1.

RELATIVIDADE GERAL 2011-2012
Exame, 2 de Julho de 2012, 9h30 - 12h30

Considere treés referenciais A, B e C, cujas coordenadas sao dadas por respectivamente

+A) +(B) +©)
ZL'&A) fL‘gB) $§C)
o e | ] e
ZL'gA) xéB) xéC)

O referencial A estd em movimento relativamente ao referencial B com velocidade con-
stante E(AB) = (v, 0, 0), enquanto o referencial B estd em movimento relativamente ao
referencial C' com velocidade constante F(BS) = (0, u, 0).

A transformagao entre as coordenadas dos referenciais A e B é dado pelo " boost ” A(AB):

+B) +A)

ng) ng)
— A(AB)

ng) ng)

xi(’,B) ng)
AAB)°, A(AB)°, A(AB)’, A(AB), ¢t
AAB)Y, A(AB)', A(AB)', A(AB)l, A

B A(AB)?2, A(AB)%, A(AB)%, A(AB)2, i .
AAB)Y, A(AB)3, A(AB)3, A(AB)3, M

onde
A<AB)OO:7AB:\/1— 5<AIB>. Gam MABY' = MABY'y = 745,
(AB) 5(AB)

e A(AB)ijzaﬁ%mB—l) :

parai,5 =1,2,3.
A transformacao A(BC') entre as coordenadas dos referenciais B e C' obtem-se pela sub-
stituicdo de A por B e B por C na Equagcao (1).



a. Mostre que os " boosts” A(AB) e A(BC') sao dados por respectivamente

vap vyap 0 0 vBe 0 wuype O
vyap Yap 0 O 0 1 0 0
A(AB) = e A(BO) = ,
0 0 10 uypc 0 e 0O
0 0 0 1 0 0 0 1

com Y45 = 1/vV/1—=v2eyge =1/V/1—u?

b. Demonstre que a velocidade E(AC) do referencial A relativamente ao referencial C' é tal

que
1

V1= guo) . juc)

= VYBCYAB

c. Demonstre que um ”boost” com velocidade E (AC) ¢ dado por

YAC VYAB uyac 0
027313 UVYABYAC
A(AC) = R Cyveey ) B Covens D
v WIABYAC Yo
(vac +1) (vac +1)
0 0 0 1

d. Demonstre que a transformagao entre as coordenadas dos referenciais A e C' é dada pela
"transformac¢ao de Lorentz” L(AC'), representada por

t(©) t(B) +A) A
ng) ng) ng) ng)
= A(BC) = A(BC)A(AB) = L(AC) ,
20 2B 24 24
2 2 2 2
ng) SL’éB) LL’éA) LL’éA)

com
YAc  VYAc  UWYBC
L (AC) — VYAB YAB 0
uyac uvyac YBC
0 0 0

_ o O O



e. Demonstre que L(AC) = A(BC)A(AB) = A(AC)R, onde R represente uma rotacao

espacial, dada por

1 0 0 0
YaB +7YBC  UVYABYBC
R = 1L+ yaByBc 1+ 748780
UVYABYBC YAB + VBC
L+vaBvBc 1 +74B7VBC
0 0 0 1

f. Determine )
< YAB + VBC ) N < UVYABYBC )2

1 +~vaB7BC 1 +~vaB7BC

e o eixo e o angulo «a da rotagao.

g. Para o caso v =0.6c e u = 0.8¢ determine a.

2. Para um espaco bidimensional (coordenadas ¥ € [0,7), ¢ € [0,27)), cuja métrica é dada
por

ds* = R*dV* + R*sin’(¥)dy? |
mostre que geodésicas sao dadas por (a, b e ¢ constantes arbitrarias)

asin(¥) cos(p) + bsin(¥) sin(yp) + ccos(¥) =0

3. Comnsidere um campo gravitico no espaco-tempo de uma distribuicao esférica simétrica de
massa M, dada por (Schwarzschild, 1916)

dr?

ds* = A(r) dt* — A0

— 7? {d192 + sin? (")) d<p2} : (2)

com A(r)=1-— 2]\74 :

Se r é parametrizado por ¢, obtém-se da equacao geodésica no plano ¥ = 7/2 para r(p)

a expressao:
d ;<£>2<@>2+r2<£>2_ L
do | A(r) \r? dy r? Ay [

e, portanto, uma constante de movimento, designada por E e dada por

e (8 (@ () e




a. Mostre que ¢ pode ser dado por

dr 1
sOZ/P A(T){ ) _E_i}
CA(r)y 2 r?

b. Demonstre que para uma orbita de um planeta ligado ao sol nos periélios e nos afélios,
onde r alcanca as distancias do sol respectivamente minimas r_ e maximas r,, o valor do
constante de movimento F é dado por

1 r
b= A(re) N E
e mostre que
dr !
@/TZJM){ﬁ@4%mAlounﬂ@4%ﬂA1“>>1}
r2r2 (A7 (r_) — A7t (ry)) "

c. Demonstre que

d. Demonstre que para

re+r_
rer_

2M
’QMG <1 and ‘

podemos utilizar a seguinte aproximacao:

Q

e mets) (14 M)

(r—r_)(ry—r)
\/ rir_r




Demonstre que, com a definicao

r(ry4+r_)—2ryr_ 9 B
sin(a) = — =D I = sin(a)
r (7,,+ _ T_) T ryr— ryer_
obtem-se
2rar_ + MG (ro +r_ + (r— —ro)sin(«
gp%{1+MGT++T}/da + (4 ( +) ())
rr- 2ryr_

Demonstre que

AN o
cp(r+)—g0(r_)z7r{1+MGr++r} lJrMGg
47— 2ryr_

Que pode concluir sobre a 6rbita do planeta em causa?

Considere um campo gravitico fraco e estatico no espago-tempo dada por
ds® = [14+20(2)] dt* — [1 —2®(Z)] di?
Para objectos com velocidades muitas inferiores a velocidade de luz mostre que

d* 7

a2 -v @(7)



Solutions



Exercicio 1

a.
1 1
A(AB)O = YAB — - )
0 \/1 _ 4B . fap) V1—0?
. ‘ (AB) YABV for i=1
A(AB)"; = A(AB)" g = vasB; =
0 for i=2,3
| B giAe)
and A(AB) i= 5z‘j + W(’YAB - 1)

Now, SAB) . AB) — 2 and

v? for i=j=1

BUAB) g(AB) _
’ 0 fori#l, or j#£1.

ﬁ(AB)B(AB)
Hence, W(’VAB — 1) =0;; + 6i10;1(vap — 1).
Consequently,
14 (yap—1) = vaB for i=7=1
A(AB)ij:5¢j+5i15j1(’VAB—1)= 1 for i=75=2, ori=75=3
0 for i # 7.
Conclusion:
vyap 0 0
A(AB)'; = 0O 10
0 01
Hence,
Yap vyap 0 0
| vvaB a8 0 0
A(AB) = 0 0 10
0 0 01
Similarly,
1 1

)

J1 - jeor . fwo) V1w

' YBCU for 1 =2
A(BC), = A(BC)'y = vpcBP9) =
0 for i=1 and 3

5(5C) () 1 0 0
i ' J
and A(BC)"; = d;; + (vBo — 1) = 04 + 6i2dja(vBc — 1) = ( 0 vgc 0 )

E(BC) . E(BC) 0o 0 1



Hence,

b. First, we need to know E(AC). From the coordinate transformation

we deduce

and

Hence,

and

+H©)
O

o0

70

A(BC) =

+(B)
A
= A(BC)
2B
2
B
A
+(©)
e
40 | -
A0
dt(©)
dt(B)
c
d:cg )
dt(B)
c
d:pg ) _
dt(B)
c
d:cg )
dt(B)

YBC
0

uyBC
0

0 wypc 0
1 0 0
0 vBc 0
0 0 1

vBc 0 uypc
o 1 0
uyge 0 YBc
0 0 0
= pct® + uypoal”
4P
uypct® + ’VBCSUEB)
4P
N d:péB)
= U
YBC YBC )
d:pr)
dt(B)
d:péB)
uypc + VBC 1B
d:pr)
dt(B)

_— o O O

We then deduce for the transformation of velocities from reference system B to reference system

C, the following.

dx@
dt(©)
dxéc)

dt©)
dxgc)

dt©)

da'\? gum)
dt(B) )
Az gp(B)
dt(B) q+©)
dzl” gu(®)
dt(B) +C)

dxgc)
dt(B)
dxgc)

dt(B)
dxéc)
dt(B)

dng)
dt(B)

1
2@ — | wyBc +BC
dt(B) dng)
dt(B)

2
dt(B)

B
YBC + U’YBCF%@



Now, the moving reference system A has in B the velocity given by
d.’lng in B)

dt ) v
d.’E(A in B) .
al2 (B) N B(AB) N
t
dng in B) 0
dt(B)

Hence,
dr gA inC)

dtB v ov1 — u2
E(AC) _ d[L‘gA inC) _ ) _ .
dt(B)
d[L‘gA inC) 0 0

dt(B)
From this result, we may also conclude

1 1 1 1
Yac = = = = =
Ji1-guorjuo 1o (l—w?) w2 VI— w2 VI— 2

= VYBCYAB

c. The boost A(AC) from reference system A to reference system C' is fully determined by ﬁ (AC)
and v4c, as follows:
A(AC)°y = yac = YBoVaB

v .
”YAC,YBC = YABYV for i =1
A(AC)%; = A(AC) ) = 7acB) = YAl for i =2
0 for i1 =3
ﬁ(AC) B(AC) B(AC B(AC
and A(AC)i = 0i + %(%c —1)=0;; + ’yAci =
/ jor. gao) (1ac +1)
2 2
Yac v
= 5ij +— {511531 + 511@2 + 5125]1 + 5125]221 }
(yac + 1) Yhe YBC YBC
Lo T Fgu
Yec(vac +1) ve(yac +1)
- ’Y%CU’U 1 71240“2
YBc(Yac + 1) (vac +1)
0 0 1



Hence, also using vac = vYscvas,

YBCYAB YABY YacU 0
2 2
YABY YABYACUUV
v 1+ 0
A(AC) = ar (vac+1)  (yac+1)
A YABYACUU 731(;“2
¢ (vac +1) (vac +1)
0 0 0 1
d. The coordinate transformation from A to C'is given by
+C) +B) +A)
xg@ ng) ng)
= A(BC) = A(BC)A(AB) =
NG 2B oy
2 2 2
ng) x:())B) ng)
A
vec 0 wuype 0O Ya vyap 0 0 (A)
B 0 1 0 0 vvap Yap 0 0 11
uype 0 7vBc 0 0 0 10 ey
o 0 0 1 0 0 01 2
oA
Hence,
e 0 wuype 0 Yap vyap 0 O
_ _ o 1 0 0 vyap Yap 0 0
L(AC) = A(BC)A(AB) = wrse 0 pe 0 0 0 10
0 0 0 1 0 0 0 1
YBcYAB  VYBcYaB uYBc O Yac  vyac uwypc O
_ vYAB VAB 0 0 UYAB  VAB 0 0
uypcYaB uVYpcyap Ve 0 uyac uvyac Ypc 0O
0 0 0 1 0 0 0 1
e. We must show that L(AC) = A(AC)R.
A(AC)R =
Yac YABY YacU 0 1 0 0
2 2
YaBv YABYACUV YaB + VBC uvyac
v 1+ 0 0 —
_| (ac 1) (ac + 1) T+yac 1470
YABYACUV Yact’ o Wrac Jap t+BC
actt (vac + 1) (vac +1) 1+74c 1+74c
0 0 0 1 0 0 0

10




Part of the matrix product can easily be performed:

A(AC)R =
YAC X X 0 1 0 0 0 YAC X X 0
yapv X X 0 0 X X 0 yapv X X 0
Yacu X X 0 0 X X 0 Yacu X X 0
0 0 0 1 0O 0 0 1 0 0 0 1
The nontrivial part of the matrix product is then given by
A(AC)R =
Yac YABY Yacu 0 1 0 0
2 2
YaBv YABYACUV YAB + YBC UVYAC
v 1+ 0 0 —
_ TAB (vac +1) (yac + 1) (1+vac) (1+vac)
YABYACUV VAo 0 0 Uvac YAB + VBC
Tact (vac +1) (vac + 1) (1+vac) (1 +7va0)
0 0 0 1 0 0 0
A A o JAB + VBC F yacu uvyac
“ BE (14 yac) 1+ va0)
2 2
YAV YAB + VYBC |, YABYACUU UVYAC
) 1+ +
™ < (vac + 1)) (I+7ac)  (vac+1) (1 +7a0)
yaou JABYACUU VAR +sc | Yiou? UVYAC
T (yac+ 1) (1+740) (vac+1) ) (14 vac)
0 0
uvyac YAB + VBC
Y ABV A 4 Yacu-A T 0
YAB (1 n fYAC) YAC (1 i fVAC)
Yipv? UvYAC | VABYACUV YAB + VBC
— 1+ 0
(vac +1)) (1 +74c)  (vac+1) (14+7vac0)
_ YABYACUV uVYAC %240102 YaB + VYBC 0
(yac + 1) (1 4+74c) (vac+1) ) (14 7vac)
0 1

For the remaining arithmetic we use the following relations:

72:71 — 62:72_1 and 3%y =~%—-1
-3 o0&

and, furthermore, Yy4pvpc = Yac, v = Bap and u = Bpc.

11




This leads to the following identities:

Yap + Ve + UWPvaBYEe  VaB + Ve + VaB (Vae — 1) 1 +vaBvVBC
= =YBC—————— = 7BC
L+ vac I +74c I +y4c
Yap + v + V*Y4pYvBc  YaB + Yo + e (Vi — 1) 1+ vaBVBC
= =YAB———— = 74B
I+ vac I +y4c I +7y4c

and

—VagV® +Vig +vapvec 1+ 7vaBVBC

14+ 7vac 14+ 7vac
A(AC)R =
YAB + VBC + UQ'YAB'Y%%C
v
YAC YAB 1+ 740
YaB + VBC Yipv? 2 2
v + +u
_ YAB T+ vac (’YAC T 1)2 (’VAB YBC ’VAB’VBC)
2
UVYABYBC . UUYABYBC 9 9
U + +u
YAC 1+ vac ('YAC ¥ 1)2 (“YAB YBC “YAB“YBc)
0 0
u —Va5V° + Vi + YaBYBC 0
TBe I +7vac
UVYABYBC Yacuv 9 9 9
- —v + + 0
T+ vac T Tac 717 UV Yas +%as + 748750)
YAB + VBC + UQ’VAB’V%C 0
I +7vac
0 1
Yac VYABYBC uYBC 0
gy TABTEC T VYA EYBC  UWUYABYBC — UWUYABYBC 0
_ b L+ vac I +74c
WVUYABYBC + WA B
0
YAcU 1+ a0 YBC
0 0 0 1
Yac  vyaBYBc uwypc O
YABU YAB 0 0
- — L(AC)
Yacu uvyapYpc Yo O
0 0 0 1

12



This completes the proof that L(AC) = A(AC)R.

f. Hence,
1 0 0
YAB +7YBC  YABYBCUU
R— 1+ ~vaBVBC 1+ vaBvBC
YABYBCUV YAB + YBC
L+vapyc 1 +7aB7BC
0 0 0

1

0 0
cos(a)  sin(«)
—sin(a) cos(a)

0 0

This represents a pure rotation around the z-axis. The rotation angle « is given by

YAB + VBC . YABYBCUV
cos() = —  and sin(a) = —————
L +yaBvBC 1 +yap7VBC
We verify
1
cos® (@) +sin’*(a) = 5 {(’YAB +7p0)” + 7%37)290“2“2} =
(1 +~aB78C)
1 2 2 2 2 29
= i 7 {WAB + B + 2vaBVBC + VapYBCU Y }
YABYBC
[t (s =1) (e =)}
= Yas + VB + 2vavBe + (Vap — 1) (VBe — 1
(1 +y4578c)”
1 2 2
= it 7 {2%13730 +YaBYBc T 1} =1
YABYBC
g.
1 1
Yap = — =125 and g =——=1.67 .
V1—0? V1—u?
Hence,
YAB + VYBC i YABYBCUV
cos(a) = —— = 0.945 and sin(a) = ——— = —0.324
1 +vaBVBC 1 +vap7VBC
a = —18.9°

13



Exercicio 2

The non-zero elements of the affine connection are given by

Fﬁ = —sin(?) cos(¥) and r° =r° :COS(ﬁ)

pp dp ¢9  sin(v)

Hence, the geodesic equations are

d*v

d* cos(V) dd dy
ds?

sin(d) ds ds

e\ @
— sin(¥) cos(¥) <d—f> = 0 and d—sf + 2

One possible strategy of solving the geodesic equations is to express one of the coordinates as a
function of the other along the geodesic curve, for example let

In order to simplify the formulas to come, we define

i
i

':le—g and ¢" =

in which notation we obtain for the derivatives of ¢ with respect to the proper length parameter
s, the expressions:

- q L2 _2v av
ds ds voan ds? ds? 14 ds

dp v, 2o 20 <d19>2 o

and hence for the geodesic equations

a2 )\’
gl sin(1)) cos(1?) (E go) = 0 and

9 AN cos(¥) (dv\?
- - 2 — =
Z¥ T <ds> o sin(d) \ ds 7
When we substitue moreover the first of the geodesic equations into the second, then we find the
differential equation

(Y [+ sy @ + 220 1 g

General solutions of the geodesic equations are found from the second piece of this equation, i.e.

cos(v)

r_
sin(v) =0

¢" + sin(9) cos(¥) (¢')° + 2

In order to show that

cos(1)
sin(v)

acos(p) + bsin(p) = —c

14



is solution to this equation, we determine the first and second order derivatives of the above
equation with respect to ¥:

¢’ {—a sin(p) + b cos(p)} = smgw)
and
¢" {~asin(p) + b cos(p)} — (¢) {a cos(p) + b sin(p)} = —2c ;ii<(i>)

By multiplying the second equation with ¢’ and by substitution of relation asin(¢) cos(¢) +
bsin(9) sin(p) + ccos(¥) = 0 and the first equation in the resulting expression, we obtain

3 cos(1)

" C + (SO/) c

, cos(V)
2
sin?(¥) Tape

sin(1) sin® (1)

¥

which, for sin(¢) # 0, is completely equivalent to the geodesic equation

cos(1)
sin(v) ©

¢ + sin(¥) cos(9) (¢)° + 2 =0

15



Exercicio 3

a. It is given that

Hence, (dr>2_ 1 (_E_TQ <£>2+ 1 )
dp) A(lr) (%)2 r? A(r) )
<d_S0>2 _ A%T) (7’%2)2 _ 1 ! .

Taking the square root on both sides gives the desired result.

b. When r(y) is maximum (aphelion ) or minimum (perihelion r_), then the first order deriva-
tive dr/dy vanishes. As a consequence

GRS SN CRNDRNY I B S DU 1
P R A Y R 2R A A
11
, A(ro)  A(ry)
— (=
1 1
2o
1 1
s r3—r?
02 11 TQTi_T%ri
A(ro)  A(ry)  A(ro)  A(ry)
and
1 . 1
p__ L e 1 1AF) Al
AL 2 Al ? 11
rr o2
2 2 2
1 ey 1 1 1 2 2} _ _ T} r
A <1 ﬁ) A TAG) AT (2 =2 A T A
_ _ _
re
1—E r2 —r?
i B r?
A(ry)  A(ro)
r2 —r?

16



Hence,

1 E 1 ri —r? _A(;;)_A(;,) r3 —r?
CA(ry 02 Alr) rire2 it 22 2 riri ot}
A6y " AT R (8 R XY
B a0 =) = a0 A
Azrj) B Azri)
12 (A7) = A7 (1)) = 12 (A7) — A7 (r)
P22 (A7 () = A7V (1)
c. We develop further the full expression under the square root:
rL(ATHr) = AT () =2 (AT ) = AT ()
A(r) { - T} -
rir? (A7 (o) — A7 (ry)
= ADAT () =2 (1= ADAT ()
1202 (A () = A (1) "
ri(A(ry) A(ro) = A(r)A(r-)) —r2 (A(ry) A(ro) — A(r)A(ry)) A(r)
2 (A(r) — A(r) g
A ) Aro) (iR =r2) = A(r) (FA (o) =12 A(ry)) A()
2MGrir_ (ry —r-) r
A(r) A(ro) (r2 = r2) = A(r) (r2 = 12) + 2MGA(r) (ﬁ—i - %) A()

2MGryr_ (ry —r-)

r_ Ty

2,2 7,.2 7,%
{‘2MG (75 +70) + 35 + 2]\74(;} (2 —12) + 2MGA(r) <_+ - _>

2MGryr_ (ry —r-)

A BIE L )i (B )

ror_(rp—r_)

17



ror_ rir? r

_{_(i+i>+2MG 1}7’++T+A(r)ri+r+r_+r3 A(r)

+ - 2
Ty T_ rar_ r

e+ \Y et i 4ryro+r2 1
B + + 2.2
T rir? r

rer_

_ _ _ 1
+2MG{”2+; S et +—3}
rir? rrir? r
P S| r3(ry +r_) —r? (Ti +rore + 7“3) +rir?
= e Yo Tt AMe e
+T- +7— +T-

_ —r2 b rrrro —rere _QMG{(T(T++T)—l—mr)(hr—'r)(r—r)}

r2ror_ ririr?

(re—7) (r—1-) _QMG{w (re+72) 414 (re = 1) <r—r_>}

T2T+T‘_ 7‘37‘3_7“%

(=) (r—r) {1_2MG(T(T++T_)+T+T_)}

2o rTTLT_

:(r+—r)(7’—r){1_2MG<7’++7’+1>}

r2ror_ ror_ r
d. For

Ty +r_
rar_

2M
‘QMG ‘<<1 and ’—’<<1
r

we may approximate this result by

18



and the inverse of the square root by

1

TA) AT ) - A -AT)
a0 et =]
rir? (A7 (ro) — A7 (ry)) "

{1 + MG } (1+ MG

\/(T—T—) (ry —r)

rr— ryr

~
~

e. So, we are left with the integral

N (GBI

TT_ LT

90%{1+MG—T++T}/CZT (1+MTG)

ryer_

With the substitution

r(ry +r_)—2ryr_ 9 _
sin(a) = = == T p =T sin(«)
r rer rer
r(ry—r_) +7- +7-

we obtain for the integrand
(e 89
ST

rr— ryr

2ryr_ 2r r_
1 _retre ro—ry ry+ro T —ry 1
\/(r_ 2r4r_ 2r r_ Sln(a)) ( 2 + DT sin(«) r+)

2ror_ + MG (ry +r_ + (r— —ry)sin(a))

1+ MG (TJF RS S sin(a))

\/(2r+ —ry —r_ —(r_ —ry)sin(a)) (ro +7r— + (r— —ry)sin(a) — 2r_)

2ror_ + MG (rp +r_ + (r— —ry)sin(a))

SO = = = raysm(@) (s — 7+ (r_ — 75 sin(a))
2o+ MG (ry + -+ (ro —ry)sin(a))
(ry —r-) /(1 +sin(a)) (1 — sin(a))

2ryr_ + MG (ry +7r— + (r— —ry)sin(a))

(ry —r_)cos(a)

19



and, furthermore,
r_ —Ty

2
——2dT =
r ror_

So, we are left with the integral

2ror_ + MG (ro+r_+ (r_ —ry)sin(«
@%{1+MGT++T_}/da + (74 ( +) ())

T 2

2rar_ + MG (ro +r_ r_ —7r
@%{1+MGT++T} i s )a—MG +cos(oz)
T4Tr— 2ryr_ 2ryr_

For r = r; (aphelion) one has
ro(ry+ro)—2ror_

sin(a(r =ry)) = =1 <= a=35m, cos(a) =0,
re(re —ro)

whereas, for r = r_ (perihelion) one has

r_(ry+r_)—2ryr_
sin(a(r=r_)) = ) =—-1 < a=—-571, cos(a)=0 .

Hence, ¢ sweeps from perihelion to aphelion an angle given by

¢~{1+Maﬂ}/”ﬁ (+4¢)
T+7— 1 \/(r—r_)(r+—r)
T T

r++r_}{2T+T+MG(T++T) }
s

2ryr_

re+r_ e+ r_
z{1+MGT++T} et ﬂzﬂ+%7rMGg .
- 2ryr_ LT

g. We may conclude that the orbit is NOT a perfect ellipse, since the angle from perihelion to
aphelion is different from 7.

20



Exercicio 4

The metric is given by

gy =1+2% and gz.jzéi-(—l—l—Qq)) :

for¢,7 =1, 2 and 3.
There are no time derivatives for the elements of the metric.

2(1372’ and g»j’k:25ijq>’k s

Jtt,i ~ i

fori,j,k =1, 2 and 3.
Hence the non-zero Christoffel symbols, defined by

_1 _
F[LO[B N 2{9”0[’6 * gﬂﬁ,a gaﬁnu} ’

are the following:

I =T =-I =@ ; d I =0::P 1. 4+06.2P —0,.D
tti tit it o0 M e T 00T R T ORT, G T %k
for¢,7 =1, 2 and 3.
The inverse metric is given by
tt 1 1 ij 5t
I 7142 MY T 1199
For the connection we find then
t t tt P, i ij ;
F.:F.:gF = , 2 ’ F :g]F, _ , 0
ok tti 149 it gt 1-20
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_ 1 i . il
- (5jq>7,€+5kq>’j 51,6 @76)

This gives for the geodesic equations, defined by

d>uM du® duﬁ F/L

0 =
ds? + ds ds ~af

the following results:

Pt dtddt b 2t dtdat P

0 — —1I. = —
d32+ ds ds 1t d32+ ds ds 142

2t dt dt i dad doF i

0="g+o oL +5--T =
d52+ds ds tt ds ds Jk
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2ot dt dt i dad deb 1 - - 0
==+ 5h 4 LD — .5"@):
ds2+ds dsl_gq)+ds ds —1+2(I>(J ke TOkP G T Ok 4

Pat v dt Pao 1 fdetddd o dE di
ds> ds ds1_op —1+2P ds ds +J ds ds !

Now, since the particle moves slowly, we may assume that

di| _|dt
ds ds|
which gives us the following equations
&t Lot dedt P
0~ - and 0%—$2+—— '
ds ds ds ds1 — 9

The first equation allows to choose t = s and dt/ds = 1.
Since, moreover, the field is weak, we may assume

1-20~1 |,

which gives us the equation
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