= )

e determine os valores préprios F..

Seja um estado abitrario ¢ (t) deste sistema no instant ¢ = 0 dado pelo ” pacote
de ondas” (cy constantes)

Y(0) =cidy + -

Mostre que o desenvolvimento temporal ¢ (t) = et tlp(O) pode ser dado por

0(0) = {5y — ) eIt — (- e et (o)

b, —

Determine a amplitude da probabiblidade de transicao, <¢ }e_iH t‘ T>, entre
os estados

e mostre que

(4 e D[ = 2 {e—%t be Nt _ o3 ()l cos(AMt)}

A figura na pagina seguinte mostra as observagoes experimentais da desinte-
gragao do mesao Kaon neutro. O Kaon neutro é um estado misto do sistema
de dois niveis que consiste dos estados préprios Kg de vida curta e K, de
vida longa. As massas do Kg e K, sao aproximadamente idénticas, nomeada-
mente Mg ~ M; ~ 500 MeV. Os tempos de vida média de Kg e K sao
respectivamente 47 = 0.90 x 1070 s e 75! =52 x 107% s.

Determine, a partir das observacoes experimentais, a diferenca de massa em
eV entre os dois estados proprios, AM = M — M.

Notar que 1 = 0.66 x 107! eVs em unidades h = ¢ = 1.
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Solutions

Exercicio 1

a. The example we study here for ¢ is a function of k£ which peaks around a certain value
k = k and which vanishes rapidly for large values of |k|. For the sake of calculational simplicity
we choose a Fourier transform which vanishes everywhere at the k-axis except for a small interval
where it has a constant value different from zero, as is shown in figure (1a). The wave packet v

L 2
e ., |t =0)

1
k — Lk T 0 .
k— Ak k k+ Ak AL +Ak

(a) (b)

Figure 1: (a) The Fourier transform in one dimension of a wave packet which differs from zero
only in a small region of width 2Ak around a central value k = k. (b) The corresponding wave
packet at the instant ¢ = 0.

which follows for the above choice of Fourier transform ¢ can readily be determined to be given

o2k + Ak (F (F—
11 etk + B (Rt Ak)e i(k-Ak)e
CV2TVRAE | dir o 2VTAk iw
eil;;x ez’Ak:c_e—iAk:c 1

Jikz sin (Ak x)
VAYAJAN 5 21 vV Ak x

the probability distribution of which expression is given by

_ Ak (sin (Ak x)>2

M2
Ut =0)P = == (F 2
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and is depicted in figure (1b).

b. From Fig. 1a we read for the uncertainty in k the value Ak, since
k=Fk+Ak

whereas, for the uncertainty in z, we find Az = w/Ak, since

=04+ —
xOAk

Hence

AzAk = &Ak =m >1 (Heisenberg)

Exercicio 2

/_oodk U e Ny vk

) 2
Lwdx [W(z,t =0)]> = /Oodf'f% (%)

From integral number 11 of the integral tabel at the web page http://www.sosmath.com/tables/-
integral /integ37 /integ37.html we learn

Hence

/ood Ak (sin(Ak z) ? B / sin Ak:p) 1 27TAk: _ 4
BN Akx B ﬂAk: - Ak 2

ced.



Exercicio 3

The general expression for the time development of a wave packet is as follows:

blat) = % 7 k() exp i (ke —w(b)} (17)

where w(k) is some function of momentum k.
In order to study the above expression (17), we assume that w is linear in k, at least for values
where the Fourier transform ¢ is maximal, i.e.

wik) = & + dk—Fk) . (18)

Such choice for w leads for the wave packet (17) to the expression

b, t) = /_O:O dk p(k)exp {i (kz — [ + &'k - B)] 1)}

- ¥l
3 3

exp {z (—Qt + a/l?;t)} /_O:O dk p(k)exp {ik (v — &'t)}

= exp{it (~w +&'k)} v(z - @'t,0) (19)

which implies that apart from a phase factor and a translation along the z-axis, the wave packet
at the instant ¢ has the same form as the wave packet at the instant ¢ = 0. For the probability
distribution one finds consequently

[, t)* = [z —'t0)" . (20)

From the latter formula we read that the central peak in the probability distribution, which
according to figure (1b) at ¢ = 0 is found at the origin of the z-axis, is located at the position
x = W't at the instant of time ¢. Consequently, for w linear in & as in formula (18), the wave packet
moves with a constant velocity @’ and hence represents a freely moving particle. The general idea
is depicted in figure (2).

Notice, that for w linear in k& as in formula (18), the wave packet does not spread as time
develops. A feature which at first sight also seems quite reasonable for a point particle in the
absence of external forces. However, in general w is not linear in & as in formula (18). Hence, also
quadratic and higher order terms must be considered which in general leads to spreading.

45



||

.

||

peak at x = 0

peak at £ = &’

ik

peak at = 2@’

||

peak at x = 3@’

Figure 2: The probability distribution (20) in space (z) of wave packet (19) for the momentum
distribution (1) at four different instances, t = 0, 1, 2 and 3. The position of the maximum
probability, which represents the most probable place where the particle can be found, moves at
constant velocity &’
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b. From expression (17) we obtain

() = f [k k)i S exp i (ke — (k)0
_ \/__/ dk o (k)w(k) exp {i (kv — w(k)t)} (21)
and
(e = i [k olb) (g Y e~}
_ ¢_ " ar k—mexp{z(k:x— )Y (22)

2
With w(k) = 2]€—m and the results (21) and (22), we find that the wave function satisfies the
Schrodinger equation

Z'%Mx’t) - 21n a2 V(@)
Exercicio 4
For expression (2) we find
%wx,t) = \/—— / dk o (k atQ 5 exp {i (ke — w(k)0)}
_ T / dk o(k) (—w?(k)) exp {i (kz — w(k)t)} (23)
and
2 1 o0 0? .
@w(% ) = Ton [m dk go(/f)@ exp {1 (kx —w(k)t)}
— \/% /_O; dk o(k) (—kZ) exp{i (kx —w(k)t)} (24)

With —w?(k) = —k* — m? and the results (23) and (24), we find that the wave function satisfies
the Klein-Gordon equation

Sevtet) = (k=) stat) = (s =) vl 2

b. First we need the inverse transformations

va' 4Bt = (= B+ B () = V¥ (1-F)z = 2

and
Wb = P (t—Bz)++8(x—Bt) = 72(1_62)75 =1

A7



Hence
r =~y +pt) and t = (I + B2 (26)
Then, we substitute those relations into expression (2), which leads to
P2 ) = Pla(d ), t(2 1))
1 e
= — dk (k) exp {i [ky (2’ + Bt") — w~y (t' + B’
\/ﬂ/m p(k) exp {i[ky (2" + Bt') —wy (' + B2')]}

= o= [ ke (il (= )’ = 0 = A1)
Now, when we define

K(k) = y(k—pw) and w'(k) = vy(w—pk) |,
then we find
W)= (&) = 7 (w—Bk)* =~ (k— Bw)®
= 7 (w? — 28wk + B%K* — K + 2pwk — Fu?)
72 (1 — 62) (w2 — k2) =w—k=m? (27)

We find for the new wave function
W, t) = %Q_W 7 b k) exp {ily (k — )’ — 5 (0~ 6R) 1)
= o= [ ke (W~ (1)

which, because of relation (27), obviously satisfies a wave equation of the same form as the Klein-
Gordon equation (25), namely

o5 S N o4 —m2 N
S ) = (Gom ) )

Exercicio 5

a. First, we notice

o (k) = 1II NO 9((Aki) —(’%—7%))

1 1 1
V2Ak 20y 2AKs

0 5

ki— k| <Ak i=1,ei=2 ei=3

/{;Z'—/%,i‘>Ak:Z’ 1=1, oui=2, ou i=3
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Hence

o0 - | W

0 ,(kl—lély > Ak, or \kz—/‘gzy > Aky or \k?,—/%gy > Ak

,'kl - 151} < Ak, and \kQ - 152} < Aky and \kg - /2-3\ < Ak

Furthermore

Hence

Moreover

< >3/2/d3 _ Z:f[l\/%_w/dkl

So, we arrive at
3 1 EZ + A/{?Z' 1 . .
The integral has been calculated for exercise 1a. We obtain
ik (g (@);) s (A [z = (@0)i))
\/TAK; x; — (%o);

1 sin (Akz {xl — (fO>2D

1 Sin2 (A/{Zl {xl - (fO)ZD
i (:L‘Z — (fo)Z)Q

It has its maximum at x, = (%), ¥2 = (7o), and x3 = (Zo),, or, equivalently, at & = .

b. We determine

) . 3/2 5 _) . e L .
() = ( ) [k k)E(k)exp{z[h(:c—:co)—E(k)t”



Furthermore

Hence

2 1\3/2 , . L .
—QV—mQ/J(’f}t) = (%) /dk(p(k)%exp{z{h(x—xo)—E(k)t”

Consequently

Exercicio 6

a. Jean Baptiste Joseph Fourier (1768-1830) discovered that one can represent any periodically
repeating function as the sum of a sine, a cosine, and all of their overtones; that is, he discovered

that
f(x) = 1b0+2ansm< >+Zb Cos<mm>
When we define a_,, = —a,, and b_,, = b,,, we obtain
a, Sin (@) = 1lg,sin (@) + a_,sin (—mmﬂ

L
e (57) = 4o (%) 4 ()

O
%bo = %bocos<T)
0
0 = agsin (%)

So, we arrive at

= 1 i [a sin <@) + b,, cos (wﬂ
PN L " L
The coefficients a,, and b,, are determined as follows
1 /L
f/ dx f(x)sin (m;mc) =
[ 5 o () ()t (5o (2]
:zc @y, Sin 7 sin 7 cos 7 sin 7

n=—0oo

L £ [ o () oo (1)
+bn% {sin (%) +sin <%> H

20




The integrals over the sine and cosine functions in the interval z € [—L, L] vanish, unless the
argument equals zero for the cosine. Hence,

L/ dx f(x)sin (m;m) =

/ de‘_ { n% {5n,m - 5n,—m} + bn1 {O + 0}

—E/_Ld:pz{am—a_m}— / dx——QL—am

Similarly,
L[ s (75 -
—%fwéfkmﬁ%ﬁmC%ﬁwmﬂ%ﬁm@?ﬂ
L E b () o).
b () 25

1 /L 1 & 1 1
_ ! /_ oy 3 [an—{o+o}+bn—{5n,m+5n,_m}]

/ dot 7 +b_m}—2L/ dz :—2L_b

f(z) :% i [ansin (mLT ) + b, cos (nzx)} =

n=—oo

1 & mmx —inmx 1 mmnx —inmx
=3, 2 [ e (F7) o (7)o (oo (577) o (577 )]

n=—0oo

1 & nTx , —IinmT
=3 > [%{bn mn}exp< 7 >+%{bn+mn}exp< 7 ﬂ

n=—oo

s InTXx inTx

=Y i{bn—ian}exp( 7 )+ i %{bn—”a"}eXp(_L )

n=—oo n=—oo

— Z i {b_, —ia_,}exp (—zzwx> + Z i {b, +ia,}exp <—mz7r:p)

n=—oo n=—oo

[e.9]

= Y 1{bp+ia,}exp <

n=—oo

—inTT s —inmTxT >

)—l— > i{bn—l—ian}exp( 7

n=-—00
INTT

= i %{bn+ian}exp(_L )

n=—oo

Hence, with ¢, = % {b, + ia,}, we have

= — Z {ansin (nz )—i—b cos( )} Z cnexp(_izﬂx)

n=—oo n=—0oo

o1



Furthermore

Cn = %{bm + i, } =
=1 {%/_LLdﬂff(ﬂf) cos (m) / dx f(z)sin (mgx)} |
e o () i (P5)) < 2 o ()

c. First, notice that Aw vanishes in the limit L 1 oo, i.e.

Furthermore,

1
wn+1—wn=7<n+L )W—n—ﬂzz:Aw

Hence, in the limit L 1 oo the discrete variable w, turns into a continuous variable, say w.
Let us write

We obtain then

- i gF(wn)eXp( —iW,T) = i %F(wn)exp (—iw,x)

Tto /OO dw w) exp (—iwz)
and

2L 2L 1 nmx L dx ,

Fln) = 5z = \/ﬁzL/ dzf(@ eXp( ) -/, Vo (@) e (i)
Hence,
F (wn) Tra F(w) = /O:o \;Z—Qx_wf(x) exp (iwz)

d.

©  dw

/_O:O def(z)é(x —z) = f(z) = Vor F(w)exp (—iwT) =

o dw o dx ) o 00 © dw . )
w\/—Q—W{ \/ﬁ f(x)exp (zwx)}exp(—zwx) :[m dx f(x) /ﬂ)o%exp (iw(z — 7))
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Hence,

Se—7) = [ exp (e 7))

—o0 2T

Exercicio 8

a. First, we consider the transformation from Cartesian coordinates (z,vy,z) to cylindrical
coordinates (p, g, z), related by

r=pcos(p) , y=psin(p) , 2=z , (28)

p=\r>+y> @zarctg(%) , Z2=2z . (29)

To begin with, we must determine the derivatives of p and ¢ with respect to x and y. For that,
we need the derivatives of arctg (%) Let a = tg(b), hence b = arctg(a). Then

and

db 1 cos?(b) 1 1

2
- = = b — — =
da % cos”(5) cos?(b) +sin?(b)  1+tg?(b) 1+ad? (30)
Using the result (30) and the relations (29), we obtain then
@—7‘%‘ _COS( ) @—7?/ _Sin( )
or ey Ty Ve
(31)
_Y :
e _ 22 Ty sin(y) dp % _x cos(p)
= 2= 2.2 , = P B B
Ox 1+<%) x*+y p dy 1+(%) ¢ +y p
Next, consider the function
=1 (p(z,y), o(z,9),2) . (32)
Its first order derivatives are given by
0, ov Bpou [ 0 i) 0
oxr’  Orxdp Oxrdp 7 dp p 0p
(33)
0 Opdy Do { . 9  cos(p) 0 }
and — = — ——— = <{SIn — + - 1/1 ,
dy dy Op ~ 0y (©) dp p Op

whereas, by the use of the results (33), for the second order derivatives we find

” o sin(p) 8 °
@w = {COS(SO)a—p— P %} (0

= {eosto) ooy - conte



sin(p) 0 0  sin(p) 0 sin(yp) 0 }
———=—cos(p)=— + — —
((p)ap p Op p Op v
9*  cos(p)sin(p) O cos(y)sin(p) 0
— 2 - _
- {cos (cp)ap2 + g P p 8p6<p+

2

+sin2(g0)g _ sin(p) cos(p) I 9
p Op p dpdp p? O p?

N {Cosz@)ﬁ_z_i_QCos(go)QSin(go)i_ 2 cos(p) sin(p) 02 N
dp p dp p dpdyp

+sin2(<p)g+ sini(gp)@_l}w |
p  Op p° Oy

sin(p) cos(y) 0 n sin®(yp) 02

awz}w

and
0> , 0  cos o’
et = g )
0 . 3} cos(p)
= — sin(p) = + . —+
{sm(gp)ap sm(cp)ap sm(gp)ap PR
cos(p) O . 0  cos(p) O cos(p) O }
+ —sin(p)— + — —
p Op (o dp p Op p Oy v
. 0?  sin(p)cos(p) O sin(yp)cos(p) 2
= st - T 4 S s
cos?(p) O cos(p)sin(p) 02 cos(p)sin(p) 9 cos?(p) 0?
p op 0 dedp 2 ' 2 oa7fY
, 9% 2sin(p)cos(p) @ 2sin(p) cos(p) 0?
- {sz@)@—ﬁ - p? 9o p Ipdp

cos?(p) 0 2(p) 07
Lo (p) O cos 2(s@)_2 "
p  Op P Op
By taking the sum of relations (34) and (35), we obtain
8_2 + 8_2 w — 6_2 + lﬁ + ia_Q 1/}
or>  ay* [ 9 pdp P’ Og
Hence, for the Laplacian operator we obtain
0? 0? 0? 0”2 10 1 0? 0?
2, _ )Y o 9 s o, v 9
vw_{8x2+6y2+822}w {6p2+p8p+p2&p2+822}¢
Next, we introduce spherical coordinates (7,7, ¢), given by

p=rsin(d) , p=¢ , z=rcos(V) ,

o4

(37)

(38)



and
=\/p2+22 ﬁzarctg(g) , o=@ . (39)
2

Using the result (30) and the relations (39), we obtain for the derivatives of  and ¢ with respect
to p and z

O _ P ) O _ 2 _ cos(d)
op  pP+2 0z PP+
(40)
8_19 % ~z_ cos(?) a9 __z% ~_—p _ sin(d)
p 1+<£)2 22 + p? r 0z 14 g)Q 2%+ p? r
Next, consider the function
b =1 (r(p,2),0(p. 2),9) - (41)
Its first order derivatives are given by
g ~ ordy  OWoYP . 0 cos(¥) O
o' = por T opow {Sm(l%r AT
(42)
g ooy oo 0 sin(v) 0
ad 5V = aior oo _{Cos(ﬁ)ar_ s o)l
whereas, by the use of the results (42), for the second order derivatives we find
0 9 cos(®) 0)?
8—p2w = {Sln('ﬁ)a + , %} 'l/}
. 0 0 0 cos(¥) 0
= {sm( )5 sin(d )87“ +sm(19)5 . 8_19+
cos(v) 0 0 cos(¥) O cos(V) 0
- r oY Sm(ﬁ)@r - ro 09 r 00U ¥
. 0% sin(d)cos(¥) 9 sin(d) cos(V) 0?
_ 2 - _ —
- {Sm )3 R
Jr0052(15‘)2 cos(¥)sin() 9% cos(¥)sin(d) O N cos?(9) 0? s
r  or r 0vor r? o r? O
, 9% 2sin(V¥)cos(¥) 9  2sin(d) cos(d) O?
_ 2 - _ —
B {sm (9) or? r? o - r 8T819+
cos?’(9) & cos?(9) O?
T a2 eV (43)
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and
82
92V = {COS“%— Y

0% cos(¥)sin(¥) @  cos(d)sin(d) O?
_ 2 - _
- {COS Do ™ a9 r ooy

+sin2(19) 0 sin(9)cos(¥) 02 N sin(¥) cos(v) 9 N sin?(0) 02 y
ro or r DYOr r? o, r? O

0% 2cos(¥)sin(¥d) 9  2cos(d)sin(d) O?
— 2 - - _
B {COS (19)87“2 N r? o r 8T819+

smr( )aﬁJr Sinrz(ﬁ)%}w . (44)
(4

By taking the sum of relations

3) and (44), we obtain

0? 0? ”? 10 1 0
{ﬁ*@}w—{wﬁaﬂw}w - (45)

Hence, also using formulas (37) and (42), for the Laplacian operator we obtain

VYT 02 T eop  Pogt 0
1 0? 1 , 0 cos(ﬁ) 0 1 0?
B { r 8r 2o rsin(0) [Sm(ﬁ)E * 8_19] T sin?(d) O }?/f
— 8_24_22 i 62 + COS(’l9) g #8_ w
B r?2  ror  r?09*  r?sin(v )819 2 sin? () Op?
102 1 1 0 0
- — 4
{7’8’/’ 2 [sm("&‘) 70 255 G2 H (46)
Exercicio 10
In order to obtain the wanted results, we must study the following derivatives.
1 0 . 0 1 0 .
sn(d) 90 sin(19) 59 © (¥) = () 55 5 sin(¥) [—sin(d)] =
= ) = s [2eos(d) sin(d)] = ~2cos(d) (47)
Sn(d) 29 sin () cos(1¥) sin = oS :



and

8 .
sin(v) 90 sin(1) 20 sin(J) = sin(9) 99 sin() [cos(¥)] =
1 *(0) — sin” = ! — 25sin? = LI sin
- sin (1) [COS ) (ﬂ)} sin(v) {1 2 (79)} LiHQ(ﬂ) 21 (W), (48)

s1n1(19) 6% sin(?)) % {3 cos? () — 1} = 51111(19) % sin(¥) [—6sin(9) cos(V)] =
= _GSinl(ﬁ) 6% sin?(1) cos(v)) = _6sin1(19) [2 sin(1)) cos?(v)) — sing(ﬁ)}
= —12cos*(¥) + 6sin*(¥) = —18cos*(V) +6 (49)
1 0 . J . 1 0 . 0 . .
Sn(0) 99 sin(v) 50 sin(20) = (0] 99 sin(v) 50 2sin(v) cos(v) =
1 9 9 L 0 . . 9
= (0] 99 sin(19) [cos () — sin (19)} = Sn(J) 90 sin(1) {1 — 2sin (19)}
= 25in1(19) % {sin(f&‘) - 2sin3(19)} = 25in1(19) [COS("&‘) — 6sin®(¥) cos("&‘)}
_ zﬁgig)) ~ Gsin(20) | (50)
sml(ﬁ) 6% sin(19) 5% sin(0) = 51111(19) % sin() [2sin(¥) cos(W)] =
- Zsinl(ﬁ) 6% sin?(0) cos(v) = Zsinl(ﬁ) [2 sin(0)) cos?(v)) — sing(ﬁ)}
= 4cos*(V¥) — 2sin*(¥) = 4 —6sin’*(d) (51)
1 & im _ 1 2 _1m
sin? (V) 8—gz32€ e sin? (V) et (52)

a Y (9, ¢) = /1/4m.

Since the derivatives of a constant function are all equal to zero, we find here

and

2770 2 I 0 1L P s
LYo, 0) = —h {sin(ﬁ) oV sin(v) oV * sin? () 0> 14 =0

0
LYW, ¢) = —zh%\/l/élﬂ =0

We find that the eigenvalues of Y are zero with respect to the differential operators L? and L,.
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b: Y2 (9, p) = /3/4m cos(V).

Using formula (47), we obtain

S L T BT RS B By e
L*YP(0,0) = —h {sin(ﬁ) 70 sin(?) 50 + Sn2(0) D2 3/4m cos(V)

= —h?/3/47 {—2cos(¥) + 0} = 2R*Y(V, )
Furthermore, since Y;” does not depend on ¢, we have
0
0 _ _
LY (Y, p) = —zh%\/?)/éhr cos(¥) = 0

We find that the eigenvalues of Y equal h*((¢ + 1) for ¢ = 1 with respect to the differential
operator L?, and mh for m = 0 with respect to the differential operator L..

c: Y9, p) = —/3/87 sin(V) el

Using formulas (48) and (52), we obtain

LY (9, ) = =R {Sjnl(ﬁ) % sin(¥) % + sin21(19) 88—902} [_\/?)/E sin (V) eigo] _

= —2h*/3/8 sin(V) P = 202Y (0, )

and
L 0 . i . . d
LY, (¥,¢) = —zh% {—\/3/87T sin(v) e @] = 1 hy/3/8nrsin(V) l%e 90]
= ih/3/smsin(V) [ie"?] = —h\/3/87sin(0) [¢"?] = RV, )

We find that the eigenvalues of Y} equal A*((¢ 4 1) for ¢ = 1 with respect to the differential
operator L?, and mh for m = 1 with respect to the differential operator L..

d: Y1(9, ) = 1/3/8m sin(9) e P,
Using formulas (48) and (52), we obtain

19 ) 1 :
LYY 0,0) = —h? {—— L sin(0) < ANV in(9) e~ —
v (0e) {sin(ﬂ) 0 W 55 T a2w) &,02} 3/87 sin(V) e



9 1 0 . 0 . — 1 , ?
= —h"y\/3/87 { S () P sin(v) Py sm(ﬁ)] e+ Sn2(0) sin(v) [3—4PQ6 90]}

= 78 { [ty =2 im0 + g o -7

= 2h2\/3/87 sin(9) e TP = 2K2Y (9, )

and
LY ', ¢) = —ih i\/3/87T sin(v) e~ — _in 3/8m sin (1) ie_i‘p
’ ofte Op

= —ihy/3/8msin(V) [—ie_iﬂ = —h/3/8msin(V) {e_iﬂ = Y'Y, p)

We find that the eigenvalues of Y, equal h%((¢ + 1) for £ = 1 with respect to the differential
operator L?, and mh for m = —1 with respect to the differential operator L,.

e: Y (9, p) = /5/16m {3 cos*(9¥) — 1}.

Using formulas (49) and (52), we obtain
21,0 ol 2wl 1L 1 209) - 1} —
LY, (¥, ¢) = —h {sin(f&‘) 59 sin(v) 50 + Sn2(0) 02 5/16m {3COS () 1} =
= —h%/5/16m L 9 sin(ﬁ)ﬁ{?)cosQ(ﬁ) —1}| + 0
sin(9) oV o
= —1*\/5/16m {~18cos’(¥)) + 6} = 64°\/5/167 {3cos’(W) — 1} = 6R*YY (Y, ¢)

Furthermore, since Y;) does not depend on ¢, we have

0
0 : 2 _
L.Y, (0, ) ih—=—1/5/16m {3cos (¥) 1} =0

We find that the eigenvalues of Yy equal h*((¢ 4 1) for ¢ = 2 with respect to the differential
operator L?, and mh for m = 0 with respect to the differential operator L..

£ Y19, 9) = —\/15/327 sin(209) ¥,

Using formulas (50) and (52), we obtain

2y-1 Tl S AN 18_2{_/ ~ w]_
L*Y; (0,9) = —h {sin(ﬁ) 70 sin(v) 50 + Sn2(0) D2 15/327 sin(29) e =

— 1?\/15/32% {[sml( 7 % sin(ﬁ)% sin(219)] Pt 21( 57 Sin(2?) l;—; ew”

S1n
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12,15 /327 {[zﬁgfg —6sin(219)] e 4 Sin; 5 Sn2) [—ew]}

= —6h%\/15/327 sin(20) e'P = 6KV (V. )

and

LY} (9,0) = —ih% [—\/15/3% sin(20) e"'ﬂ = iT\/15/327 sin(209) l%eis@] _
= 1h/15/327 sin(2¢) {iew} — —h\/15/327 sin(29) [eigo] — WY, 0)

We find that the eigenvalues of Y;' equal h*((¢ + 1) for £ = 2 with respect to the differential
operator L?, and mh for m = 1 with respect to the differential operator L..

g Y, (9, ) = /15/327 sin(29) e~ ¥

Using formulas (50) and (52), we obtain

2,1 TR SN 18_2[/ i —w}_
Y, (0,0) = —h {sin(ﬁ) 59 sin(v) 50 + Sn2(0) 9 15/327 sin(29) e =

v sin®(

= -h2v15/327f{_2§i§?§§—Gsmm)] —io L ) [—e—iﬂ}

sin? (1))
= 6h2,/15/327 sin(29) e 1P = 6R2Y; (9, )

and

(0, 0) = —ih% [\/15/327r sin(24) e_w} = —ih\/%sin@ﬁ) l@ie_w] _

; _
= —ih\/15/32rsin(20) [—ie”"¥] = —h\/15/32msin(20) [e ] = Y5 (0, p)

We find that the eigenvalues of Y, ' equal h*((¢ + 1) for ¢ = 2 with respect to the differential
operator L?, and mh for m = —1 with respect to the differential operator L,.

h: Y2(9, ) = \/15/327m sin®(9) e21¢.

Using formulas (51) and (52), we obtain

L2Y2(9, ) = —h’ {sml( 5 % sin(v) 85:9 =l )aa_} {\/15/3% sin? (") ezw] =

v
2 .
= —h*\/15/327 {l ; L o sin(v) = sin? ] 2P 4 sin?(1)) [6—2 62290]}

sin()) OV



= —1%\/15/32m {[4— 65in’(9)] 2P 4 [-4e20¥])
= 6h%\/15/32r sin®(9) €21 = GR2Y2(Y, )

and

0 0
2 _ .5 Y 22g0] _ .2 2ip| _
L.Y5 (Y, ) ih o { 15/32m sin?(¥) e ih\/15/327 sin” (V) [&p ]

= —ih/15/32msin* (V) [2ie*P] = 2h\/15/32msin* () [e*¥] = 21 Y2 (9, )

We find that the eigenvalues of Y equal A*((¢ + 1) for ¢ = 2 with respect to the differential
operator L?, and mh for m = 2 with respect to the differential operator L..

i Y;72(9, ) = \/15/32m sin®(9) e~ 2ip,

Using formulas (51) and (52), we obtain

LPYF(0,) = =" {Sml( )6819 (19)5% + Sln%(ﬁ‘)@a—gﬁ} [\/15/327? sin? (1)) 6—2i<p] =
- /15/32m {lsinl(ﬂ) 5% sin(7) % Sm2<19)] T2 4 ﬁ sin*(¥) [% 6_21'%0]}

- —hQ\/% {[4—6sin2(19)} e~ 20 + [—46_2%0]}

= 6h2\/15/327 sin2(0) e 2P = GR2Y2(Y, )

and

LZY2*2(19, p) = —zhag[ 15/32m sin? 2“0} —ih 15/327TSH1 () [
2

= —ih/15/32msin®(9) [~2ie" %) = —2h\/15/32msin’(9) [ 2P| = nY; (0, )

We find that the eigenvalues of Y, 2 equal A%((¢ + 1) for £ = 2 with respect to the differential
operator L?, and mh for m = —2 with respect to the differential operator L,.
In the following table we collect the results of the preceding calculus.

ie—%s@] _
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angular momentum | magnetic quantum number
eigenvalue L? eigenvalue L,
\ i 00+ 1)R? m mh
YY || 0 0 0 0
Y|l 2n* 1 h
Y2 |1 2h* 0 0
it 2h* -1 —h
Y3 || 2 67 2 2h
Y |2 61 1 h
Yy | 2 67 0 0
Yyt 2 65 -1 —h
Yy 2| 2 6h> -2 —2h

Exercicio 11

a: Y3 (9,p) = /1/4m.

Since the derivatives of a constant function are all equal to zero, we find here

. ) _cos(¥) 0
L.Y? = hel¥ { = 9o (VAT =
Y9 (0,9) = he {319 T () ago} e

and

» o _cos(¥) O
LY = he W = B [ VI/AT =
o (0, p) he { BY T sin (1) 8@} m ’

We find L, Yy =0and L_Y) =0

b: Y (9, p) = /3/4m cos(V).

LYY (0,9) = hel? {% + Z:?IT((Z; %} \/3/4m cos(¥) =

=h 3/47T6i90 {—sin(¥) + 0} = —hVv2,/3/87 sin(ﬁ)ew = hV2Y (9, p)

and

LY?(0,¢) = e ¥ {—% + ZZ?SEZ)) %} \/3/4m cos(¥) =

=h 3/47Te_i90 {sin(¥) + 0} = hv/2/3/87 sin() eI = hV2Y N0, ).
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We find L, Y? =hv2Y! and L_Y? = h2Y; L

c: Y9, p) = —/3/8m sin(9) et

LYY, ¢) = hel¥ {— + 1

5+ ) [T s ] =

= —h 3/87rei<p {005(19) el 4

and

0 N Z,cos("&‘) 9
ov sin(d) dp

LY} (9,9) = he‘w{

= —h 3/87T6_i90 {— cos(1) el®

= 12y/3/87 cos(¥) = hV2YL(0, ).

We find L, Y! =0 and L_Y;}' = h/2Y".

d: Y1(9, ¢) = ,/3/8m sin(9) e P,

p cos(1)
sin(19)

[sin(v) i ¥ } =0

} [—\/% sin(?)) eiﬂ =

_cos(v . g
+ 1 sin((ﬁ)) [sm(ﬁ) ie ﬂ}

o) = e {5 o S B i ] -
)

=h 3/87Tei90 {Cos(ﬁ) eI 4

= h2y/3/87 cos(¥) = EV2YL (W, )

and

LY 0, ) = he ¥ {—— + i —
=h 3/87T6_i90 {— cos(1) eI 4
We find L Y7 =h+v2Y  and L_Y; ' = 0.

e: Y (9, ) = /5/167 {3 cos*(9¥) — 1}.
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[ S

LY, ) = he'? {a% + Zzi);éz; %} {\/5/167r [3cos?(9) — 1}

— 1 \/5/167 "? {—6sin(¥) cos(d) + 0} = —hv/6/15/327 sin(29) P = K V6 YL (0, )

and
L0 g) = e (e S [Vt et 1)) -

= hy/5/16m e {6sin(¥) cos(¥) + 0} = hv64/15/327 sin(20) e P = BV6Y; (9, )

We find LYY =hv6Y) and L_YY =h/6Y, .

£ Y19, 9) = —\/15/327 sin(209) €'¥.

Let us first determine the derivative of sin(27).

g .
Er sin(29) = 2cos(29) =

=2 [0082(19) - sin2(19)] = 2 [2 cos? (V) — 1} =2 [1 — 251n2(19)}

Using either of the final results, we obtain

LY} (0,0) = he'? {a% + ZE?SEZ? ai} [—\/15/3% sin(20) eiﬂ -

= —h/15/327 el {2 [0052(19) - sin2(19)] e + ZZ:EZ)) sin(29) [iew}}

= —h/15/327 el {2 [0052(19) —sing(ﬁ)} P — szin(ﬁ) cos(v) ew}

= 2h\/15/327 sin2(0) e21P = 2K YE(V, p)

and

L) = nee {2 i DL o) o] =

— —h\/15/32m e 1P {—2 [2c02(9) — 1] ¥ + z’%ézi sin(20) [ieiﬂ}

= —hy/15/327 e iP {—2 [2 cos? (1) — 1} P — Z:((Z; 2sin(¥) cos(¥) ew}

= 25,/15/327 {3cos’(¥) — 1} = WV/EYP(D, )
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We find LY} = hv/4Y} and L_Y,! = h/6YY.

g Y, 1 (9, ¢) = /15/32m sin(29) e~ 1P,

LY (0,¢) = hel? {a% + ZZTSES; %} [,/15/3% sin(20) e—iﬂ —

= hy/15/32m ¥ {2 [2cos?(9) — 1] 7% + Zzi);((z)) sin(20) [_ie—w}}

= hy/15/327 el {2 {2 cos? (1)) — 1} e 4 ;%EZ))Qsin(ﬁ) cos(1) e_w}

= 2h,/15/327 {3cos* (V) — 1} = KVGY (W, )

and

L_Y;'(0,p) = he ¥ {_a% + ZZTE((Z)) %} [,/15/3% sin(20) e—iﬂ -
i 9 . 9 i _cos(¥) . R
= hy/15/32me” ¥ {—2 {cos () — sin (19)} e W+ ZsiT((w) sin(29) [—ze 90}}
= h\/15/327re_i<p {—2 {0052(19) —sing(ﬂ)} e 4 Z;%EZ?ZSin(ﬁ) cos(v) e—iap}

= 2h\/15/327 sin?(9) e 2P = 2R Y, 2(0, )
We find L Y, ' = hv6YY and L_Y, ' = h/4Y, 2

h: Y2(9,¢) = /15/32x sin?(9) e24¥.

Let us first determine the derivative of sin?(4).

ad ., o .
59 sin“(¥) = 2sin(v¥) cos() = sin(20)

Using either of the final results, we obtain

' 3} _cos(¥) 0 . 2
L.Y? = heP { — — { 15/32 2 W} —
+Y5 (0, 0) he {819 + Zsin(f&‘) &p} \/15/327 sin“(9) e

= /1573w {2in@)con(0) 19 4 1 S sn(o) [22e29] | = o

and

L YZ(0,0) = he ¥ {—% + ZZ:E:Z? g} [\/15/3% sin? () e%ﬁ] -



= 1\/15/32m e {— sin(20) 2%+ ZZTEEZS sin?(9) [ 2i 621'90}}
= h\/15/327re_i90 {— sin(29) e2ip _ sin(24) 62i<p}
— —2h\/15/327 sin(20) e'? = 2R Y (9, ).

We find L Y} =0 and L_Y}? = h\/4Y;}.

i Y,72(9, @) = \/15/32m sin?(9) e 2%

L+Y2*2<19, (p) = heup {% + Z:jg:;)) %} |: /15/3271' SIHQ("&‘) €—2Zg0:| —
\/15/327Tei(‘0 {sin e_%@ + iw sin2(19) {—22' 6_2i()0:|}
\/15/327Tei(‘0 {sin

29
(29) sin(v)
(20) 72 4 sin(29) e~ 2%}
— 2h\/15/327 sin(29) e ¥ = 2R YL (0, )

h
h
and

LoYy2(0,0) = he {— % n ZZTEEZ? %} [,/15/327r sin?(9) e—%ﬂ -

= h\/15/327re_i90 {—ZSin(ﬁ) cos(v) e 21p + i%ég)) sin?(¥) {—22' 6_2i()0:|} -0

We find L, Y, 2 =h+v4Y, P and L_Y, 2 =0.

In the following table we collect the results of the preceding calculus.
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raising || lowering

vl e | m L, L_
YO oo 0 0
Yi 1|1 0 hv2YP

Y2 [ 1]0 | Av2Ylr || a2y !
Vit -1 /2y 0

Y2 2] 2 0 hVAY
Y (2] 1| AvaY? | aveYy
Y 210 | AV6Yy) || Av/6Yy !
Yol 2]-1] mv/6YY | /4y, ?

Yo 2|22 avaYy! 0

In general one has

LY = Ul +1) —m(m+1) ;!

and

LYy = \JUl+ 1) —m(m — 1) Y~

The signs + or —, or in general the phases, of the spherical harmonics are chosen according to
the Condon-Shortley phase convention.

One may use the raising, L, , and lowering, L_, operators to construct all spherical harmonics,
once one finds the solutions Y,?, which are independent of ¢, of the equation

RUC+1) Y (0) = LY () =

= —h? { L 0 sm(ﬁ)i + = 8—2} Y, ()

sin(d) OV 09 sin?(¥9) Op?
T R L <A ¢
= " @) a0 W) 5 YO 0)

The latter equation, which is called the Legendre differential equation (1785), is not very difficult
to be solved (see e.g. http://mathworld.wolfram.com/LegendreDifferential Equation.html or http:-
//en.wikipedia.org/wiki/Legendre_polynomials ).

Exercicio 12

Using the definition for the Bohr radius, we may simplify the differential operator to

h? d? R0+ 1) e? h? {d2 0(0+1) N 2}

— —r = — —r
2mer dr? 2mr? Ameyr 2mer | dr? r ao
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3/2
a: Rn=1’g=0(7‘) =2 (alo) / e_r/ao.

2 2
Since ¢ = 0, we obtain for the differential operator —277}17 {%r + a%}' Hence, we must
determine
d? —r/a d ( _ 1 _ d rYy —
a o - & r/ag {__ r/ao]} _ _{1__} r/ag
a2’ € dr {e o aoe dr ap ¢
= Loy i TV L) {z N L’Q}e—r/ao
Qg Qo Qyp ay ag
We find then
o d? 2
_ i “\R =
2m.r {d’r’ZT + ao} 10(r)
[ d? 2 1\%? h? 1N\%2 [ & 2
L B L Y —r/ag _ _ 2(_) ar —rjag . 4 _—r/ag
2m.r {dr2r+ ao} (ao) ‘ 2m.r \ag dr2re + aoe

2 3/2 -
{2z
2mer ag ap  ag agp

2 3/2
) e
2mer ag apg ap Qg

h2 1 3/2 _ h2 1 3/2 _ h2
= — 2 <—> %e rfao — _ 52 (—) e /a0 = _ 5 Rio(7)
2mer  \ag ag 2meag  \ag 2meayg

Consequently, we find for Ryo the eigenvalue F, = —h?/ (2m.a2) under the action of the differen-
tial operator. Also using the definition o = €?/(4mephic) = h/(meapc), we obtain Ey = —a*m.c?/2,
which is indeed the expression for the Hydrogen ground state energy we have obtained before.

b: Ry—2¢-0(r) = < 1 >3/2 {2 _ L} e—T/2a9

2(10 Qo

2 2
Since ¢ = 0, we again obtain for the differential operator —277}1 - {d— r o+ a%}- Here, we deter-

mine, using the substitution ay — 2ag in the result of a,

2
& /200 _ {_i N L}e—r/zao _ {_i N L}er/zao

dr 2a0  4ad

Furthermore, we must determine

2 2
d_rz e—r/2a0 _ i{Q'r’e_r/an—i—'rQ _Le—r/Zao}} _ i{%_r_}e—r/an

dr? dr ap dr 2a0
2 2
2a 2ay 2a ay  4aj
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We find then

B> d2 2
'vmf&ﬁr+aﬁR“”:

2 2 3/2
T
2mer | dr ap 2a Qg

hQ 1 3/2 d2 /9 1 d2 —r/2 /9 /2
_ (_) {2_7,6 r/2ay _ L < r2e r/ a0+ o~ T/2a0 _ e o/ ao}

2m.r \2aq dr? ap dr ao ag
2 3/2 " 2
- _ h <L) 9 fi+L 6_7'/2a0 _i 2_%+T_ 6—r/2a0+
2mer \2aq ap  4a? ao ap  4ad
L2 —r/2a0 —7’/2&0}

_ " (ig“q_z+_r 2 2z_ﬁi+i_2}-wm%

2a0 202 ag  ai  4ad  ay @

h? TN r r? _ h?
G e g

2mer \2ag 2a5  4ay 8mea?

Consequently, we find for Ry the eigenvalue Fy = —h?/ (8m.a?) = —a’m.c?/8 = F, /4 under the
action of the differential operator.

3/2
) 1 1 T —r/2
¢: Rn—gy=1(r) = V3 (2(10) {ao} e /200,

2 2
Since ¢ = 1, we obtain now for the differential operator _QTELJ {% r —
the results of b, we find then

o d? 2 2
bﬁf—; QJRM>:

N 2+2 1 (1)3/2{r} —r/2aq
 2mer T ag | /3 \2a ap ¢

2
T

+ a%}' Also using

2mer

:_R?L(LfQLﬁ%wmo3;4muﬁffm%

2mer /3 \2aq ag dr r ag ap ag

— o1 (i)s/z 1 9 _ L —r/2a0 2r_—r/2ag
2me.r /3 \2aq ap ap  4a} ap a?
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2me.r /3 \2aq dag 8meag

Consequently, we find for Ry, the eigenvalue Fy = —h?*/ (8m.a?) = —a’m.c?/8 = F, /4 under the
action of the differential operator. This is the same eigenvalue as for Ryy. Why?

3/2 2y _
& Rucgomo(r) =2 (k) {1-28 + 2 (&)} e77/300

h2 1 1 3/2 2 . h?
= s (o) )T =

2 2
Since ¢ = 0, we again obtain for the differential operator —277}1 - {Cgﬁ r4+ 2 } Here, we deter-

mine, using the substitution ay — 3ag in the result of a,

d? —r/3a { 2 r } —r/3a
re O =(d——+—7 ¢ 0
dr? 3ap  9ad

Furthermore, using the substitution 2a¢g — 3ag in the result of b,

2 2
j_r /30y _ {2 A T_}e—T/gao
-

Finally, we must determine

2 3
d= 4 f,/)a _ {37“ 6—7“/3@0 T [_Le—r/?)ao]} _ d {3r2 _ T_}e—r/Bao

dr? dr

2 3
= Jor— 2 ter/30  dae LA L
3&0 3&0

We find then
h? d? 2 h? d? 2 1 \%? 2r 2 /12
_ @ “ _ AL Y 12 2 (" —r/3ag
2m.r {dr2 rt aO}RB’O(T) 2m,r {dr2r+ ao} (3(10) { 3ao + 27 (ao) } c

2 3/2 (2
__h 2<L)/ {d e T/3a0 _ 2 & 2o T /300 |

2me.r  \3ag dr? 3ag dr?
2 & &3 e~ T/3a0 4 —r/3a0 " e—r/3a0 4 2T Ar? o~ T/3a0
27a3 dr* ag 3a3 27a0
2 3/2 2
[ h 2 (L) _i + — 774/3@0 2 2 4r + T_ 6—7“/3&0 +
2me.r  \3ag 3ag 9@0 3ag 3ap | 9a2
+L 6"7£+’_A§ e~ T/3a0 4 —7’/3&0 —r/3a0+ —r/3a0
27ag ag )(1 ao 3a0 27a0
_ 2( 1 )3/2 2 v 4 & 2t A At o
 2mer  \3ag 3ag  9a2 3ag  9a2  27al 9al  27a; 27 x 9a}

+

3 — 4_T + 4T2 e_r/?)a’o
ap 3a3  27a}
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h2 1 3/2 92 2 2 3 . h2
- : <—> L2 - 3+ : (¢ r/3a — _ 2 Rso(r)
2mer \3ag 9ag  27ay 27 x 9ay 18meag

Consequently, we find for Rs, the eigenvalue Fs3 = —h?/ (18m.a2) = —a’m.c?/18 = E;/9 under
the action of the differential operator.

3/2
. _ 3 1 1T r —r/3a
Since ¢ = 1, we obtain for the differential operator —>— prid Pt Also using the

results of d, we find then

I d? 2 2
{d— -7t ;}Rﬂ(’“) =

2mer 0

’ 2 2 2 1\3/2 1
_ ﬁ_{j__ : +_}§¢§ o

2mer

ag | 4 3ag ap ) ag
::_hga@(igw 1@ /30 L & 5 —r/3a
2mer 4 3ag ao dr? 6ag dr’

h? o3 1\¥2 (1 Ar 2 3 1 2r 3 /3
_ ° o ([ D B S o _r/ ap _ _— 6r — —— ; ST /e)(l(]
2mer 4\/_ <3(Z0> Qo 3ag + 9&3 ‘ 6013 ! Qo - 0”1_)) ( -

T ag 6 ag
h2 3 1 3/2 ) 4 2 . 2 3 ) 9 2 _
B . L
2mer 4 3ag ap a5 9ay a;  3a;  Sda,  ap  3ag  af  3ay
h? 3 1\%2( r2 r3 3 h?
= — V2 — — —r/3a0 _ _ R
2m.r 4\/_ (3&0) 9a3  5dag ‘ 18m.a? a(r)

Consequently, we find for Rs; the eigenvalue Fs = —h?/ (18m.a2) = —a’*m.c*/18 = E,/9 under
the action of the differential operator. This is the same eigenvalue as for R3y. Why?

f: Ry—30-2(r) = 217\/% (3%“))3/2 {(%)2} e—T/3a0

2
Since ¢ = 2, we obtain for the differential operator _277}1 - {j—; ro— g + a%}' Also using the
results of d, we find then

n? { @ 6 2

G ) Relr) =

2 2 3/2 2
_h iﬂ_§+2_z¢§bg) (2} erssa
2mer | dr r ap | 27V 5 \3ag ag

2mer




D)
2m.r27\ 5

22 2 N ot T s 6 2
— s (o) (6 b P[22
2m.r 27\ 5 \3a a? ap  9a3 r o oag

D)
2m.r27\ 5

2 3/2 3 2
_ 2 2 (L) _ L —r/3a _ __ D Ran ()
2m.r 27\ 5 \3ay 9ag 18m.ad

Consequently, we find for Rsy the eigenvalue Fs = —h?/ (18m.a2) = —a’*m,.c?/18 = E,/9 under
the action of the differential operator. This is the same eigenvalue as for R3y. Why?

In the following table we collect the results of the preceding calculus.

principal quantum number n
and angular momentum /¢ binding energy
R |l n {<n E, = —a®m.c?/2n?
Ry | 1 0 E; = —a’*m.c?/2
Roo || 2 0 Ey = —a?m.c?/8
Ry | 2 1 Ey = —a®m.c?/8
Rs || 3 0 E3 = —a*m.c?/18
Rs || 3 1 E3 = —a*m.c?/18
Rso || 3 2 E3y = —a?m.c?/18

Exercicio 13

a. In the lectures it has been shown

R d? L?
h2 2 - - 2 o
v rodr? 2mr?
Consequently,
o, e n? o d? L? e?
— — ) = — — Y (0 =
{ 2m, v 47‘(‘607“} Unem (1) { 2mer dr2r + 2m,r? 4megr Bane(r) Y (0, )
R d? T2 o2
2mer d QTRnAT) 0 (797 ()0) + 2meT2RnZ<T) ¢ (797 ()0) 47T€0TRnZ<T> ¢ (197 @)
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B2 d? I? 2

= Y0 g g TEner) + Rne(r) 5 =g Ve (0, 0) = Ve, 0) o Bnel)

- ) S j Rualr) + Rualr) D v, ) 0,0 1 Rl
= 0.0 o Rut) + 70,0 D ) P00 Rt
- {‘2fjerj—;7“3"f(” o ) o) i (T)}

= Y0, ¢) {_2:71267“ j—;r + h22£7§i:;1) B 4:6207’} Fnelr)

= Y(0,0) En Rue(r) = En Ru(r)Y"(0,0) = Ep nem(77)

b. In the lectures it has been shown

00 00 00 00 2m T
/ dx / dy / dz = / rdr / dp / sin()dd
o oo —o0 0 0 0

Consequently,

/_ dl‘/_ d’y/_ dz |¢n€m(xayaz)|2 =

00 21 T
_ / r2dr / dip / Sin(9)d9 |Rue(r) Y™(9, 0)[
0 0

0

e 27 T
= [T [T g [ sin@)ad R V0,9
0 0 0

/0 r2dr | Rpe(r) / dgp/ sin(9)dd Y™ (9, )|

=1x1=1

Exercicio 14
a. For n =1 we only have { = 0 and m = 0. Consequently, for n = 1 we find one possible

state, the ground state |n = 1,¢ =0, m = 0), with energy £} = —F /1.

For n = 2 we have ¢/ = 0 with m = 0 and ¢ = 1 with m = —1, 0, +1. Consequently, for
n = 2 we find four (1 + 3 = 22) possible states, |n =2,{=0,m=0), [n=2,{=1,m= —1),
In=2¢=1,m=0),and |n =20 =1,m = +1), with energy F, = —F /4.

For n = 3 we have / = 0 with m = 0, £ = 1 with m = —1,0, +1 and ¢ = 2 with m =
—2, —1, 0, +1, +2. Consequently, for n = 3 we find nine (1 + 3 + 5 = 3?) possible states,
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In=3/L=0,m=0),n=3l=1,m=—-1),[n=3=1,m=0), [n=3,¢=1,m=+1),
In=30=2m=-2) In=3=2m=-1),|n=3,=2m=0),|n=3,=2m=+1), and
|n =3,0=2m=+2), with energy EF3 = —FE/9.

The number of states with the same value for ¢ equals 2¢ + 1.
The maximum value for ¢ equals n — 1.
Hence, the number of states N,, with the same energy F,,, is given by

Ny =14+34+5+...+2n=-3)+1)+2n-2)+1) +2n-1)+1)

The trick for adding this series has been found the other day by Carl Friedrich Gauss. Just add
it term by term to the same thing but in reversed order. You obtain then

Ny4+Ny=[1+2n—1)+1+[3+2n—-2)+1]+[5+2n—3)+1]+...
Fo A2 =3+ 145 +2n—2)+ 143+ [2(n—1) +1+1]

The expressions in between the brackets all add up to 2n.
Furthermore, there are n terms.
Hence,

2N, =nx2n  — N, =n?

Consequently, the degeneracy of the energy level £, equals n?.

b.

1] 1s

2128 2p

313 3p 3d

4 | 4s 4p 4d 4f

515bs b5p bd bHf b5g
6|6s 6p 6d 6f 6g O6h

Exercicio 15

a. The magnetic moment of a planar loop of electric current is defined as
pi=1Ia

where /i is the magnetic moment, a vector measured in joules per tesla, @ is the vector area of the
current loop, and [ is the current in the loop (assumed to be constant).

By convention, the direction of the vector area is given by the right hand grip rule: curling the
fingers of one’s right hand in the direction of the current around the loop, when the palm of the
hand is ”touching” the loop’s outer edge, and the straight thumb indicates the direction of the
vector area and thus of the magnetic moment.

The current I equals the amount of charge that passes per second at any point of the electron’s
orbit. If the electron has velocity v (in distance per second) and the circular orbit has radius 7,
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then the electron passes v/27r times per second at any point of the orbit. The electron carries
charge —e. Consequently, at any point of the orbit passes —ev/27r charge:
—ev
I=—
27r

The area which is enclosed by the circular orbit is given by mr?

moment of the electron equals

. Hence, the orbital magnetic

7 —ev 9 1
Hmag = I X area = Gy XTI = —gevr

The angular momentum of the electron with respect to the center of the orbit equals Lit = perv
and points in the direction of the area vector a. Hence,
e -

/jmag = _Q—ILLeLint

b. For B = 1000 T, we must determine

;;ZB = (5791077 V/T) x (10° T) =579 x 1072 &V

Moreover, we need to know
he = (4.1356673 x 107 eVs) x (2.99792458 x 10" nm/s) = 1.239841874 x 10* eV nm

Furthermore, 122 nm corresponds to

he B 1.239841874 x 10® eV nm
A 122 nm

Hence, the contribution of the interaction with the magnetic field yields 5.79/10.16%= 0.57%
difference per unit magnetic quantum number.

For m = 1 the available energy is 0.57% more, hence, since energy and wave length are inversely
proportional, the wave length 0.57% of 122 nm less, 7.e. 0.7 nm less.

For m = —1 the available energy is 0.57% less, hence the wave length 0.57% of 122 nm more, i.e.
0.7 nm more.

For m = 0 the contribution of the interaction with the magnetic field equals zero. Consequently,
the available energy is the same, hence the wave length equals 122 nm.

Ey—Fy=hf = =10.16 eV

Exercicio 16

We use [p:v7 .'L'] - _Zha [py7 y] = _Zha [pza Z] - _Zha [p:vu y] = 07 [p:vu Z] - 07 [pya .'L'] = 07
Dy, 2] =0, [p,, 2] =0 and [p,, y| = 0. This is summarised in the following table.

. r x|y | oz
Da —ih | 0 0
Dy 0 | —th| O
D 0 0 | —ih
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Furthermore,

a.
Pz, L] = [pe s 2py — ypa] =
= [px, 2py) — Po s Y0l = [po, Dyl + [Pe s 2]y — Y [P Do) — [P+ Y] Pw
= 0—ihp, +0+0=—ihp, ,
[y L] = [py, 2py —ypa] =
= [py. zpy| — [y, ypal =[Py, pyl + [0y, 2Dy —ylpy s D] — [Py . Yl Do
= 0+0+0+ihp, = ilp, |
and
- L] = [p-, wpy —yp.] =
= [p=, apy] = [p- s ypl = [po s py] + P2y 2Py —y P2 2] — P25 YlPo
= 04+04+0+0=0
b.
P2 Le| = palpe s L)+ oo Lol po = pa (—ihp,) + (—ihp,) pr = —2ihpap,
P2, L) =py[py L+ [py» L:lpy = py (ihps) + (ihpa) py = 2ihpap,
and
P2, L] =p.[p- . L)+ [p- L]p: = p: (0) + (0)p. =0
C.
P*, L] = [plApl+pl, L] =
= |2, L]+ [p), L]+ [p2, L] = —2ihpapy + 2ibpup, +0 =0
Furthermore, in polar coordinates L, = —ihd/J¢. Hence, any function which does not depend on

© commutes with L,.

But, it can also be shown in a straightforward manner that L, commutes with Vi (r) as we will
see below.

First regard the following.

We(r)  Or dVe(r)  x dVe(r)
or  Ox dr  r dr
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We find then

Vo) il = Vo), ~ing | =
, o o0V, .
= —iVo(r) -+ i -Vo(r) = —ihVe(r) 5 +ih az(r) +ihVe(r)—
L oVe(r) . T dVe(r)
ih or mr dr
Similarly
oy dVe(r)

Volr) . p) = int S0

We obtain then
[VC(T) 9 Lz] = [VC(T) y TPy — ypa:] =
= [VC(T) ; ZL‘py] - [VC(T) ) ypa:]

=z [Vo(r), p)+Ve(r), «lp, —y[Ve(r), pe] — [Vol(r) , ylp.

dVe(r) 40— yin? dVe(r)

dr rdr +0=0

= xihg
,

We may thus conclude

2

[H ) Lz] = [;Me + VC(T) ) Lz] - 2,11% [p2 ) Lz} + [VC(T) 9 Lz] =0

We may repeat all steps for L, and L, to find that they also commute with H.

In problem (23) we show that [L, , L,| =ihL,, [L,, L,| =ihL, and [L,, L,| =ihL,. This gives
(L2, L.| = Lo [Lo , L) + L, L] Ly = —ihLy Ly — ihLyL,

Ly, L.| = Ly[Ly , L)+ Ly, L] Ly = ihLyL, + ihL,L,

(22, L] =L.[L., L) +[L., L)L =0+0=0

Hence,
22, L) = [L2+ L2+ 12, L] =
=2, L)+ 22, L]+ 12, L]
= —ihL,L, —ihL,L, +ihL,L, +ihL,L,+0=0
Thus, if we consider the operators H, L,, L,, L, and L? then we found in the above that the

maximum sets of commuting operators are given by {H, L?, L.}, or also { H, L* L, } or {H, L* L,}.
It is common practice to select the first of those sets to classify the solutions for hydrogen. They
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are then simultaneously eigenstates of H, with eigenvalue E,, of L?, with eigenvalue h*/(¢ + 1),
and of L., with eigenvalue hm.
This is denoted by |n, ¢, m).

Exercicio 17
Let us first recall that the radial part of the Schrodinger equation is given by (h = ¢ =1)

(o[- vbu) = But) = ot

2m

For a free particle one has V(r) = 0.
When we substitute z = kr, we obtain

1 [K*d®> KX (0+1) k2
“om [ e
or
?  ((+1 d? I+ 1
_l@_ (22 )] u(2) = wue(z) — {—@+ ( 2 ) —1}W(Z)ZO
For ¢ = 0 and for z > 1 we obtain
d2
EW(Z’) = —uy(2)

which is solved by
u(z) =sin(z)  or  wy(z) = cos(z)

For 2z <« 1 we obtain

d? 0(0+1
42 o(2) = 2 ug(2)
which is solved by
up(z) = A1 o ug(z) = 27*

b.
d? a2 ((+1 d
g2t = T T ) =
_i €+1+€+1i d_2 )
 dz 22 2z dz dZ? etz
o d (+1 (+1d ((l+1)
_dz{_ 22 + z dz+1_ 22 }W(z)
d ((+1)2 ¢+14d
= <= — 41
dz{ 22 * z dzJr }W(z)
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(
2 il Bl
23 22 dz 22 dz 2 dz?  dz

(+1)?* (+1)2*d (+1d (+1d d
- - - ue(2)

}<> oo
{
[

z dz

(C+D(+2)d 41 ((€+1)<€+2) _1> d}w(Z)

22 dz z 22 dz
- (D ) [ A = (D
042 Ld\ ul(z)
u1(z) = 2 (‘;%) ;Hl -
o w(2) 1 d e+ 1d
= —z {—(ﬁ—l—l)#—i-ﬁaUZ(Z)}—{ . —E}UZ(Z)

d and e. The spherical Bessel and Neumann functions satisfy the following relations

. { e } v { ji(2) }_ { e } | -
A TCPEIER CION BN E

which can be easily shown, starting from the definitions

jg(Z) } 1d ¢ 1{ sin(z) }
=S -==] = . (54)
{ ne(2) < zdz) Z | —cos(z)
We determine

o)
dz ne(z)

e

which proofs relation (53).
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Now for zj,(z) and zn,(z) we have
zje(z Je(2) d [ Je2)
+z— =
zng(z ne(2) dz | ny(2)

B 1{ ij(z }+€ { zje(2) } - { 2je+1(2) }_ (41 { zje(2) } - { Zjev1(2) }
o zng(2) Z o zng(2) 2npy1(2) < 2ny(2) 2npy1(2)

Hence
{ Zjer1(2) } _ (1 { zje(2) } d { zje(2) } (56)
2npyq(2) < 2ny(2) dz 2ny(2)
which is the relation of alinea b for solutions wsy; and u, of equation (4) for respectively ¢ + 1

and /. Consequently, when we show that zjy(z) and zng(z) are solutions of equation (4) for £ = 0,
then we may use the relation of alinea b for higher values of /.

Now
270(2) } o 1d 0 l{ sin(z) }_{ sin(z) }
{ 2no(2) ( zdz) | —cos(z) —cos(z)

which functions we have shown to be solutions of equation (4) for ¢ = 0.

For z > 1 we use the results of alinea a to conlude that
2je+1(z T 00) sin(z)
—  linear combinations of
2npi1(z T 00) —cos(z)

Actually, the results are

zje (2 T 00) — sin (Z - Eg) and  zngy(z T oo) — — cos (z — Eg)

For z <« 1 we use the results of alinea a to conlude that

{ a2 10) } { }
—
znga(2 4 0) —zt

Actually, the results are

- (=)™ (20— 1)l
z2je (2 4. 0) HW and  zng (2] 0) —>—7
where
U = (2A+£1)(20+£1-2)(20+1—4)...1

Exercicio 19
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a. In the following we consider the Schrodinger equation for general values of the orbital angular
momentum /¢, given by

r

%W) B %[g{_dizg“)+€(€tl)u<r>}+%uw2rzu<r)1 . (57)

We perform the transformation of the Schrodinger equation ( 57) in two steps. First we consider
the variable p, given by p = \/uw/hr, which casts the Schrodinger equation ( 57) into the form

E 1R pwdulp) w0+ 1) L o hp?
i [@ {—7672 * ?T“@)} o ,Tw“@)]
_ 1 d*u(p) | (0 +1) 2
- 5[— 7 (OB U(p)] : (58)

For small values of p we obtain for the leading terms in the Schrodinger equation ( 58) the relation
(notice that p > 0, since r is always positive or 0):
d*u N ((0+1)
d P2 p2

u=0 for pg1

which is solved by

u=p" and uw=p"",

whereas, for large values of p, the leading terms in the Schrédinger equation ( 58) are given by

—%ijQu:O for r>1
which is solved by
U= ei%p2
according to
du _ | Ehp? N pzei%p2 _ pgei%pz for p> 1

A
The boundary conditions at p = 0, namely u(p = 0) = 0, and for p — oo, namely that u(p — o)
tends rapidly to zero in order for the wave function to be integrable, leads to the choice

ulp) = e () (50)

where the polynomial P has to be determined.
In order to do so, we determine the second derivative of the above expression:

Pu_ ddu
dp? dp dp

1

d _ 1,2 _ 1.2
_ —[{(£+1)pg}e 2pP+p”1{—pe Q'O}P—l—p”l

1.2
. sp°dP
dp

dp
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—4p? 1 P

ipzﬂe 2P VLP_'OP+d_]

dp p dp
—$p2 [0+ 1 dp

= {(+pfe " lLP—pP+—]+
p dp

P [l+1 dP
+ptt {—pe 2P } [%P—pp—l— d_p] +

—3p? 1 L+1 (+1dP dP  d*P
4+t 2P l_ P ——P—p—+—]
’ P p dp dp — dp?
—3p? 1 1 dpP
= Jrle 2P {Ei lip_pp+_‘|+
p p dp
(+1 dP [ (+1 (+1dP dP dQP]}
pl——mP—pp+ | e po O
p[ p P dp] p? p dp dp — dp?
12 ([(0+1)2 (+1
= ptle 2P {[%—(€+1)—(€+1)+,02—( 7 >—1]P+
(41 (+1 dP  d*P
+l(+)—p+( )—1—+—2} (60)
p p dp ~ dp
When this result is substituted into equation ( 58) we obtain
E ., —3p? ([(0+1)? (+1
%p”le P p — %{—pgﬂe 2P <[< —;2) —(€+1)—(€+1)+p2—< :2 )—1]P+

+l(€+1) EN(ESI ]dp d2P>

p dp  dp®

1 12 12
+€(542r )p”le 2P0 P+ p2pte 2P P}

_ 1
= p € 2 2

e, {_ ([“* 1)2/)_ R Y 1] P+

200+ 1 dP &P\ (({+1
+l@—2p]—+ 2>+ ( . )P+p2P}
p dp  dp p

Hence

2K —(l+ 12+ +1)+L(0+1
%P = l (t+1) +(p;r R Chs )+2(£+1)—p2+1+p21P+

[uen 1 e
dp  dp?
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2 dP  d*’P
= (2£+3)P—;(€+1—p2)

dp  dp?
or
d*P(p) dP(p) 2F
— —2(0+1-p*)— (2@ ——>P =0 . 61
0 (¢+1-p) o +3 =+~ ) pP(p) (61)
In the second step, we define x = p?, hence
d dx d
=2Vx — 2
dp d,od:p pdx \/_ (62)
and
d? d d d?
— =2y/x—2 =2 =2— + 44— . 6
7oV \/Ed \/_<\/_d TV ) & (63)

For equation (61) we then obtain

i @ dP(x) 5
—Vz (2% +4x$> Pla)—2((+1-2)2v = + (2£+3— %) VIP(z) =0
or
d*P(x) dP(x) 2F

~ o 2032w (2£+3—E)P(:c)_0

or even
d*P(x) 3 dP(z) 2F
v +<€+§—x> - (24 3—%>P(x)—0 . (64)

b. For general values of the orbital angular momentum ¢, we obtained the result of equation (58)
which for ¢ = 0 reads

Zu(p) = ;[—dgd“—;f)w%(p)]

Substitution of relation (63) gives

E g l_zdu(x)

d*u(x)
ﬂu(x) = 3 — 4z

dx dz?

+ xu(x)] = —2zu” — ' + Lau
c. For general values of the orbital angular momentum ¢, we performed the substitution given in

equation (59) which, for £ =0, x = rho* and P = ¢, reads

and which lead to relation (64) which, for £ =0 and P = ¢, reads

LD (32) B (- 2) <o
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The substitution s = % — 2 gives

xd2$f)+<g—x)%f)+s¢(x):0 .

d.
d
%1}71(&, bx) =
_d a ala+1)z* ala+1)(a+2)2* ala+1)(a+2)(a+ 3)z*
_%<1+E“b(b+1)?+b(b+1)(b+2)§+b(b+1)(b+2)(b+3)ﬂ+”'>
_a (a+1)£+a(a+1)(a+2)x_2+a(a+1)(a+2)(a+3)x_3
b b(b+1)1 0 b(b+1)(b+2) 20 b(b+1)(b+2)(b+3) 3!
_a (a+Dz  (a+D)(a+2)2* (a+1)(a+2)(at3)a®
—b< G+)1 G+ )06+2) 2 T brD)b+2)(b+3) 3l )
:glFI(a—l—l,b—i—l,x)
Furthermore
(a+ 1Dz Fi(a+2,b4+2,2) =
B a+2 (a+2)(a+3)2* (a+2)(a+3)(a+4)a?
_(a+1)x<1+b+2x+(b+2)(b+3)?+(b+2)(b+3)(b+4)§+'”>
B (a+1)(a+2) , (a+1)(a+2)(a+3)a?
e s b+2(b+3) 2
(a+D(a+2)(at+3)(a+4)at (65)
(b+2)(b+3)(b+4) 3
and

b+1)(b—2z)1Fi(a+1,b+1,2)=0b0b+1)1Fi(a+ 1,0+ 1,2) — (b+ a1 Fi(a+1,b+1,x)
The first term on the righthand side gives

bb+1)1Fi(a+1,b+1,z) =

a+1 (a+1)(a+2)z* (a+1)(a+2)(a+ 3)2?
:b(”l)(”bH“(b+1)(b+2)5 b0+ D013) 3 )
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whereas the second term on the righthand side gives

—(b+ 1)z Fi(a+1,b+1,2) =

a+1 (a+1)(a+2)a?
2

:—(b+1)1‘<1+ T +

b+1 " b+ 1)(b+2)

= —(b+ 1z —(a+1)2* —

(a+1D(a+2)a®

(a+1)(a+2)(at3)a’

(b+1)(b+2)(b+3)§+”'>

(a+1)(a+2)(a+3)z*

b+2) 2

(b+2)(b+3) 3l

The sum of the zeroeth order in = terms from the results (65), (66) and (67) reads

b(b+1)

The sum of the first order in x terms from the results (65), (66) and (67) reads

(a+Da+bla+ Dz —(b+ x =ad+ Dz =bb+ 1)%x

The sum of the second order in z terms from the results (65), (66) and (67) reads

(a+1)(a+2) 5 bla+1)(a+2)x 2
b+2 bt o letbe=al

2

x? ala + 1) z?
1)—=bb+1 —
at g =+ Dy=5

The sum of the third order in z terms from the results (65), (66) and (67) reads

(a+1(a+2)(a+3)a’
b+2)b+3) 2

_ala+1)(a+2)2’
B (b+2) 3!

= b(b

bla+1)(a+2)(a+3)z® (a+1)(at+2)a®

(b+2)(b+3)

+1)

3! b+2) 2

ala+1)(a+2) a3

b(b+ 1)(b+2) 3!

The sum of the n-th order in z terms from the results (65), (66) and (67) reads

(a+1), a"

bla+ 1), ="

(b+2)u1(n—1)

(CL + 1)n71 x_n

(b —+ 2)n71 n!

(a+1)py 2
(b+2)2(n—1!

= " (n(a+n) + bla+n) —n(b+n))

(b -+ 2),1,1 n!

=a(b+mn)

= b(b+1)(b+n)

(CL + 1)1171 :L,_n
(b + 2)n—1 TL'

ala+1),—1 2"

—b(b+1)(b+n)

=bb+1)

(@)n z"

(D) (b +n) n!
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The latter results are based in some of the properties of the Pochhammer symbol (p),,.

(P)n »( (p+2)...(p+tn-1)
p( (P+2)...(p+1+m—-1)=1)=pp+1)n
P+D)(p+2)n = P+D)p+2)...p+2+n—-1)=Dp+2+n—1)
= p+D)p+2)...p+1+n—-1p+n+1)={@p+1.(p+n+1)
(p+2

p+ 1), ap+n) = (p+1) )o..(p+2+(n—=1)-Dp+l+n—-1)=(p+1),
So, we find

p+1)
p+1)

(a+ Dz 1Fi(a+2,0+2,2)+ b+ 1)(b—x)1Fi(a+ 1,0+ 1,2) =

ala+1)2? ala+1)(a+2) a3
worn 2 T e B

= b(b+ 1) +b(b+1)%x+b(b+1)

B a ala+1)2*> ala+1)(a+2)a3
_b<b“><1+6“b<b+1)5 Db+ (b +2) 3 )

= b(b+ 1)1F1(a, b, l‘) (68)

e. By defining b=/¢+ 3 and a = (26 +3-— %) we arrive for equation (64) at

d*P(x) dP(x)
dx? +b-1) dx

which is the famous Kummer’s equation (see e.g. chapter 13 of the ” Handbook of Mathematical
Functions” by Milton Abramowitz and Irene A. Stegun).

In the following we show that this equation is solved by P(z) = 1Fi(a,b, x).

First we deal with the first order derivative of P.

T

—aP(z)=0 , (69)

dP(x) d a
I s 1(a, b, x) b 1a+1,0+1,2)
For the second order derivative of P we find, similarly
d*P(zr) ad ala+1)

de :EEIFI(G’_'_LZ)_'_LI‘):

F 2,b+2
b(b+1)1 1<CL—|— ) + ,.T)

By inserting those two results in the lefthand side of equation (69) we obtain

d*P(x) dP(x)

o dx? +(b-2) dx —ab(@) =
_xa(aJrl) Fila+2 b+2x)+(b—56)g Fila+ 1,0+ 1,2) —a Fi(a, b, x)
= 7b(b+1)1 1 y y bl 1 9 9 141 Y

— b(bil) ((a+ Va1 Fila+2,b+2,2)+ (b+1)(b—2)Fi(a+1,b+1,2)+

“b(b+ 11 Fi(a+1,b+ 1,1’))

86



which, when compared to relation (68), indeed vanishes as demanded by equation (69). We thus

have shown that equation (69) is solved by 1 F}(a,b, x).
By substituting back all the previous definitions, namely z = p? = pwr?, a = % (% +3— %)
and b = ¢ + 4, we obtain the solution for the Schrédinger equation (57):

L r? E
u(r) = (\/Mr)“l Al 1P (—% + % (E—i— %) U+ %, uwr2) . (70)

However, still some 1mportant detail has to be settled, which is explained in the following.
The n-th coefficient of in the Taylor expansion of the Kummer function | Fj(a, b, z) is given by

(@)n _ ala+1)(

_ a+2)---(a+n—2)(a+n—1)
(n),  b(b+1)(b

oo (b+n—2)(b+n—1)

DO DO

_'_
_'_
For large n the ratios (a +n—-1)/(b+n—-1), (a+n—2)/(b+n—2), ... tend to 1 which implies
that the coefficients of all tend to a constant values for large n. We find then that the Kummer

function tends to a constant times e® and, consequently, the wave function tends to a constant
times

1 2 2 1 2
( /_,LLCU T)Z+1 e 2 HWT elu(,d'f’ _ ( /_,LL(,U T)Z+1 €+2er

predicting a probability distribution which is large at large distances. Clearly, such distribution
cannot describe at all the physical situation of a particle oscillating around the origin of the
coordinate system. The latter system is expected to have a probability distribution which vanishes
at large distances. Consequently, solution (70) does not correspond to the physical situation of
a particle confined to a harmonic oscillator potential. But, there exists an exception to the rule
that the Kummer function tends exponentially to infinity for large values of x, namely when «a

equals zero or a negative integer —n, because in those cases the Kummer polynomial is finite and
1

bRy

thus the behaviour at large values of x is dominated by e . Below we show some examples.

0 00+1)2% 0(0+1)(0+2)®
Fi(0,b,z) =1+ — — —+---=1
(0.0, 2) = Lt e e S S e 2) 3
-1 —1(-1+1)2* —-1(-1+1)(-1+2)* T
Fi(—=1,b,x) =14 — _ 4. =1-Z
FELb ) =1+ et = e s Y e ey 3 b
This implies that for the expression a = (2€ +3— %—E) only negative integer or zero values are

allowed. Hence

2F
(2€+3——):—n for n=0,1, 2, 3, ...
hw

We thus obtain the spectrum for the physically acceptable solutions of the Schrodinger equation
(57):

E:hw(2n+€+%) for (n,0)=0,1,2, 3, ...
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Exercicio 20

a. The Schroédinger equation for £ = 0 is given by (2m = 1)

2
( d +)\5(r—b)—k2>u(r):0 with b>0

e
The necessary boundary conditions for the wave function are

w(rd0)=0 , wu(rtb) =u(rld) and z—z

du

rib dr

= Au(b)
r1b

The latter boundary condition can be found by integrating the differential equation in a small
domain, (b —€,b+ €), around the delta-shell position r = b and letting € | 0. One finds

bte 2 b+e
lim d’r’d u(Qr) — m du(r) — lim du(r)|  du(r) _ dul  du
el0 Jp—e dr €l0 dr be el0 dr bic dr be dr r b dr b
b+-e
lim drAd(r —b)u(r) = limAu(r =0b) = Au(r = b)
el0 Jp—e el0
b+e b
lim dr kK*u(r) = / E*dru(r) =0
el0 Jp—e b

Putting things together, we find the third boundary condition.

b. For r # b the wave equation reads

d? 5
(—W—k>u(r) = 0

which has solutions sin(kr) and cos(kr).
So, we select

Asin(kr) 4+ Ccos(kr) for 0<r<b
u(r) =

Bsin(kr +0) for r>b

The boundary condition u(r | 0) = 0 results in C' = 0.
The boundary condition u(r 1 b) = u(r | b) results in

Asin(kb) = Bsin(kb+9)

The boundary condition zll—u ~ du

T dr

= Au(b) results in
r1b

Bk cos(kb + 0) — Ak cos(kb) = MAsin(kb)
We eliminate A and B by

kcos(kb+0d)  Bkcos(kb+ 0) Ak cos(kb) + AAsin(kb)
sin(kb + 9) Bsin(kb + 9) Asin(kb) cote(kb) +
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We elaborate
k (cotg(kb)cotg(d) — 1) _ K (cos(kb) cos(d) — sin(kb) sin(d)) _k cos(kb + 0)
cotg(d) + cotg(kb) sin(kb) cos(d) + cos(kb) sin(9) sin(kb + 9)
= kecotg(kb) + A

Hence
keotg(kb)cotg(d) —k = kcotg(kb)cotg(8) + Acotg(d) + kcotg®(kb) + Acotg(kb)
and
k 2
cotg(d) = —cotg(kdb) — 3 (cotg (kb) + 1) = —cotg(kb) — N2 (kD)
c. Already solved.
d.
G _ 20 _ et0 ~cos(0) +isin(d)  cotg(d) + i
B o0 cos(6) —isin(d)  cotg(d) —i
Hence
_ k.
g _ cotg(kd) Asin®(kb) e Kk + Asin(kb) (cos(kb) — isin(kb))
- __k_ _; k+\sin(kb) (cos(kb) + isin(kb
cote(kb) = 3ty (kb) (cos(kb) (kb))
k+A sin(kb)e_ikb
kE+ A sin(k:b)eikb
and
) k + Asin(kb) (cos(kb) — isin(kb)) _|° —2i\sin?(kb)
1S —1" = . — -1 = . —
k 4+ Asin(kb) (cos(kb) + i sin(kb)) k 4+ Asin(kb) (cos(kb) + i sin(kb))
B 4\% sin? (kb) B 4\?
~ (k+ Asin(kb) cos(kb))® + A2sin'(kb) 1 2
02 (D) + Acotg(kb) | + A

Exercicio 21

10 w(ry) w(ry) w(ry)
= = g(’f’h'f’l)
0 1 u' (1) u' (1) u' (1)

a.

Hence




Furthermore

u(ry) u(r3) u (1) u(ry)
g(Tg,ﬁ) = 29(7’3,7“2) :g(T3,7’2)g(T2,T1)
u' (1) u' (r3) u (19) u (1)

Hence
G (r3,r1) =G (r3,72) G (r2,71)
Finally
u (rs) w(ry)
=g (7’2,7“1)
u' (1g) u' (ry)
B u (1) u(ry) u (rz)
— @ (7“2,7“1) = :g('f’l,'f’z)
' (ra) u' (1) u' (1)
Hence

G ' (reyr) = G(ri,m)

b. The Schrodinger equation for V' =0 and ¢ = 0 is given by (2m = 1)

d? 9
(—W—k>u(r) = 0

and is solved by wu(r) = Asin(kr) which satisfies the boundary condition u(r J 0) = 0.

We obtain then
u()\  ( Asin(er)
( o (r) ) N ( Ak cos(kr) )
We elaborate
u(ry)
G (r2,71) ( / ) —
u' (r1)
( sin (kry) - <o kre) )( sin (kry) <8 (k) )( Asin (kry) )
\ hreos (kra)  sin (krs) —kcos (kry) sin (kry) Ak cos (kry)
( sin (kry)  — 08 (hr2) )( sin (kry) Asin (kr1) + 5 F0 41 cos () )
\ kcos (kra)  sin (k) & cos (ki) Asin (k) + sin (kr1) Ak cos (kry)

B ( sin (k) _cosgfkrg) ) (A) - ( Asin (kry) ) B ( u(r2) )
kcos (kry)  sin (krg) 0 Ak cos (kr2) ' (r2)
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c. From the boundary conditions (see exercise 20) we have
w(r b)) =u(rLb) and u'(rb) —u'(r1b) =Au(b) = Au(r1b)

In matrix language
(u(rib))_( u(r 10) )_(1 O)(u(rTb))
w'(rb) Au(r T 0)+u(r10b) Al u' (r1b)

Exercicio 22

a. Sy, Sy, 5., must here be represented by 2 x 2 matrices, say

S, = T11 Zi2 ’ Sy: Y11 Y12 .S = 211 212
To1 T22 Yoa1 Y22 221 %922

We obtain then
h 0 . h 1\ 1\ 11 T12 1 . T11
§<1>_§‘_5>_Sm+5>_<x21 22 0) \ zn ’

11 = 0 and To1 = 5

from which we may conclude
h 1 _h 1\ 1\ _ T11 T12 0 o 12
§<o>—§’+5>—5x‘5>—<x21 e JL1 )7 e )

from which we may conclude
T12 = 5 and Too — 0

N VS A 1\ _ [ Yir Y12 LY [y
12<1>_22 2>_Sy’+2>_<?/21 Y22 0/) \ vy

from which we may conclude

Similarly

Also

h
y11 =0 and g9 = 25

h{1 h 0
~ig (o ) =gkt =sil-ay = (o v ) ()= ()

from which we may conclude

Moreover,

h
Y2 = —i5 and  yo =0
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Finally,

Bi1\ _h
§<0>:§’+%>:SZ

from which we may conclude

1\ _ [ A1 12 1

a=52)0)
h

21125 and 22120 y

hifoY\  hy o\ [ 2 212 0\ [ 212
_§<1>__§’_§>_Sz >_<2’21 222 L)\ 2 ’

from which we may conclude
h

Z19 = 0 and 299 = —5

I
/N
N W
N =
— =
~—

and

1
2

Hence, the Pauli matrices are given by

B0 1 B0 —i h{1 0
S”*“_§<1 0) : Sy_i(z’ 0) : SZ_§<O —1>

Note that ’+%> and ’—%> are eigenstates of S, with eigenvalues h/2 and —h /2 respectively.

210 (10 (10
2 I 2 _ v 2 _ 1t
Sl“_4<0 1) ’Sy 4\ 0 1 , S 4\ 0 1

32 (1 0
2 2 2 2
gosesies -2 (10)

Hence,

Note that 2 = s(s + 1) with s = 3.

c. The raising S, and lowering S_ operators are defined by

« h{0 1Y Af0 =i\ hf0 2 0 1
S+_S”3+Z5y_§<1 O>+Z§<i 0)“5(0 0>_h<0 0) ’

H s=sis=5 (Vo )50 )=3(20)="(10)
) (3 E)(3)a(8)-
) (3 2)(1)-1(3)- -
S_|+3) :h<(1) 8)(3):71((1)): h|-%) and
e = (1)(1)(3) -



Note that this is very much the same as the operation of the raising L, and lowering L_ operators
on the sperical harmonics (see problem 7). Here we have

raising || lowering
ms) || s | ms || S+ S-
O[3+ o h-1)
7 BAEe Eie) I

[Sy,Sz]ZSySZ_SZsy:E<Q _Z> )

2 1
R0 i R0 —i\ _K[(0 2\ K (01 s
“alio) a -0 ) 2 0) 2\ to) T

h(1 0 \Yh({0 1 h(0 1\h

B S W Gl R U R A I T W B B S
"2\ l-t0) 2\t 0 )T 3 U20)7 9 i o )T

Note that the above relations are exactly the same as for the three components of the angular
momentum operator L (see Problem 23a).

Exercicio 23

Weuse[pxax]:_iha [pyay]:_iha [pzaz]:_Zha [an?/]zoa [anz]:()a [pyax]zoa
Dy, 2] =0,[p,, ] =0and [p,, y| =0.

a:
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Hence,

(Lo Ly) = [yp. — 2py » 2pe — xp2] =
= (yp: — 2py) (202 — ) — (2P — xp2) (Yp- — 2py)
= YP22Da — YP2TPz — ZPy2Px + ZPyTP. — 2P2YPz + ZDeZPy + TPLYP. — TP22Dy
= y(—ih + 2p.)pe — YIPD2 — Z°PyDa + 2TPyD: — 2YPaps + 2 Papy + TYPD2 — 2(—ih + 2p.)py
= —ih(yp, — xpy) = ihL,
[Ly, L.] = [2ps — xp. , ©py — yp.] =
= (2ps — p:) (xpy — ypz) — (¥Py — ypa) (202 — Tp-)
= 2PuPy — ZDaYPr — TPTPy + TP2YDe — TPy2De + TPYIP + YPuZDe — YPaP2
= 2(—ili + TPa)py — 2YPala — T°D2Dy + TYP:Da — T2ZPyP2 + T PyDz + Y2Pabe — Y(—ih + xp,)p.
= ih(yp. — zp,) = ihL,
(L., Li] = [xpy — ypa , yp- — 2py] =
= (zpy — ypz) (yp- — 2py) — (yp: — 2py) (TPy — YP2)
= TPyYP: — TPy2Py — YPxYDz + YP2ZDy — YDy + YPYDr + ZDyTPy — 2PyYDa
= 2(—ih + ypy)p: — 22pyPy — YPab: + Y2ZDDy — YIPDy + Y PDa + 22pypy — 2(—ih + Ypy)pa

= ih(zp, — xp,) = ihL,

(LS, La| = [LaSe+ LSy + L.S. | Ly] =
= [L,S:, L]+ [LyS,, L)+ [L.S., L]
= L[S, Lo+ [Lo, La] So+ Ly [Sy , L]+ [Ly , L] Sy+ L[Sz, Lo +[Lz, La] S:
= 0+0+0—iRL.S, +0+iAL,S. = ih[LxS|
[L-S, L] = [LaSe + LyS, + LS, L] =
= [L,Sy, L)+ [LySy, L,]+[L.S,, L]
= L[Sy, Lyl + [Ls, Ly Se+ Ly [Sy, Lyl +[Ly, Ly Sy + L.[S., Ly| +[L., L] S.

—

= 0+44hL.S, +0+0+0—4hL,S, = m[ixs]y
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S, L] = [LoSe + LS, + L.S. , L.] =

= [LmS:v 5 Lz] + [LySy ) Lz] + [LZSZ 5 Lz]
- Lx [Sx ) Lz] + [Lx 5 Lz] Sac + Ly [Sy 5 Lz] + [Ly 5 Lz] Sy + Lz [Sz 5 Lz] + [Lz ) Lz] Sz

= 0—ihLyS, +0+ihL,S. +0+0 = ih[Lx S|

Consequently o o
[L~S, L} = ihL x S
Furthermore
L-S, So| = [LoSe + LySy + LS., S] =

= L, [Se, Se)+[Le, Su|Se+Ly[Sy, Sel+ Ly, S| Sy+ L[S, Se]+[L., Si]S.

= 0+0—ihLyS. +0+ihL.8,+0 = —ih L x S|

[5 .5, Sy} =[L,S; + L,S, + L.S., S,] =
= [L.S., S,)+[L,S,, S,] +[L.S., S,
= L[Sy, Syl 4+ [La, Syl Se+ Ly [Sy, Syl + 1Ly, Syl Sy +L.[S., Syl + L., S5
= ihLyS. +0+0+0—ihL.8, +0 = —ih|L x §}y

L-S, S| =[LaSe+ LS, + LS., S.] =
= [L.S., S, +[L,S, , S.]+[L.S., S.]
= L[Sy, S:]+ Loy S Se+Ly[Sy, S:l+[Ly, S.] Sy + L. [S:, S.]+[L., S:]S.
= —ihL,Sy +0+ihL,S, +0+0+0 = —ih [Lx 5]

Consequently

[.8,8] = —nLx§ .



{E.S“, §]:[E-§, §2 452+ 5]

The last step follows because Sand L x S are perpendicular.

Exercicio 26

Hence
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Furthermore,

9 3

(v))"

c. Since r =1/ one has V(') = V(r). Furthermore is it easy to show that » (p'i)
i=1 j=1

d. In general one has for a Taylor expansion

V(x+ Az, y+ Ay, 2) =

0 0 O? 92 92

Hence, here we find
v (Rijej) = ¢ (Ryjej, Rojuy, Ryjaj) =

:w(x—%oﬂx—ay, y—%a2y+0zx, z)

= (x,y,2) + (—%a% - ay> <g—i}> + (—%oﬂy + oza:) <g—1§> + % (—%a% - ay>2 (%) +

aQw 2 62,(/}
+ (—%Ozzl’ — ay) (—%oﬂy + aa:) < x&y) + % (—%Ozzy + oz:c) <a—y2> + o
0 0?




for L, = —i (az% — ya%)

Exercicio 27

a. The only non-zero matrix elements are

[Ai]ys = —€123 = —1 [As]s = —€931 = —1
[Ai]zy = —€130 = +1 [Ag] 5 = —€213 = +1
Hence
0 0 0 00 1
Ay=100 -1 Ay = 000
0 1 0 -1 0 0
and
0
ﬁfr En1A1+TL2A2+n3A3: ns

b. In general, one has

[A3]12 = —€312 = —1
[A-?)]Ql = —€321 = +1

0 -1 0
A= 1 0 0
0 00

—nNs3 N9
0 —nN1
Tq 0

We proceed by determining one matrix element of the resulting matrix. Using the property

€GikCilm = €jk€ium T Sjklm T €ikElm = 951%m — OjmOki-

of the Levi-Civita tensor, we find:

{(ﬁ./f)?’}ab = ”inj”k{AiAjAk}ab = ninjnk(Ai)aC(Aj)cd(Ak)db

= —NNNEEiac€ jedChdb = ~ i %d05 — 0ij0ad ) €kdb

= —ngnangepgy + nngergn = 0 — g (Ar) g

= {-n%*i- A}y

The zero in the forelast step of the above derivation, comes from the deliberation that using the
antisymmetry property of the Levi-Civita tensor, we have the following result for the contraction

of two indices with a symmetric expression:

ewkn]nk, = —eikjnjnk, = —eikjnk,nj = —eijknjnk

where in the last step we used the fact that contracted indices are dummy and can consequently
be represented by any symbol. So, we have obtained for the third power of the ”innerproduct”

the following:

—,

(- A)? = —n’i - A.
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Using this relation repeatedly for the higher order powers of 7 - /_f, we may also determine its

exponential, i.e.

—. — 1 —. —. N
exp{ii- A} = 1+ﬁ-A+§(ﬁ )2+§(ﬁ-A)3+I(n )+
N ST A OO | 2= 1 1 2= N2
= L7 A (@ A g (e A) (02 A)) +
n> n* n o
= 1+{1_§+5_ﬁ+' Hii- A) +
1 n* nt nf L 2
Py gt e A
nd n® ' L
= 1+{n—§+5—ﬁ+ Hn-A)+
n? nt nb nd T
+{§—E+a—§+}(nz‘1)

We recognize here the Taylor expansions for the cosine and sine functions. So, substituting these
goniometric functions for their expansions, we obtain the following result:

exp{ii- A} = 1+4sin(n)(n- A)+ (1 —cos(n))(n - A)>.

For the case 7 = aes we have

Hence
. 1 00 0 -1 0 -1 00
exp{aes- A} = [ 0 1 0 |+sin(@)| 1 00 |+—cos(a))| 0 —1 0
0 01 0 00 0 00
cos(a) —sin(a) 0
= sin(ar)  cos(a) 0 | =R(2,a)
0 01
c.

{lA;, Al = (A48 — (A4 = (A kem (A5 mi — (A5 km (A mi
= SEkm&iml — SkmCiml = mikmilj — mjkemli

= 010k = 0i50k1 — (0570k; = 95i0k1) = 0310k 5 — 0;10k;

= €mijemlk = ~€ijmEmkl = €ijm(Am)i

= (6imAm)k-
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So, for the commutator of the matrices A; o3 we find:

[Ais Al = €jmAm

d and e. This was done in b.

Exercicio 28

a.

—, —,

{(ﬁ : A)ﬁ}z = (ﬁ . A)Z]nj = (nkAk)Zjnj = nk(Ak)Z]n] = —nkekijnj = 0,

or equivalently

—,

(i - A)ii = 0
b.
€1 €9 €3 N2 (711 - 712) —n3 (ng - nl)
1 X 17 = nq N9 ns3 = ns3 (7’1,2 — 7’1,3) — N (n1 — n2)
Mo —Ng N3z — N1 N1 — N9 n1<n3—n1)—n2(n2—n3)
(ny + ng + ng)ny — (n? +n3 +n3)
= =| (ni+na+n3)na— (2 +n3+n3) | =(ny+ny+n3)it —n?
(1 +n2 + n3) ng — (nf + nj + nj)
Hence
1
W=nxv = (np+na+nz)n—nm| 1
1
Furthermore
0 —Ng To N9 — N3
(ﬁ . _’)1_)’ = g 0 —ny ng — Ny
—No Ny 0 ny — No

—nN3 (n3 — nl) -+ No (n3 — 77,1)
= N3 (TLQ — ng) — TN (TLl — TLQ) nw
—MNo (HQ — ng) + 11 (n3 — 77,1)

-,

Hence (n - A)v = 0.

Moreover
1 1
(- A= (- Dy +ng+ng)—n| 1| =0—n(i-A)| 1
1 1

100

1

1

1



0 —N3 No 1 —ng + Ng

=-n| ng 0 —-m 1l |=-n| ng—m = —nu
—MNg My 0 1 —Ng + 1
Hence (- A)@ = —7.
c.
exp{ii- A}0 = 1&+sin(n)(n - AT+ (1 — cos(n))(n - A)*7
U+ sin(n)w — (1 — cos(n))v = cos(n)v + sin(n)w
and

—, -,

exp{ii- A} = 1@+ sin(n)(n- A& + (1 — cos(n))(f - A) @

= W —sin(n)v — (1 — cos(n))w = cos(n)w — sin(n)v

Those transformations represent a transformation in the plane formed by the orthogonal vectors
v and w. Note that that plane is perpendicular to 7.

d. Any vector can be expressed in terms of the orthogonal set 77, v and w. The component in the
direction of  does not change, whereas the other two components rotate. Such transformation
represents a rotation around the 77 axis with a rotation angle n.

Exercicio 30

a. Notice that L are three differential operators which only act in the coordinates 7, not in the
rotation angle a or the rotation axis n, hence L commutes with u;;(n, «) for i,j =1, 2.

w (7, @)e M Loy (7)) 4 gy (7, @)e 00 Loy (7)

o (7, @) e "1 Loy (7Y 4 gy (2, ) e80T " Ly ()

) ( (@) (i, a) ) e—iait- Ly, () (un(ﬁ,a) (i, @) ) ) ( 0 (F) )

e—tan - L
Ugl(’fl, Oz) Ugg(’fl, Oé) U21 (’fl, a) U22 (ﬁ, a) ?/)2(77)

e—i&ﬁ-iwz(f»)
ian - L ( un(f, @) ws(f, @) ) ( U (7)
o (7)

b. Notice that L is Hermitian, 7.e. [t=1L and, moreover, that n - L commutes with itself, hence

=€

) = =10 Ly, )y ()

!

Ugl(’fl, Oz) Ugg(’fl, Oz)

tan - L,—ian- L _ 1
I = ) = 0 ) e =
— (7 ) U (R, a)l L1 Ly ) (7) = (7 ) U (R, ) TU (R, @)ib(7)

Consequently, U(n,a)'U(n,a) = 1.
Moreover,

det(U)? = det(U) det(U) = det(U) det(U") = det(UUT) =1 <<=  det(U) = +1

e

>
>
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c. The most general form of a unitary matrix in two dimensions is given by

Ula,b) = ( ‘2 _f* )

where a and b represent arbitrary complex numbers.
Proof: Take an arbitrary 2 x 2 matrix

v=(ép)
Then
r-(£5)
Hence
LUt - (A B><A* C*>:<AA*+BB* AC*+BD*>
C D B* D* CA*+DB* CC*+ DD
with

AA*+ BB =1, AC*+BD* =0 , CA*+DB*=0 and CC*+DD*=1

which is solved by A = D* and B = —C*.
When, moreover this matrix has unit determinant, we have the condition

a2 + Jo]? = 1

A convenient paramatrization of unitary 2 x 2 matrices is by means of the Cayley-Klein parameters
o, €1, & and &3, which is a set of four real parameters related to the complex numbers a and b by

a=~E& +i§ and b=§& —i§

When one substitutes a and b by the Cayley-Klein parameters, then one finds for a unitary 2 x 2
matrix the expression

U(&0,8) = ol —i¢- o
where 01, 09 and o3 represent the Hermitean Pauli matrices.
The Pauli matrices satisfy the following relations.

For the product of two Pauli matrices one has
0j0j = 151] + ieijka/ﬂ

for their commutator one has

[ai, aj} = Qieijkak
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and for their anti-commutator
{Ui7aj} = Jiaj -+ Jjai = 2(5,”1

When, moreover the matrix U(&, 5) is unimodular, we have the condition

(&)2+ (£1)* + (&2)2 + (&)2 =1

This way we obtain three free parameters for the characterization of a 2 x 2 unimodular and

unitary matrix.
Let us combine three parameters ni, ny and ng3 into a vector 7 given by

ny
A= n | with a=/(n)2+ (n2)? + (ns)?
ns

By means of those parameters, one might select for the Cayley-Klein parameters the following

parametrization
Q@ - Q@
=cos|(—= ) and & =nsin|—
o ( 2 ) . ( 2 >
where n is defined by
) 7?1 1 ny
n = ) = — )
Q@

A -
This way we find for an arbitrary unimodular unitary 2 x 2 matrix the following general expression:

U(n,a) = 1cos (%) —i(n-o)sin <%)

7)? =1, it is easy to show that U(7, a) may also be written in the

d. Noticing moreover that (7 -

form
. (A
U(n,a) = exp {—éan : cr}
as follows.
First we notice
i=3 2 3 3 3 3
(n . O’) = (an(fz) = Zniai ana’t = Zann] {1513 +Z€ijkak} =n 1 -+ 0

i=1 i=1 j=1 i=1j=1

Hence

(7 - 5)2 =1
and
(n-0)?=(n-3), (n-@)'=(m-3)°=1, (-0)°=n-0)°=(-7),



So we find

Consequently, since L and o commute, we find

e—ian - L Un,a) =

e. The eigenvalues of S, = %3 are trivial

30 (3)=5(8) e 2(3 5 (2) =

The system describes a particle with spin 1/2.

Exercicio 31
a. Let us first study the action of Ly at Y7 (7).

LiY] () = 10+ 1) —m(m£1)Y] £ 1(7) = 2= m(m £ 1)Y] 5, 4 1(7)

Hence

LYy () =0, LyYy () =v2Y] (7)) and LyY] _y(7) = V2] ((F)
LYy 41(F) = V2Y] o(F) , LY o(F) =v2Y] _1(7) and LY} _4(7)=0

So we have then

(01 0 =i\ ( 0 Le—iL,\ (0 L
Lxc’l*Ly"?—Lx(l o)*Ly<z’ O>_<Lx+iLy 0 >_<L+ 0)

Consequently

Furthermore



So

I (1/11) <Lz 0 )(%) (in/h)
20 - -
\ v, 0 =L )\ 4, Lt

b. First, we determine J2.

N\ 2
J? = <E+%> :L2+z-a+%02:L2+Lx01+LyU2+LyU3+%1:

2 3
I 0 L. L. 0 5 [ LA La+1 L.
_L+<L+ o )"0 - )Tit= Ly L*— L, +4%

For Yy ;,(7) one has, moreover, LQYI’m(f) = 2Y7 (7).
We obtain

s Mm@ (2rEd Lo (Yl,mcf))_ (4 +L:) Y1, (7)
( 0 )_ L, 2-L.+% 0 N LyY], pn(7)

0 2+ L.+% L. 0 LYY () )
J? = =
(Yl,mm) ( Ly 2-L+} )\ Y, () (4 = L) Y1 (?)

c. First, we determine J.

and

3>

( Vi (7) ) ( (% + L) Vi (?) ) ( EYi(f) ) s/ ( Yi() )
ﬂ : : S (ae)
0 LyYia(7) 0 0
; ( Y1 41(7) ) B Ly+ 4% 0 ( Y1 41(7) ) B (1 + %) Y1 +1(7) o ( Y1 41(7) )
oo )L 0 -y o ) 0 o
Next, we determine J_.

r=tsbmmm = rs (0 0) (O -5 L)
. (mm ) ) ( Lo 0 ) (Ym(f) ) ) (L_Yl,H(f) ) B ( ﬂm(m>
) 0 N 0 v )\ v

Hence



We determine
2 ( Va¥i,(7) ) 24L+§ L ( V3Yio(7) )
J p—
Y17+1<7A“) LJr 2 - Lz + % Y17+1<7A“)

) ( (4 + L) V2Y10(7) + LY () ) - ( 15V/2Y7 (1) ) » (3“) ( ﬂyw(f))
15 . 2 \2

LoV2Yi0() + (% = L2) Yi4a () V2Y1 41 (F) Vi 41(7)
and
V2Y10(7) L:+% 0 V2Y o(F) (Lz+ %) V2Yi0()
JZ( Y11 (7) ) B ( 0 L:—}% ) ( Yia(7) ) - ( (L2 = 4) Yia(7) )
BV2Yie(R) | [ VRY(#)
) ( 3Yia(7) ) o ( Vi) )
Furthermore

V2L_Yi(7) 2Y1, 1 (7)
- ( V2Y1 () 4 L Y1 41 () ) B ( 2v/2Y1 o(F) )
We determine
L[ 2V 2+ L. +4% L 2Y1, 1 (7)
! ( 2V/2Y10(7) ) - ( L. 2-L.+1 ) ( 2v/2Y10(7) )
2 (% + L) i 1 (f) + 2V2L Y1 0(F) 12y () ;
- ( 2L, Y11 (7) +2v2 (4 — L.) Yio(#) ) - ( F2V2Y1,0(7) ) ) 5<

[NCJ eV

2Y1 _1(7)
1) ( )
2v/2Y7 o(7)
and
21,1 (F) Ly+% 0 2Y1 _1(#) (L2 + %) 2vs1(7)
Jz = —
( 2v/2Y o(7) ) 0 Ly—4% ( 2v/2Y () ) (Lz - %) 2v/2Y7 o(7)

2Y1 ()
( 24/2Y () )

N =
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Finally

2LY1 () 0
- ( 2V, 1(7) + 2V2L_ Yy (F) ) - ( 6y 1 (7) )

We determine

, ( 0 24+ L, + 2 L_ 0 6L_Y1_1(7)
J = =
6Y1,_1 () L. 2-L.+% )\ 6,47 6 (% — L.) Y11 (7)

>

and
0 Lz+4 0 0 0
Jz . = ! N - R
6Y1 _1(7) 0 Lz—3% )\ 6Yi4(7) (L2 = 3)6Y1, ()
( 0 )
—_3
2 ~
6}/17,1(7’)
We found
normalized state | operator 71 J»
Yi41(7) | s
Vs 3= 0 5| +3
\/%1/170(7*)
V3 1= xJ V3 .3 3| +3
\/%Yl’_l(f) 2

Vi_1= o (J)" Vi al|3|—%

272 \/QY (72) AR

3141,0
0 3

_ 3 _3
B4y ) |

So, out of the six states we have classified four linear combinations as eigenstates of J? with
j = 3. There are two more linear combinations, orthogonal to the two states with j, = +4, which

are
\/gyl,o(f) 3Y1 _1(7)
and Y1 1 =
SN S I
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+

DO
DO



We determine

\fylo 24+ L, +3 L_
fn+1 Ly 2—L.+%

11+L Yio(7 fL Y141 (7 ) ( 3

1

T2

B ( NG (Lz +3) V() )
—\/% (Lz - %) Yio(7)

0

Z__

I

V/3Y10(7)
—\/gyul(f)

)

\/gyl,,l(f)

\/7Y1072

()

So, we found two linear combinations which are eigenstates of J? with j = 1.

normalized state | j

J=
Y1 0(7)

Y11= 5| +3
2 —\/gyl,+1('f’)
2Y1 (7))

Vi 1= 5| —3

o —/3Y1,0(7) 1

)



Exercicio 32

a.

Hence

L2
and

L2
Hence

L,
and

0 L2 0 0
Vi m() ) ( 0 L2) Y1 (7)
0 0
—9
L1+ 1)Y7 () Yl,m('f’)
L. 0
L. =1.1= (
0 L.
Y1, m(7) ) B ( L. 0 ) (Yl,m(f)
0 o L 0



Hence

and

Hence

and

S

s=4 s, =+

1
2

Y@ lt=1,0=0)

==+ @0=10=-1)

=45 =—4)®=110 =+1)

D=

110




c. All six states in alinea a are eigenstates of L? with the same eigenvalue 2. Consequently, all
linear combinations are also eigenstates of L? with the same eigenvalue 2.

2
All six states in alinea a are eigenstates of (%) with the same eigenvalue 4. Consequently, all

— 2
linear combinations are also eigenstates of (%) with the same eigenvalue §.

However, although all six states in alinea a are eigenstates of L., they do not have the same
eigenvalue. As a consequence linear combinations cannot always be eigenstates of L,. For example

V31,0 _(Lz 0) V31,0 V3LY1 0 0
B o L - -

NE SIS VALY 41 VIV 4

Hence, this state is not an eigenstate of L.
Similarly, although all six states in alinea a are eigenstates of %, they do not have the same

L

. . . . . o
eigenvalue. As a consequence linear combinations cannot always be eigenstates of . For example

o (V3,0 _1<1 0) Vo (/o
)

2 o 1)\ /1) T\ =/

2\ /i

Hence, this state is not an eigenstate of %
Next, we determine J2.

A\ 2
J? = <E+%> =L2+fwa+%02=L2+Lx01+LyU2+LyU3+%1:

2 3
72 O Lf LZ O 3 . L+LZ+4 L*
_L+<L+ o )t o g )til= L. 2— [, +3

For Y7 ,,, one has, moreover, L?Y] ,,, = 2Y] ,,,. Hence, for the present case one may write

P 24+ L, + 3 L_ B Y+L, L_
B Ly 2—-L.+% | L. 4-1L

We obtain
Yin L+ L)Y Y14 Vi
() ) e
0 LYy 4a(7) 0 0
P \/gYLo B ( Y41, L. ) \/ng,o

L+ %_Lz

\/g (% + Lz) Yip+ \/gLle,H B \/g%?yl,o % <% . 1> 3Yio

\/§L+Y1,o =+ \/g (% — Lz) Y141 \/glﬁaﬂyl#l
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N |eo
R
N[O
_I_
—_

) \/ng,q U4r, \/7Y1 —1
/ 2 - ( L+ % - Lz
\/gYLo \/7Y10

f(ﬂ+L)YH+[L Yig JERYLA
1l ) . )

\/7L+Y171+\/7(11— Yio
}/1 —1 (% - LZ) }/1771
Finally, we determine J;.

Ly+3 0 )

Jz=Lz+ 303 =
0 Ly—3}

We obtain
Yia
0
V310 Ly+% 0 Vig 3 (Lz+14) Y /o
i 0 L:—4 )\ /P F(Lz—4)Yin )\ Bn

V3
\/>Y10

Jz = = = -3
i 0 L:—4 )\ v, (Lz = %) Vi Yi

So, out of the six states we have classified four linear combinations as eigenstates of J? with j = 3.

Jz
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state | 7 | 7.
Yi

V3 3= 3| +3
2°"2 0
3Y10

V3 1= 3| +3

4= 2 2
S RVE (o
Y1

Vi _ 1= 3| —%

pA)

\/ng,o
0

y%_%: 3|3
Yia

We determine furthermore

) — /410 SiL, L. —/#0
J pu—
N R Gt [ o
—\/%(%+Lz)m+\/%L_n,+l /e \leo
= N EEA
—\/§L+Y1,o+\/?(%—Lz) Y141 Z\/>Yl+1 ’ <2+ )

\/gYLo Ly - L \/%Yl,o

-3 (4 +L:)Yia+ VALY —4,/3Y141 " — 3,
= = = = = 1)
—\/gLJrYL—1 + \/g (% - Lz) Yio ‘Zi\/gym ’ (2 '

—/§Y10 L:+% 0 —/#0
S ) Lo L=y )\ A
—\/g (Lz + %) Yio X —\/ng,o

A\ va )

B
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—\/% (Lz + %) }/17_1 _\/gyi,—l
V3 (L2 = 4) Y B

So, we found two linear combinations which are eigenstates of J? with j = 1.

N[

normalized state | j | j.

—/3Y10
— 1 1
3= oy AL
341,41
-/
4= A
3Y10

®
== fHs =145 +%>®w LL=0)+ fF|s=bs.=-3)®=16=+])
+

el=1L=-1)+ [Hs=}s=—-})cl=1L=0)

/N
O =
+
DN N
+
N = N
~—
I
*)
/N
+
—_ =
|
N DO
_I_
N = N

N

o =

+
N[ N[

+
N[ N[

— ~—

Il Il

|

W=

[SU
/N N
+ | o =

— = — =

| | !

N— N[
N N[ N N[
|
—I_ | N = oo
D= Do N[ MW
~_— — ~_—
I Il I
—_
[9C1\) o=

N——
I
wino

VR
|

—_ =
+

N— N[
[

N = N[—

~
Il
|
[SV\)
VR
o =
|
N— N[
|
N— N[
~
I
Qo=
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See also
http://en.wikipedia.org/wiki/Table_of_Clebsch-Gordan_coefficients#j1.3D2.2C_j2.3D1.2F2

Exercicio 33

a. The two nuclei, with masses m; and ms, are supposed to rotate around their common center
of mass with a constant angular velocity w. Let the common center of mass be the center of a
coordinate system (z and y) of the plane in which the masses rotate. We indicate the position of
mass my by 7 and the position of mass mo by 75. Since, their common center of mass is in the
origin of the coordinate system, one has

my

mgfg = —M1F1 hence ‘F2| = |F1‘

mo

Center
of mass

The total moment of inertia is given by

2
= o N my
I=m |r1\2+m2 |r2\2 =my |r1\2+m2{—m1 |r1\} =
2

m2) mym my +mo\2, .
:{m1+ﬁ |T1|2: 1M3 ( 1 2> |r1|2

9 my + Mo Mo
mM1Mo . my . 2 mims N -1\ 2
= —l——?‘) = —— (|11 + |7
g (G 1) I (GRRGY)

Their velocities are given by
S - . . my mi
G =wl|fi| and |G| = wli]| =w— || = —|&]
™o mo
and are pointing in opposite directions, hence

- my
Vg = ——Uq
mo
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Since the motion of each mass is circular, which implies that 7" and v" are perpendicular, we have
for the angular momentum

’K‘ = |m1F1 X 171 +m2F2 X ’l72| =
ﬁ - mi my
= ’ml'rl X U1 + Mo {——7’1} X {——’Ul}
ma ma

=<Smy+ — ¢ |[Fy x U] =<myg + — || |Uh] = smy + — ¢ |7 w |7

Mo Mo mo

: |

:{m1+ﬁ}w|ﬂ|2:wl & ow=

o I

The total rotational kinetic energy of this system is given by

1 1
F = 57711 ‘171|2 —+ 57712 ‘172‘2 =

2 2 )

L2 .

1 m? s 1 1 ‘K‘ ‘K K
. Pl =crw? =cr{ Y =L

2{m1+m2}{w|rl‘} 2 T2 { T 2 2ulR?

Hence for a rotational state we have something like

1 1 my ., 12 1 m?) .
= =My |171|2+—m2{—1\v1\} :—{m1+—1} U1‘2
m 2 Mo

K
21 R

i R2K(K + 1)

H p—
,QZ)K 2,[,LR2

Vg = Vi

Transition go (to leading order = strong spectral lines) for AKX = 4+1. Consequently, the emitted
(or absorbed) photons have for AK = —1 energy equal to

PE(E+1) <EV1 n(K - 1)K> _

AEv,K - v—-—1,K—-1)=E,
(]j’ 4 ) ) _'_ 2/11R2 2/11R2

n? K
= AEV—)V—l + W {K(K + ]_) - (K - ].)K} = AEV_>V_1 + MRQ

We have no knowledge on AF, ., 1 = E,— E,_1, but we can study subsequent spectral lines. For
example,

AEw,K+1—-v—-1,K)-AEwv,K -v—-1,K—1)=

R (K +1) K h?
(AEV%VI + 7 —(AE, S + W = W

In the lectures it was explained how the levels for polar diatomic molecules are supposed to be
ordered.
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n=3r=3K=0
n=3rvr=2K=0
n=3r=1K=0
n=3r=0K=0
n=2rv=3K=0
n=2vrv=2K=0
n=2r=1K=0
n=2rvr=0K=20

n=1rvr=3K =0

n=1r=2K=0K=1K=2
n=1r=1K=0K=1K=2
n=1r=0K=0K=1K =2

AR R
I

il

In the first place one has the electronic levels (n) of the outer electron(s). They have level spacings
of the order of eV’s. Then come the vibrational levels (v) with spacings of tenths of eV’s and
finally the rotational levels (K') with hundredths of eV’s.

Schematically this looks like depicted in the above figure, where we also depicted some of the
possible transitions for the case AK = —1.

From the wave lengths one may determine the energy differences AFE between the various levels
by using
he
AE =hf =—
f A Y
where he = 1.239842 eVyum.

We obtain
A (pm) | AE (eV) | AE(i) — AE(i —1) (eV)

~.

120.3 0.01031 | -
96.0 0.01292 | 0.00261
80.4 0.01542 | 0.00251
68.9 0.01800 | 0.00257
60.4 0.02053 | 0.00253

T W N —

For the average difference AE(i) — AE(i — 1) we find 0.00256 eV.
2

When we assume that the above value corresponds to %,

the H and the C/ nuclei.

We still need to determine pu.

In the tables we find masses 1.007825 and 34.96885 atomic units for H and C/, respectively, and,

furthermore, 931.494 MeV /c? for 1 atomic unit. Hence

then we may estimate the distance of

»  1.007825 x 34.96885
~1.007825 + 34.96885

e x 931.494 MeV = 912.485 MeV
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We obtain then for the distance of the H and the C¢ nuclei the value

h*c?
=\ — = 129x 107" m
e < 0.00256 eV

Exercicio 34

a. From exercise (33) we have learned that in the center-of-mass system of a two-body system

= - my N =
P2 = Mol = _mQ—m U1 = —1TU1 = — D1
2

As a consequence, we obtain for the kinetic energy of a two-body system

1 Lo 1 e B R Imitme L. )
E in — < — g _— — —
kin = 5 [0 gma [ = = s T, P =,

When we define p'= p; = —ps, then we obtain thus

o p*

21 2

For the potential energy of the spring we have the following results from classical mechanics and
Hooke’s law.

kin —

F' outward F inward
T=To r<To T>To
Epot =0 Epot = 3C(ro —1)* Epor = 5C(r — 10)?

With the substitution = = r — rg, also defining w = /C/u we find for the total energy

2 1 1 2 1 2
Etot = Ekin + Epot - p_ + _C.T2 = — p— + Mw21’2 — H=- p— + uw2x2
20 2 2| 2 |\ p

1/4
b. We first define Ny = [%} / and o = pw/h, to obtain for the wave function of equation (10),
the expression

— 12

Yolz) = Nye 2
The second derivative follows readily
02 fax?

02 —
o2 V&) =g Moe T =

0 —Log? 0 —Log? o —lar?
:_/\[Oa—x{—ozxe 20 }:%{<6_x(_ax)> e 2 _ oz (ae 2aaz>}
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Consequently
62
hz@ bo(x) = {—hﬂw + MQWQSUQ} Yo(z)

Or, also

52
i <—h2@ + (uwx)2> o(z) = i {huw — prwis® + (wa)Q} Yo(z) = %hw Yo(z)

(i)

1 ] h O \/W h O 1
T — | = o _ o _ — =
e (a “r 2) feo 2h <x Hw 8:10) on \* * pw Oz - 2hw

_h_w &2+- g_ %+ g _ia_Q +1h
PR _xax oz ' oz pw Ox? 9"

Chw [pw o, [0 0 h 0 1

hw{uwQ . h8_2} 1 1, ., h*o?
5

L — = P9 g
g T g 241 Ox?




H(aTz/J) = {HaT} ) = {HaT - aTH+aTH} Y =
={[H, d| +a'H} v = {hwa! +a'H} ¢ = hwaly + o' Hy

= hwaly + o' B = (B + hw) (a'y)

Note that similarly
H (ap) = {Ha} ¥ ={[H , o] + al} ¢ =
={—hwa+aF} ¢ = —hwap + aEYp = (E — hw) (ar))

Furthermore, since aiyy = 0, it can be shown that 1y is the ground state of the quantum harmonic
oscillator. All other states can be created with af. For example, we obtain all eigenstates of
Hvy, = E ), with E, = (% + V) hw, forv =0, 1, 2, ..., by choosing 1, (a*)y 1o (proportionality
constants: Xi, Xo, X3, ...).
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eigenstate of H eigenenergy

Yo $hw (b)

alhy = X1t 3hw (d)

(GT)z Yo = X1a' = X1 Xoths $hw (d)
(aT)Vwo = X1 X5... X0, (% + 1/) hw (d)

Exercicio 35

a. From the discussion regarding the solution of exercise (34d), we concluded that the eigen-
spectrum of H is given by $hw, 3hw, 3hw, ..., whereas the respective eigenstates are given by |0),

1), ]2), ... . In a more compact notation

Hv) = E,|v) with E;:(§+y)mu,

() = W) = [ degge) Hule) =

+o0 . +o0 . +o0 9
/wmm@a%@:aﬁwmm@%@:aﬁmmwmﬂ:ahﬂ;

Hence, in the case that the system is in the eigenstate |v), E, is the value we expect to find when
the total energy of the system, given by (H), is measured.

c. Using the result of exercise (34d), we obtain
Hd'|lv) = {E, + hw}d'|v) = {<% + 1/) hw + hw} allv) = {% + (v + 1)} hwa'|v) = E,1dl|v) |
whereas, for |[v + 1) we also have H|v + 1) = E,1|v + 1).

Now, since H has only one eigenstate for E,,;, we must conclude that a'|v) and |v + 1) are pro-
portional.

The proportionality constant, say X, .1, can be found by determining

/+: dr {aw’u@)}* aW’u@) - /:" dr { X, 11%ps1(2)} Xpg1thyga () =
+00 +oo
= X, 11X [m dz ), (2) Yyra (2) = [ Xy | [m dz |41 (2)” = [ Xy |”
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So, we determine Xj.
We start with (a = uw/h)

Y UL (RN I VA L
a'o 2h (x pw Oz Noe

B ] —daz? 10 —lax? B ] —dax? 1 —dax?
= Noy/ o7 <:ce B¢ =Ny o7 | @e ) axe

w —ax? —daz? o —soa?
Z/\/'ow/'u—<xe 2 +xe 2 ) = 2Ny =—ze 2
2h 2h

So, we must then determine

+o0 * +00 2
XiP = [ de {atuo(@)) alun(e) = 2NoP B2 [ deatemo
This integral may be looked up in the tables (Integral number 10 of the tables of integrals at http:-

//www.sosmath.com/tables/integral /integ37/integ37.html maybe useful, note I'(n 4+ 1) = nI'(n)
en I'(1/2) = y/m.) We obtain then

1/2 /T
|X1|2 =2 [&} o AV

=1=0+1
wh h ([LW/h)3/2 +

This way, one can continue, for X, we must determine afi; and its integral, etcetera. However,
there exists a faster method.
First, we can make use of the general property

[ T (At} o) = [ dedita) Aoalo

Then, we may substitute

H H
aCLT:CLaT—aTavLaTa:[a,aT}—l—aTa:l—i—(——%) L
hw

whereas, moreover

(%+3m:(@+3m=-@%?3+%%=@+W%

This way, we obtain

[ {at @) o) = [ dri@)aatve) = [ deuple) v+ D e) = 0+ 1),

—00

Which gives | X, 1> = v + 1.

122



(Y VLl OO U W Ul N A Y 1
@ta 2h (3: fiw Ox + 2h x+,uw0:c no
Hence,

(viz|lv+m) = /_J:O dx ) (x) ”2/% (a + aT) Yyim(x) =

| dr i@ avnt) + [ deiie)a vom(@)}

—00

I
E

)
=
S

/Jroo dx {CLT 1/1,,(:6)}* Uyrm(x) + /J:O dx ) (x) al wy+m(:c)}

—00

I I
ERE
St St
S &
—N —N —N —N

+00 . +0oo
[ e (Ko @ @)+ [ dr @) Xt o (0)]

o

+00 +oo
s X [ e @) Y@ + Ko [ 2 (@) b (@)

== QIIL—CU {X:+1 5l/+1,1/+m + Xu+m+1 5u,u+m+1}

<§}§
&

The last step follows from the orthogonality relation of the normalized eigenfunctions of H, which
reads

+o0
| dri@) o) = b =

—00

1 for v=m
0 for v#m

Now, 0,41,,+m is only non-zero for v + 1 = v +m and in that case equal to 1, whereas 6,4y, 11 is
only non-zero for v = v +m + 1. In the former case m = 1, in the latter case m = —1.
Electromagnetic transitions of vibrational molecular states are related to the x operator. Hence,
transitions are favoured when Av = +1.

Exercicio 36

a. In problem (35a) we have found for the Hamiltonian of such system

1 2
H = - {p_ +,uw2x2}
2 | p

Furthermore, with the definitions of the annihilation and creation operators, respectively given by
(see also equation 11)

_ N0 R VL R
“ = Von (:c - ,uw@:c) and - al = 2h <:c pw oz )

we obtained
H = hw (aTa + %)
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and, moreover
[H, aq —hwa'  and [H,d=-hwa |,

whereas, for the solutions of the Hamiltonian H, we found a ground state given by

Y

woir) = [ A/

which solves the equation Hvy = 1hw)y, and, furthermore, radial excitations given by

wie) = (o) wole) for v=1,23...
which, using the identity
Ha'y = (1+a'H)y

solve the equation Hiy = (V + %) hwipy.
So, we obtained for the eigenvalue spectrum of H the result

E, = hw(v+§) ., v=0,1,2 3 ...

b. In exercise (35d) we found, by using the relation

/2
atad = = %x )

/J:o dx ) (z) x (a + aT) Uyrm(x) =

the following result

ooy [T h :
= Lm d:E@/)V(ZE) QM—M (a+aT) ¢V+M(x) - %—w {Xu-i-l 5v+1,v+m+XV+m+1 5V,V—l—m-i-l} ’

where the X, coefficients are determined in exercise (35¢).

From the above result we may conclude that transitions occur for Arv = +1 for a perfect harmonic

oscillator.

c. In some branches of physics one uses the spectroscopic wavenumber 7 to indicate the frequency

of radiation. Its relation to energy is given by £ = hc. Hence, the unit cm—!

energy of

E = heir = (41356675 x 10" eVs) (2.99792458 x 10'® em/s) (1 em™")

= 1.2398 x 10* eV

corresponds to an

We start by assuming that the very intense line in the vibration spectrum of HCI, with wave
number 2886 cm™!, stems form the transition from the first radial excitation, with v = 1, to the

ground state, with v = 0. Hence

E,.1—E, o = 288 cm!
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For the other transitions we assume
E,o—FE,,=5668cm™ and FE,_ 53— E,_o=28347 cm™!

From the formula, one has for the energy levels

B - hw{(H;)_al(H;f}

So, we find
E, v = hw <% — ali)
E,1 = hw (% — alﬁ)
E, 5 = hw (g — al%)
E,_3s = hw <g — al%)
and

EV:1 — EV:() = hw (1 — 2(11)
Ey:Q — Ey:() = hw (2 — 604)
Eyps—FE,g = hw(3—12a)

Let us start by eliminating a;:

3 (Ellzl - Eu:O) - (Eu:2 - Eu:O) = hw

2 (EV:1 - EV:O) - % (EV:3 - Ey:O) = Tw

We determine

3(Byey — Ey—g) — (Ey—y — Ey—y) = 2990 cm™!

2 (Euzl - Eu:O) - % (Ey:3 — E,/:()) = 2990 Cn’li1

So, this appears to be consistent.
Now, we determine a;:

1

a = 3 {1 — (By—y — Eyzo)} = 0.017391
1

a = 3 {2 — (Ey—y — E,,O)} =0.017391

1
“w = & {3 — — (Fyms — Eyo)} —0.017363

which is also sufficiently consistent.
Consequently, we found

hw=2990cm™ ' =0.371eV and a; =0.0174
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In the literature we find for the vibration energy hw ~ 3000 cm™!

(see e.g. http://www.chem.ufl.edu/"itl/4411L_f00/hcl/hclil.html)

( he — AV(r) ) ( Ue ) ( Ue )
- E :
V() hy Us s

we arrive at a set of two differential equations

Exercicio 37

Using the equation

heue + AV (r)us = Eu,
AV (rue + hsus = Eug

The first boundary conditions can be found by integrating the differential equations in a small
domain, (a — €, a + ¢€), around the delta-shell position at r = a and letting € | 0. One finds

a+te 2 ate
tim [ g SO g [ (dul)] o dulr)] ) duf du
€l0 Ja—e dr elo | dr o \ dr .. dr |,_. dri., dri.,,
ate
liﬁ)l dr Xo(r —a)u(r) = hﬁ)l Au(r =a) = Iu(r=a)
a-+te a
lim [ dr (B = My = M2)u(r) = / dr (E — My, — M2)u(r) = 0

Putting things together, we find the boundary condition

1 d u.(r) d u.(r) by -
m <— —dr o + dr o + Q—Iucaus<a> =0
A 1 d uy(r) d uy(r) _
Trea (@) + o (_ /2 O e Y Bl

The second boundary condition stems from the condition that the probability should be continu-
ous.

Exercicio 44

From the relation between the transition amplitude and the retarded wave functions we deduce
for a local potential given by

<F\V|F’> - V(F’) 5@ (F—F’)

the following



- _\/ﬁ m /d37“l e—’ik‘f . FI/dBT// Vv (F//) 5(3) (7;»/ . 7;»//) w(+) (E’ 7;»//)

— Voru [ e~k T [ (FviEny (7o (F) )

oA o) .
= V21 pu /d?’r' ¢tk T <F' |V | () (k)>
Next, we proceed by

N 1A o)
F(RA) = —Vampu [di e [y (7

E') (R viet (7))

—/
oI 37 5, —ikr i et T ! ) (k
— V2mu /dk /d're S [ (F V1 (¥)

=/
i (i —kf)-f’ 3 .
— _Qﬂ /d3k’ {/d3r'e ( } <kl|T(k2+ie)\k> :
m

where the limit € | 0 is understood.
The integration in configuration space can, by the use of formula (19.68) of Quantum Mechanics,
Eugen Merzbacher, 2nd edition (Wiley, NewYork), be handled as follows

=1
i (¥ —kf) ¥ 3
[ e ( — (27)° §© (k—kr)

5(k — k)

= 272 i(2€’+1) Py (»,»k’) e

=0

So, after calculating the matrix elements of the T-operator, one still has to perform integrations.
Now, let us assume that the matrix elements of 7" have the following genuine form in the case of
spherical symmetry

<E |T(k2+¢e)|12’> . Ki(%ﬁ) Py (k- k') Tk, k)

By combining the above results, we obtain
f(k.7) =

- Z (2£+1) (2£/+1) /dgk’, PZ (]%]%’) Té(k’k/) Pg/ (72]%’) w
£,0'=0

Next, let us concentrate on the integration over the angles in k’-space, i.e.
[aow P (ki) Po (7 1)

Here, we may select the z-axis of the k /—system in the direction of k. But, that does not help
much for the second term in the integrand. However, by the use of the addition theorem (see e.g.
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formula 9.79 of Quantum Mechanics, Eugen Merzbacher, 2nd edition (Wiley, NewYork)) we find
/ko/ Pg (l% . l%l) Pg/ (’f’ : ]%/) -

A~ ~/

T A LR ~ (L )
- [ R E) g 3 v (R) O (B E)

47T L [’* A~ R V4
= g 2 Y (k) /ko, P() Y ()
g/_ Z/

Then, we substitute for P, (€) in the above expression formulas (9.78) and (9.65a) of Quantum
Mechanics, Eugen Merzbacher, 2nd edition (Wiley, NewYork), to find

/ko/Pg(i{fl%/) Pgl(f"l%/) —
471' —M/ g 0)* 0
w2 7) [ [ W ) Y @)

which, after applying the orthogonality of spherical harmonics (see e.g. Quantum Mechanics,
Eugen Merzbacher, 2nd edition (Wiley, NewYork) formula 9.69), leads to

/ko,Pg (k-&") Po(7- k') =

4 e NE a 4
_ T Z Yéi) (kf“) T de0 0o,

2041 , =, 20+ 1
47 oV [ 47 47 .
= YO (k7 — Oy = —— Py (k-7 ,
2010 (k-7) 20410 T Wy o (k7 ) o
Combining everything, we find
JR#) = —ar’u @+ 1) Py (k-7) /OO K Ty(k, k') 6(k — k')
0

£=0

— —axtu 3@0+1) P (k7)) Tk)
(=0

Exercicio 46

Since the spectrum of H, is discrete, it describes a system which is localized in a relatively
small region, like a harmonic oscillator. Consequently, from the coupled Schrodinger equation we
must eliminate 1., since it vanishes at large distances and is thus unobservable. Formally, this can
be done in a straightforward way. We then obtain

Ve (F) = (B —=He) ' Vg ()
and, furthermore, by substitution, the following Schrédinger equation for 1y (77)
(E—Hy) ¢4 (F) = Vi (BE—=He)™ Vi gy (7)
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By comparison of the above equation with the usual expressions for the scattering wave equations,
we must conclude that the generalized potential, V', is here given by

V =V, (E-H)'YV,

The relation between the scattering amplitude f (lg, f), the partial wave scattering amplitude
Ty(k) and the potential V' has been deduced in exercise (44) and is given by
FR7) = —anu 320+ 1) Py (i -7) / Ak Ty(k, k') 6(k — k)
=0 0
= —4r?u 320+ 1) Py (k-7) Tu(k) (71)

£=0

So, all we must do is determine Ty(k). However, it is more straightforward to determine the
off-shell scattering amplitude T,(k, k'). The matrix elements of the T-operator are defined by the
Lippmann-Schwinger equation

T(p. 5 E) = V(§.p) +

+ [aw /d%V(ﬁ,E’) G (EEE> v (k) +

+ /d%’” /d%” /d3l<:’ /d% v (ﬁ,%”’) G, (E 3" ;E> v (E 12) «
—/ - . =
x Gy (k kB V(k,p)—l—... : (72)
where the Green’s operator G;(E) corresponds to the self-adjoint free Hamiltonian Hy, according

—/ — . . -/ 1| 7 . 2/11 —/ —
Gf(k; k;E) _</<; (B - H)) yk>_m<k k;> . (73)
It’s relation to the retarded Green’s function G (7, 7"') is explained in section 4.3 of the lecture
notes on scattering.

Substitution of relation (73) in expression (72) yields for the T-matrix elements the form

T(p.p 5 E) = V(§,p) + /d%\/(ﬁ,l%) ﬁv(%,ﬁ’) + (74)

R 2u - 21 -
d3k’/d3kv( k)iv(k l{:)in N
* / P ) e g2 ") ouE =K (F.7) +

The first (Born) term in the expansion (74) takes the form

V(5.5 = @IV = @IV (BEp)—H) Vi [5") (75)

The total center-of-mass energy F and the linear momentum p are related by

E(p) = — + My + M, . (76)
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We denote the properly normalized eigensolutions of the operator H. corresponding to the energy
eigenvalue F,,, by

(r |nfm) = y ¥ (7) Fpe(r) , withn=0,1,2,..;0=0,1,2,..;,m=—(,....,+0. (77)

m

So, by letting the self-adjoint operator H, act to the left in Eq. (75), we write

@IV ') = X (B Vi|ntm) (nfm| (E(p) = H) ™" Vi |p")

ném

|nfm) (nfm)|

= |V, —————— V]
Z <p\ t E(p)—Eng t|P

ném

Next, we insert several times unity to obtain

@IV = Y / & / " / & / &’ (79)
ném
X o (p)l_EM 0 |7\ V; F"><_’”|n€m><n€m *”’><F”’ v F’><F’ ﬁ’>

Two of the four integrations are trivial, since the local transition potential has the form

(7| Vi |7) = A3—‘//; 3(r—a) 6@ (7 =) . (80)

By inserting expression (80) into Eq. (79), also substituting (i [p) = el F/(27T)3/2, we get

) = % [dir [d (81)

ném

v ip

—/

_ - =/
AV, el T

1 e_iﬁ' r AV, ., ,
T > n 0 (r'—a) 7(2@3/2

X
E(p) — En (27?)3/2 a3/?

5 (r—a) (7 ntm) (

Next, we observe that the radial parts of the two remaining integrations are also trivial, because
of the two delta functions. So we twice insert the expression for the confinement eigenfunctions
of Eq. (77), to obtain

. I OVAS
(p|V p> = @y <a3—/;> ; a2/dQ a2/dQ’ (82)
1 i ~ R . ._,/. ~/
g B¢ Y ) Ful) Vi () Frla)

For the integrations over the angles we introduce Bauer’s formula, given by

sz Pis(kr) YN (Y (k) (83)
resulting in .
P ar Yrg) (7) <_Z’)€ Yrﬁf) (p)
Jaad — 47 ji(pa) * (84)
el - ar y(OF (7 (1) Y, (p)
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Substitution of the relations (84) into Eq. (82) leads to the expression

- ) )\2‘72(1, 1 R * . X .
GV = == X gm0 Y600 5ilpa) 50) [Ful@P , (85)

ném

where the summation over the magnetic quantum number m can be performed by the use of the
addition theorem, thus shaping the Born term (75) into its final form

IVIF) = St S PG ) i) S g (s

For the second-order term, we start by substituting the result (86) into the second term of expan-
sion (74), giving rise to the expression

T (5.5 E) = /d?’k: NVia S 20+ 1) P (p-k) je(pa) je(ka) 3 )"
o 47 =0 ‘ ‘ ’ = E(p) — En

2 NVia &, APV . = |Fwe(a)?
2 1 P/ . / / / _—
“ouE R 42 20D (k-5") delka) jer'a) 3 E(K) — Ewe

=0 n’=0

N <)\4‘7f?a> i(2£+1) Je(pa) i % i(2€’+1) Je(p'a)

=0 n=0

£ =0

o ~ jkaj/k:a © .Fn//a2
< [ k) pe(hor) 2RI S gastgl e
n’=0 n

The details of the & integration are discussed furtheron. Since, as required by Eq. (92) below,
E(k) is quadratic in k, we find for expression (87) the result

19 () = (Mpat) S it 3 g e s

=0 n=0 L =0

. 47T2 o . oo fn/ A(a 2
. (— “p) Ser Po(p-5') delpa) B0 (pa) 3 LTmel@) (58)

’l/ e
20+ 1 = E(p) — Eye

= —il () g})@ul) PG5 ) 52(pa) B (pa) jelp'a) [io %1

Following steps similar to those in the foregoing, it is now straightforward to determine the higher-
order contributions to the expansion (74). For the full 7" matrix to all orders, one ends up with
the result

T(p.5) = (89)
. . < | Fp(a)
. je(pa) jo(p'a) Z &
= LSyt ppe 10 E(P) = Bt
= 52 Pad (20+1) P(p-p") = )
! = 1+ 2ipp N2V2age(pa) by (pa) - )l
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For radially symmetric interactions, it is useful to define the partial-wave matrix element 7, of
the on-shell (5" = p) T matrix, according to the relation

oo

T(F) = S+ PGp') Tilp) - (90)

Hence, also using the result of Eq. (89), we find for the partial-wave scattering amplitude S;(p)
the expression

Se(p) = 1—8ir’up Ty(p) (91)

- [/ - ( )|2
1-— 2“1 )\2[/ 2(1, a h(2) a 7| nt
P ¢ aje (p ) 14 (p ) n§ 0: E( ) Ené

. . = | Fula)]?
1+ 2ipp NV hy! Fula)l”
iup NV aji(pa) hy’ (pa) n;o E(p) — Bur

Details of the k integration

Let us study the momentum-space integration

(7.0 s fe) = (92)

— 2 /d?’kPg(ﬁl%) Py (k- p') %ﬁ(kz)

. ~ 7 A/ 2 ]Z ]{}a j5/<ka’) 2
_QM/koPg(p-k)Pgl<k~ / Rk 2 PRI g (K2)
where f, represents an arbitrary well-behaved function of k2. For the integration over the angles,
we can employ the orthogonality of spherical harmonics. Hence, we must concentrate on the radial
integration, i.e.,

2 ]e (ka)
/ Rk 52 fo(8) (93)
We shall show below that the integration can easily be performed, yielding
ka) Je(ka) ht (k;a)

24 Je(ka) 2 ¢ 2
[P B ) - e ) gy

by using the following propertles of the spherical Bessel and Hankel functions:
Je (em k:a) = emﬁ o(ka) and hgl) (em ka) . hf)(ka) . (95)

For large imaginary part of the argument ka, the function hél)(ka) tends to zero. Therefore, we
can close the integration path in the complex k plane by a non-contributing semicircle in the
upper half plane. If we then set 2uFE = (p+i€)?, taking the limit € | 0 after the integration, the
integral (94) can be simply computed with Cauchy’s residue theorem, yielding

] jo(ka) bV (ka)
2ap _Jeka) — lim = ¢ k%dk ¢ 2
/ 2uE — k2 fz( ) o 2 (p+ie—k)(p+ie+ k) fe( )

= —m7p je(pa) by (pa) fo (PQ) : (96)
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Putting everything together, we obtain for Eq. (92) the final result

L A pp
L (p.0 nsfe) = —i 201

Sewr Pe(p ") jelpa) hf (pa) fo (p*) (97)

Exercicio 47
a. We start with

v vy = v ) { L A

which for S wave (¢ = 0) leads to
The equation

is for r # a given by

which is solved by
u(r) oc sin(kr+ ¢)

where ¢ depends on the boundary conditions.
For r < a one has the boundary condition u(r = 0) = 0. Hence a suitable solution for r < a is
given by

u(r) = Asin(kr)
For r > a one defines the phase shift by ¢ = §. Hence a suitable solution for r > «a is given by
u(r) = Bsin(kr+96)

Further boundary conditions are given by

u(rta)=u(rla) and (%)TTQ—<Z—?>T¢G+gu(r:a):O

which translates to the conditions
Asin(ka) = Bsin(ka+6) and  kAcos(ka) — kB cos(ka + 0) + gAsin(ka) =0

Hence

k cos(ka + 9)
k cos(ka) + gsin(ka)

sin(ka + 9)
sin(ka)
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sin(ka) cos(d) + cos(ka) sin(9) _ kK {cos(ka) cos(0) — sin(ka) sin(d)}
sin(ka) k cos(ka) + gsin(ka)

or
k {cotg(ka)cotg(d) — 1}
kecotg(ka) + g

cotg(d) + cotg(ka)
(kcotg(ka) + g) (cotg(d) + cotg(ka)) = k{cotg(ka)cotg(d) — 1}

or

geotg(d) + kcotg?(ka) + geotg(ka) = —k
Hence
k
cotg(d) = —cotg(ka) — p {1 + cotgz(ka)} = —cotg(ka) — gs2(ka)

Furthermore

A sin(ka+¢6)  sin(ka) cos(d) 4 cos(ka)sin(d) .

i — = t tg(k

B sin(ka) sin(ka) sin(9) tcotg(9) + cotg(ka)}
Now

t tg(ka) = —————
Y g(d) +co g( a’) gsinQ(ka)
Furthermore
I 2
1+ cotg?(6) =1+ {cotg(ka) + ; (1 + cotgz(ka))} =
2 k 2 k? 2 2
= 1+ cotg”(ka) + 2—cotg(ka) (1 + cotg (ka)) +— (1 + cotg (ka))
g g
= {1 + 2Ecotg(k:a) + e (1 + coth(ka))} (1 + cotgz(ka))
g g’
and
-2 2 L2 ko k2
sin“(ka)\/1 4+ cotg®(6) = ,|sin”(ka) + 2—sin(ka) cos(ka) + —
g g

Hence

% = sin(8) {cotg(d) + cotg(ka)} = cotg(d) + cotg(ka) _

+4/1 + cotg?(d)

B +k/g B +k/g
T U T o ®) a2k E
sin®(ka)y/1 + cotg®(d) sin”(ka) + 2 sin(ka) cos(ka) + e

134




b. We start with the angular integration
. - . ~ X —/
f(k:,f):—g2—m /d?’r' ¢' <k k:r) " da—1r")=
7r

00 2 +1 ) — krlr!
=2 [Zrar {[Tan [ acostond B )
0 —

2w Jo 1
R =R ik = k|
m o0 -
== (r")2dr' { 27 Sla—1")
2m Jo ik — k|

B 2gm
|k — ki
2gm

= — a sin (‘E—k'ﬁ a)

‘ —

k — kr

c. In the formalism of alinea (a):
For S-wave the scattering amplitude is given by

2m

fk) = 2m etd sin(d) =

; Flcota(®) 1)
Now,
otka
cotg(d) —i = —cotg(ka) — geni(ka) | _Sm(lm)  gsin®(ka)
L getka sin(ka)
- gsin®(ka)
So,

2 in?(k 2
flky = —2m g5 (ka) limit (g40) —=22 sin?(ka)
k- k4 getka sin(ka) k

d. In the formalism of alinea (b):
For S-wave the scattering amplitude is given by

fey = [ k) = -

Now

— VR = 2kE 4 k2 = k2T — cos(0)

where ¥ is the angle between k and 7.

Hence
1 2w +1 29ma ]
k) = ——— d d cos(V sin [ kav/2y/1 — cos(¥
) =~ [Tde [ O (kav2y/1 = cos(v))

]E—kf
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1 r+1 2gma )
= —— dcos(v sin ka\/ﬁy/l — cos(v
2/ ( )kﬂ\/l — cos(1)) ( | ))

We define the integration variable £ = /1 — cos(?).

Hence
cos(V) = corresponds to £ = /2
os(d) = +1  corresponds to £ =0
and dcos( ) = —2&d¢
We obtain
V2 2 2
fhy = — [ ede™™ sin (¢kav2) = -T2 / d¢ sin (kav/2)
’ k2
_ 2gma 1 - cos(2ka) _ 2gm sin? (ka)
V2 kav?2 k?

Exercicio 50

()=o) () e ()

Hence, the eigenvalues are given by F. = A + B. For the normalization we determine

1 1
¢T¢ _ 1 +r* ( ) = (1+7rr)=1
o 1+W( e L+ |rf?
b.
1 _ _
e (= By e B (B P o) =
o 1 — Bt —'LE+t
_E+_E_{(E+ ) (B- = ) e Bt (e, 4 c6)
- E+C_+E {(E+—E+) T (B - Bye ZE+t}¢ -
_'_E+C_—E_ {(EJr - E,) —ZE t (E E,) —’LE+t}¢
=c ZE+t¢ TLec e 'LE t(bf ZHt(bJr—i—C,e ZHt(b,



c. First, we use

<¢H1v(01)(

A

= [
N——
—
(@] —
N———
|
—
=)
—_
~/
TS
SN————
|
Sy
=

Br

Next, we use

(et 1) =

1 p B

- E+ E {((\l/ |E+‘ T> - <\l/ ‘H| T>)€ E_t ((\L |E7‘ T> o <\l/ ‘H| T>)€ 'LE+t}
1 iy y

T BB {(E+<¢ [1) = Brye =t — (B_(L|t) - Br)e ZEJFt}
1 J— _.

T B, -E_ {(0 ~Brye Bt — (0 - Brye @EJ}

_ Br _iE ¢ LB Br i e

=g e P = g e e

— 2 {oemiB  miB

Furthermore

E,=A+B=M-"iy, and E.=A—B=M+AM — ~i
2 2
Hence the transition amplitude equals
(1)~

T {_e—i (M +AM — %m) o (M - %i%) t}

2

- {_e—i(M + AM)t — 4ot | —iMt — %ws}

; : 1 1
_ ge—ZMt {_e—ZAMt — 5’}/21‘: + e—i’j/lt}

The decay rate is given by
(el -

) 1 1 . 1 )
— i \r|2 {_e—zAMt — 37t + 6—57175} {_elAMt — 179t n 6_57175}
=1 {e—%t Lot _ TIAME =3 (1 y2) t_ GAME— 5 (i + %)t}
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1y {6—fylt et _ s ()t <ez’AMt N e—iAMt)}

1
= i |7“|2 {6_71t fe 2t 9,72 (11 +72)t COS(AMt)}

d. From the inset of the figure we read
AMT =27 for T=120x10""s
Hence,
AM =27/(12.0 x 1071 5) = 0.52 x 10" 57! =

=0.52x 10" s % 0.66 x 107 eVs = 3.5 x 107% eV
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