
RELATIVIDADE GERAL 2011-2012

Exame, 2 de Julho de 2012, 9h30 - 12h30

1. Considere três referenciais A, B e C, cujas coordenadas são dadas por respectivamente
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.

O referencial A está em movimento relativamente ao referencial B com velocidade con-
stante ~β(AB) = (v , 0 , 0), enquanto o referencial B está em movimento relativamente ao

referencial C com velocidade constante ~β(BC) = (0 , u , 0).
A transformação entre as coordenadas dos referenciais A e B é dado pelo ”boost ” Λ(AB):
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Λ(AB)00 Λ(AB)01 Λ(AB)02 Λ(AB)03

Λ(AB)10 Λ(AB)11 Λ(AB)12 Λ(AB)13

Λ(AB)20 Λ(AB)21 Λ(AB)22 Λ(AB)23

Λ(AB)30 Λ(AB)31 Λ(AB)32 Λ(AB)33











































t(A)

x
(A)
1

x
(A)
2

x
(A)
3























(1)

onde

Λ(AB)00 = γAB =
1

√

1− ~β(AB) · ~β(AB)
, Λ(AB)0i = Λ(AB)i 0 = γABβ

(AB)
i

e Λ(AB)i j = δij +
β
(AB)
i β

(AB)
j

~β(AB) · ~β(AB)
(γAB − 1) ,

para i, j = 1, 2, 3.
A transformação Λ(BC) entre as coordenadas dos referenciais B e C obtem-se pela sub-
stituição de A por B e B por C na Equação (1).
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a. Mostre que os ”boosts ” Λ(AB) e Λ(BC) são dados por respectivamente

Λ(AB) =





















γAB vγAB 0 0

vγAB γAB 0 0

0 0 1 0

0 0 0 1





















e Λ(BC) =





















γBC 0 uγBC 0

0 1 0 0

uγBC 0 γBC 0

0 0 0 1





















,

com γAB = 1/
√
1− v2 e γBC = 1/

√
1− u2.

b. Demonstre que a velocidade ~β(AC) do referencial A relativamente ao referencial C é tal
que

γAC =
1

√

1− ~β(AC) · ~β(AC)
= γBCγAB .

c. Demonstre que um ”boost ” com velocidade ~β(AC) é dado por

Λ(AC) =



























γAC vγAB uγAC 0

vγAB 1 +
v2γ2

AB

(γAC + 1)
uvγABγAC

(γAC + 1)
0

uγAC

uvγABγAC

(γAC + 1)
1 +

u2γ2
AC

(γAC + 1)
0

0 0 0 1



























.

d. Demonstre que a transformação entre as coordenadas dos referenciais A e C é dada pela
”transformação de Lorentz ” L(AC), representada por
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= Λ(BC)
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= Λ(BC)Λ(AB)























t(A)

x
(A)
1

x
(A)
2

x
(A)
3























= L(AC)
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,

com

L(AC) =











γAC vγAC uγBC 0
vγAB γAB 0 0
uγAC uvγAC γBC 0
0 0 0 1











.
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e. Demonstre que L(AC) = Λ(BC)Λ(AB) = Λ(AC)R, onde R represente uma rotação
espacial, dada por

R =

























1 0 0 0

0
γAB + γBC

1 + γABγBC
− uvγABγBC

1 + γABγBC
0

0
uvγABγBC

1 + γABγBC

γAB + γBC

1 + γABγBC
0

0 0 0 1

























.

f. Determine
(

γAB + γBC

1 + γABγBC

)2

+

(

uvγABγBC

1 + γABγBC

)2

e o eixo e o ângulo α da rotação.

g. Para o caso v = 0.6c e u = 0.8c determine α.

2. Para um espaço bidimensional (coordenadas ϑ∈ [0, π), ϕ∈ [0, 2π)), cuja métrica é dada
por

ds2 = R2dϑ2 + R2 sin2(ϑ)dϕ2 ,

mostre que geodésicas são dadas por (a, b e c constantes arbitrárias)

a sin(ϑ) cos(ϕ) + b sin(ϑ) sin(ϕ) + c cos(ϑ) = 0 .

3. Considere um campo grav́ıtico no espaço-tempo de uma distribuição esférica simétrica de
massa M , dada por (Schwarzschild, 1916)

ds2 = A(r) dt2 − dr2

A(r)
− r2

{

dϑ2 + sin2(ϑ) dϕ2
}

, (2)

com A(r) = 1− 2MG
r .

Se r é parametrizado por ϕ, obtém-se da equação geodésica no plano ϑ = π/2 para r(ϕ)
a expressão:

d

dϕ







1

A(r)

(

ℓ

r2

)2 (
dr

dϕ

)2

+ r2
(

ℓ

r2

)2

− 1

A(r)







= 0

e, portanto, uma constante de movimento, designada por E e dada por

E = − 1

A(r)

(

ℓ

r2

)2 (
dr

dϕ

)2

− r2
(

ℓ

r2

)2

+
1

A(r)
.
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a. Mostre que ϕ pode ser dado por

ϕ =
∫

dr

r2

√

√

√

√

√

√

√

√

1

A(r)

{

1

ℓ2A(r)
− E

ℓ2
− 1

r2

}

.

b. Demonstre que para uma órbita de um planeta ligado ao sol nos periélios e nos afélios,
onde r alcança as distâncias do sol respectivamente minimas r− e máximas r+, o valor do
constante de movimento E é dado por

E =
1

A (r±)
− ℓ2

r2
±

e mostre que

ϕ =
∫

dr

r2
1

√

√

√

√

√A(r)







r2+ (A−1(r)− A−1 (r+))− r2
−
(A−1(r)− A−1 (r−))

r2+r
2
−
(A−1 (r−)− A−1 (r+))

− 1
r2







.

c. Demonstre que

A(r)











r2+ (A−1(r)− A−1 (r+))− r2
−
(A−1(r)− A−1 (r−))

r2+r
2
−
(A−1 (r−)− A−1 (r+))

− 1

r2











=

=
(r+ − r) (r − r−)

r2r+r−

{

1− 2MG

(

r+ + r−
r+r−

+
1

r

)}

.

d. Demonstre que para

∣

∣

∣

∣

∣

2MG
r+ + r−
r+r−

∣

∣

∣

∣

∣

≪ 1 and
∣

∣

∣

∣

2MG

r

∣

∣

∣

∣

≪ 1

podemos utilizar a seguinte aproximação:

1
√

√

√

√

√A(r)







r2+ (A−1(r)− A−1 (r+))− r2
−
(A−1(r)− A−1 (r−))

r2+r
2
−
(A−1 (r−)− A−1 (r+))

− 1
r2







≈

≈

{

1 +MG
r+ + r−
r+r−

}

(

1 + MG
r

)

√

(r − r−) (r+ − r)
r2r−r+

.
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e. Demonstre que, com a definição

sin(α) =
r (r+ + r−)− 2r+r−

r (r+ − r−)
⇐⇒ 2

r
=

r+ + r−
r+r−

+
r− − r+
r+r−

sin(α) ,

obtem-se

ϕ ≈
{

1 +MG
r+ + r−
r+r−

}

∫

dα
2r+r− +MG (r+ + r− + (r− − r+) sin(α))

2r+r−
.

f. Demonstre que

ϕ (r+)− ϕ (r−) ≈ π

{

1 +MG
r+ + r−
r+r−

}







1 +MG
(r+ + r−)

2r+r−







.

g. Que pode concluir sobre a órbita do planeta em causa?

4. Considere um campo grav́ıtico fraco e estático no espaço-tempo dada por

ds2 = [1 + 2Φ (~x )] dt2 − [1− 2Φ (~x )] d~x 2 .

Para objectos com velocidades muitas inferiores à velocidade de luz mostre que

d2 ~x

dt2
= −▽ Φ (~x ) .
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Solutions
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Exerćıcio 1

a.

Λ(AB)00 = γAB =
1

√

1− ~β(AB) · ~β(AB)
=

1√
1− v2

,

Λ(AB)0i = Λ(AB)i 0 = γABβ
(AB)
i =







γABv for i = 1

0 for i = 2 , 3

and Λ(AB)i j = δij +
β
(AB)
i β

(AB)
j

~β(AB) · ~β(AB)
(γAB − 1) .

Now, ~β(AB) · ~β(AB) = v2 and

β
(AB)
i β

(AB)
j =







v2 for i = j = 1

0 for i 6= 1 , or j 6= 1 .

Hence,
β
(AB)
i β

(AB)
j

~β(AB) · ~β(AB)
(γAB − 1) = δij + δi1δj1(γAB − 1).

Consequently,

Λ(AB)i j = δij + δi1δj1(γAB − 1) =























1 + (γAB − 1) = γAB for i = j = 1

1 for i = j = 2 , or i = j = 3

0 for i 6= j .

Conclusion:

Λ(AB)i j =







γAB 0 0
0 1 0
0 0 1





 .

Hence,

Λ(AB) =











γAB vγAB 0 0
vγAB γAB 0 0
0 0 1 0
0 0 0 1











.

Similarly,

Λ(BC)00 = γBC =
1

√

1− ~β(BC) · ~β(BC)
=

1√
1− u2

,

Λ(BC)0i = Λ(BC)i 0 = γBCβ
(BC)
i =







γBCu for i = 2

0 for i = 1 and 3

and Λ(BC)i j = δij +
β
(BC)
i β

(BC)
j

~β(BC) · ~β(BC)
(γBC − 1) = δij + δi2δj2(γBC − 1) =







1 0 0
0 γBC 0
0 0 1





 .

7



Hence,

Λ(BC) =











γBC 0 uγBC 0
0 1 0 0

uγBC 0 γBC 0
0 0 0 1











.

b. First, we need to know ~β(AC). From the coordinate transformation
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we deduce
t(C) = γBCt

(B) + uγBCx
(B)
2
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.

Hence,

dt(C)

dt(B)
= γBC + uγBC

dx
(B)
2

dt(B)

and
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dt(B)



























=

























dx
(B)
1
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uγBC + γBC

dx
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2

dt(B)

dx
(B)
3

dt(B)

























.

We then deduce for the transformation of velocities from reference system B to reference system
C, the following.



























dx
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1

dt(C)

dx
(C)
2

dt(C)

dx
(C)
3

dt(C)



























=



























dx
(C)
1

dt(B)

dt(B)

dt(C)

dx
(C)
2

dt(B)

dt(B)

dt(C)

dx
(C)
3

dt(B)

dt(B)

dt(C)



























=
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1

dt(B)

dx
(C)
2

dt(B)

dx
(C)
3

dt(B)



























1

dt(C)

dt(B)

=

























dx
(B)
1

dt(B)

uγBC + γBC

dx
(B)
2

dt(B)

dx
(B)
3

dt(B)

























1

γBC + uγBC
dx

(B)
2

dt(B)

.
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Now, the moving reference system A has in B the velocity given by



























dx
(A inB)
1

dt(B)

dx
(A inB)
2

dt(B)

dx
(A inB)
3

dt(B)



























= ~β(AB) =













v

0

0













.

Hence,

~β(AC) =



























dx
(A inC)
1

dt(B)

dx
(A inC)
2

dt(B)

dx
(A inC)
3

dt(B)



























=













v
γBC

u

0













=













v
√
1− u2

u

0













.

From this result, we may also conclude

γAC =
1

√

1− ~β(AC) · ~β(AC)
=

1
√

1− v2 (1− u2)− u2
=

1
√
1− u2

1
√
1− v2

= γBCγAB .

c. The boost Λ(AC) from reference system A to reference system C is fully determined by ~β(AC)

and γAC , as follows:
Λ(AC)00 = γAC = γBCγAB ,

Λ(AC)0i = Λ(AC)i 0 = γACβ
(AC)
i =























γAC
v

γBC
= γABv for i = 1

γACu for i = 2

0 for i = 3

and Λ(AC)i j = δij +
β
(AC)
i β

(AC)
j

~β(AC) · ~β(AC)
(γAC − 1) = δij + γ2

AC

β
(AC)
i β

(AC)
j

(γAC + 1)
=

= δij +
γ2
AC

(γAC + 1)







δi1δj1
v2

γ2
BC

+ δi1δj2
uv

γBC

+ δi2δj1
uv

γBC

+ δi2δj2u
2







=



















1 +
γ2
ACv

2

γ2
BC(γAC + 1)

γ2
ACuv

γBC(γAC + 1)
0

γ2
ACuv

γBC(γAC + 1)
1 +

γ2
ACu

2

(γAC + 1)
0

0 0 1



















.
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Hence, also using γAC = γBCγAB,

Λ(AC) =



























γBCγAB γABv γACu 0

γABv 1 +
γ2
ABv

2

(γAC + 1)
γABγACuv
(γAC + 1)

0

γACu
γABγACuv
(γAC + 1)

1 +
γ2
ACu

2

(γAC + 1)
0

0 0 0 1



























.

d. The coordinate transformation from A to C is given by























t(C)

x
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1

x
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2

x
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= Λ(BC)
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x
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= Λ(BC)Λ(AB)























t(A)

x
(A)
1

x
(A)
2

x
(A)
3























=

=











γBC 0 uγBC 0
0 1 0 0

uγBC 0 γBC 0
0 0 0 1





















γAB vγAB 0 0
vγAB γAB 0 0
0 0 1 0
0 0 0 1

































t(A)

x
(A)
1

x
(A)
2

x
(A)
3























.

Hence,

L(AC) = Λ(BC)Λ(AB) =











γBC 0 uγBC 0
0 1 0 0

uγBC 0 γBC 0
0 0 0 1





















γAB vγAB 0 0
vγAB γAB 0 0
0 0 1 0
0 0 0 1











=











γBCγAB vγBCγAB uγBC 0
vγAB γAB 0 0

uγBCγAB uvγBCγAB γBC 0
0 0 0 1











=











γAC vγAC uγBC 0
vγAB γAB 0 0
uγAC uvγAC γBC 0
0 0 0 1











.

e. We must show that L(AC) = Λ(AC)R.

Λ(AC)R =

=



























γAC γABv γACu 0

γABv 1 +
γ2
ABv

2

(γAC + 1)
γABγACuv
(γAC + 1)

0

γACu
γABγACuv
(γAC + 1)

1 +
γ2
ACu

2

(γAC + 1)
0

0 0 0 1



















































1 0 0 0

0
γAB + γBC

1 + γAC
− uvγAC

1 + γAC
0

0
uvγAC

1 + γAC

γAB + γBC

1 + γAC
0

0 0 0 1

























.
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Part of the matrix product can easily be performed:

Λ(AC)R =

=





















γAC X X 0

γABv X X 0

γACu X X 0

0 0 0 1









































1 0 0 0

0 X X 0

0 X X 0

0 0 0 1





















=





















γAC X X 0

γABv X X 0

γACu X X 0

0 0 0 1





















.

The nontrivial part of the matrix product is then given by

Λ(AC)R =

=



























γAC γABv γACu 0

γABv 1 +
γ2
ABv

2

(γAC + 1)
γABγACuv
(γAC + 1)

0

γACu
γABγACuv
(γAC + 1)

1 +
γ2
ACu

2

(γAC + 1)
0

0 0 0 1



















































1 0 0 0

0
γAB + γBC

(1 + γAC)
− uvγAC

(1 + γAC)
0

0
uvγAC

(1 + γAC)
γAB + γBC

(1 + γAC)
0

0 0 0 1

























=

































γAC γABv
γAB + γBC

(1 + γAC)
+ γACu

uvγAC

(1 + γAC)

γABv

(

1 +
γ2
ABv

2

(γAC + 1)

)

γAB + γBC

(1 + γAC)
+

γABγACuv
(γAC + 1)

uvγAC

(1 + γAC)

γACu
γABγACuv
(γAC + 1)

γAB + γBC

(1 + γAC)
+

(

1 +
γ2
ACu

2

(γAC + 1)

)

uvγAC

(1 + γAC)

0 0

−γABv
uvγAC

(1 + γAC)
+ γACu

γAB + γBC

(1 + γAC)
0

−
(

1 +
γ2
ABv

2

(γAC + 1)

)

uvγAC

(1 + γAC)
+

γABγACuv
(γAC + 1)

γAB + γBC

(1 + γAC)
0

−γABγACuv
(γAC + 1)

uvγAC

(1 + γAC)
+

(

1 +
γ2
ACu

2

(γAC + 1)

)

γAB + γBC

(1 + γAC)
0

0 1

































.

For the remaining arithmetic we use the following relations:

γ2 =
1√

1− β2
⇐⇒ β2 =

γ2 − 1

γ2 and β2γ2 = γ2 − 1

and, furthermore, γABγBC = γAC , v = βAB and u = βBC .
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This leads to the following identities:

γAB + γBC + u2γABγ
2
BC

1 + γAC

=
γAB + γBC + γAB (γ2

BC − 1)

1 + γAC

= γBC

1 + γABγBC

1 + γAC

= γBC ,

γAB + γBC + v2γ2
ABγBC

1 + γAC

=
γAB + γBC + γBC (γ2

AB − 1)

1 + γAC

= γAB

1 + γABγBC

1 + γAC

= γAB

and

−γ2
ABv

2 + γ2
AB + γABγBC

1 + γAC

=
1 + γABγBC

1 + γAC

= 1 .

Λ(AC)R =

=

































γAC γABv
γAB + γBC + u2γABγ

2
BC

1 + γAC

γABv
γAB + γBC

1 + γAC
+

γ2
ABv

2

(γAC + 1)2
(γAB + γBC + u2γABγ

2
BC)

γACu
uvγABγBC

1 + γAC
+

uvγ2
ABγBC

(γAC + 1)2
(γAB + γBC + u2γABγ

2
BC)

0 0

γBCu
−γ2

ABv
2 + γ2

AB + γABγBC

1 + γAC
0

−uvγABγBC

1 + γAC
+

γACuv
(γAC + 1)2

(−v2γ2
AB + γ2

AB + γABγBC) 0

γAB + γBC + u2γABγ
2
BC

1 + γAC
0

0 1

































=



























γAC vγABγBC uγBC 0

γABv
γAB + γBC + v2γ2

ABγBC

1 + γAC

uvγABγBC − uvγABγBC

1 + γAC
0

γACu
uvγABγBC + uvγ2

ABγ
2
BC

1 + γAC
γBC 0

0 0 0 1



























=





















γAC vγABγBC uγBC 0

γABv γAB 0 0

γACu uvγABγBC γBC 0

0 0 0 1





















= L(AC) .
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This completes the proof that L(AC) = Λ(AC)R.
f. Hence,

R =

























1 0 0 0

0
γAB + γBC

1 + γABγBC
− γABγBCuv
1 + γABγBC

0

0
γABγBCuv
1 + γABγBC

γAB + γBC

1 + γABγBC
0

0 0 0 1

























=





















1 0 0 0

0 cos(α) sin(α) 0

0 − sin(α) cos(α) 0

0 0 0 1





















.

This represents a pure rotation around the z-axis. The rotation angle α is given by

cos(α) =
γAB + γBC

1 + γABγBC

and sin(α) = −
γABγBCuv

1 + γABγBC

.

We verify

cos2(α) + sin2(α) =
1

(1 + γABγBC)
2

{

(γAB + γBC)
2 + γ2

ABγ
2
BCu

2v2
}

=

=
1

(1 + γABγBC)
2

{

γ2
AB + γ2

BC + 2γABγBC + γ2
ABγ

2
BCu

2v2
}

=
1

(1 + γABγBC)
2

{

γ2
AB + γ2

BC + 2γABγBC +
(

γ2
AB − 1

) (

γ2
BC − 1

)}

=
1

(1 + γABγBC)
2

{

2γABγBC + γ2
ABγ

2
BC + 1

}

= 1 .

g.

γAB =
1

√
1− v2

= 1.25 and γBC =
1

√
1− u2

= 1.67 .

Hence,

cos(α) =
γAB + γBC

1 + γABγBC

= 0.945 and sin(α) = −
γABγBCuv

1 + γABγBC

= −0.324 .

α = −18.9◦.
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Exerćıcio 2

The non-zero elements of the affine connection are given by

Γ
ϑ

ϕϕ
= − sin(ϑ) cos(ϑ) and Γ

ϕ

ϑϕ
= Γ

ϕ

ϕϑ
=

cos(ϑ)

sin(ϑ)
.

Hence, the geodesic equations are

d2ϑ

ds2
− sin(ϑ) cos(ϑ)

(

dϕ

ds

)2

= 0 and
d2ϕ

ds2
+ 2

cos(ϑ)

sin(ϑ)

dϑ

ds

dϕ

ds
= 0 .

One possible strategy of solving the geodesic equations is to express one of the coordinates as a
function of the other along the geodesic curve, for example let

ϕ(s) = ϕ(ϑ(s)) .

In order to simplify the formulas to come, we define

ϕ′ =
dϕ

dϑ
and ϕ′′ =

d2ϕ

dϑ2 ,

in which notation we obtain for the derivatives of ϕ with respect to the proper length parameter
s, the expressions:

dϕ

ds
=

dϑ

ds
ϕ′ and

d2ϕ

ds2
=

d2ϑ

ds2
ϕ′ +

(

dϑ

ds

)2

ϕ′′ ,

and hence for the geodesic equations

d2ϑ

ds2
− sin(ϑ) cos(ϑ)

(

dϑ

ds
ϕ′

)2

= 0 and

d2ϑ

ds2
ϕ′ +

(

dϑ

ds

)2

ϕ′′ + 2
cos(ϑ)

sin(ϑ)

(

dϑ

ds

)2

ϕ′ = 0 .

When we substitue moreover the first of the geodesic equations into the second, then we find the
differential equation

(

dϑ

ds

)2 {

ϕ′′ + sin(ϑ) cos(ϑ) (ϕ′)
3
+ 2

cos(ϑ)

sin(ϑ)
ϕ′

}

= 0 .

General solutions of the geodesic equations are found from the second piece of this equation, i.e.

ϕ′′ + sin(ϑ) cos(ϑ) (ϕ′)
3
+ 2

cos(ϑ)

sin(ϑ)
ϕ′ = 0 .

In order to show that

a cos(ϕ) + b sin(ϕ) = −c
cos(ϑ)

sin(ϑ)
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is solution to this equation, we determine the first and second order derivatives of the above
equation with respect to ϑ:

ϕ′ {−a sin(ϕ) + b cos(ϕ)} =
c

sin2(ϑ)

and

ϕ′′ {−a sin(ϕ) + b cos(ϕ)} − (ϕ′)
2 {a cos(ϕ) + b sin(ϕ)} = −2c

cos(ϑ)

sin3(ϑ)

By multiplying the second equation with ϕ′ and by substitution of relation a sin(ϑ) cos(ϕ) +
b sin(ϑ) sin(ϕ) + c cos(ϑ) = 0 and the first equation in the resulting expression, we obtain

ϕ′′
c

sin2(ϑ)
+ (ϕ′)

3
c
cos(ϑ)

sin(ϑ)
+ 2ϕ′ c

cos(ϑ)

sin3(ϑ)
= 0 ,

which, for sin(ϑ) 6= 0, is completely equivalent to the geodesic equation

ϕ′′ + sin(ϑ) cos(ϑ) (ϕ′)
3
+ 2

cos(ϑ)

sin(ϑ)
ϕ′ = 0 .
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Exerćıcio 3

a. It is given that

E = − 1

A(r)

(

ℓ

r2

)2 (
dr

dϕ

)2

− r2
(

ℓ

r2

)2

+
1

A(r)
.

Hence,
(

dr

dϕ

)2

=
1

1
A(r)

(

ℓ
r2

)2



−E − r2
(

ℓ

r2

)2

+
1

A(r)



 ,

or

(

dϕ

dr

)2

=

1
A(r)

(

ℓ
r2

)2

−E − r2
(

ℓ
r2

)2

+ 1
A(r)

=
1

r4

1

A(r)

{

−E
ℓ2

− 1
r2

+
1

ℓ2A(r)

} .

Taking the square root on both sides gives the desired result.

b. When r(ϕ) is maximum (aphelion r+) or minimum (perihelion r−), then the first order deriva-
tive dr/dϕ vanishes. As a consequence

1

A (r−)
− ℓ2

r2
−

= E =
1

A (r+)
− ℓ2

r2+
⇐⇒ ℓ2

{

1

r2
−

− 1

r2+

}

=
1

A (r−)
− 1

A (r+)

⇐⇒ ℓ2 =

1
A (r−)

− 1
A (r+)

1
r2
−

− 1
r2+

1

ℓ2
=

1
r2
−

− 1
r2+

1
A (r−)

− 1
A (r+)

=
r2+ − r2

−

r2
−
r2+

A (r−)
− r2

−
r2+

A (r+)

and

E =
1

A (r−)
− ℓ2

r2
−

=
1

A (r−)
− 1

r2
−

1
A (r−)

− 1
A (r+)

1
r2
−

− 1
r2+

=

=

1
A (r−)

(

1− r2
−

r2+

)

− 1
A (r−)

+ 1
A (r+)

1− r2
−

r2+

=

1
A (r−)

(

r2+ − r2
−

)

− r2+
A (r−)

+
r2+

A (r+)

r2+ − r2
−

=

r2+
A (r+)

− r2
−

A (r−)

r2+ − r2
−

.
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Hence,

1

ℓ2A(r)
− E

ℓ2
=

1

A(r)

r2+ − r2
−

r2
−
r2+

A (r−)
− r2

−
r2+

A (r+)

−

r2+
A (r+)

− r2
−

A (r−)

r2+ − r2
−

r2+ − r2
−

r2
−
r2+

A (r−)
− r2

−
r2+

A (r+)

=

1
A(r)

(

r2+ − r2
−

)

− r2+
A (r+)

+
r2
−

A (r−)

r2
−
r2+

A (r−)
− r2

−
r2+

A (r+)

=

r2+ (A−1(r)− A−1 (r+))− r2
−
(A−1(r)−A−1 (r−))

r2+r
2
−
(A−1 (r−)−A−1 (r+))

c. We develop further the full expression under the square root:

A(r)











r2+ (A−1(r)−A−1 (r+))− r2
−
(A−1(r)− A−1 (r−))

r2+r
2
−
(A−1 (r−)− A−1 (r+))

− 1

r2











=

=

r2+ (1−A(r)A−1 (r+))− r2
−
(1− A(r)A−1 (r−))

r2+r
2
−
(A−1 (r−)− A−1 (r+))

− A(r)

r2

=

r2+ (A (r+)A (r−)−A(r)A (r−))− r2
−
(A (r+)A (r−)− A(r)A (r+))

r2+r
2
−
(A (r+)− A (r−))

− A(r)

r2

=

A (r+)A (r−)
(

r2+ − r2
−

)

−A(r)
(

r2+A (r−)− r2
−
A (r+)

)

2MGr+r− (r+ − r−)

− A(r)

r2

=

A (r+)A (r−)
(

r2+ − r2
−

)

−A(r)
(

r2+ − r2
−

)

+ 2MGA(r)

(

r2+
r− − r2

−

r+

)

2MGr+r− (r+ − r−)

− A(r)

r2

=

{

−2MG
(

1
r+

+ 1
r−

)

+ 4M2G2

r+r−
+ 2MG

r

}

(

r2+ − r2
−

)

+ 2MGA(r)

(

r2+
r−

− r2
−

r+

)

2MGr+r− (r+ − r−)

− A(r)

r2

=

{

−
(

1
r+

+ 1
r−

)

+ 2MG
r+r−

+ 1
r

} (

r2+ − r2
−

)

+ A(r)

(

r3+ − r3
−

r+r−

)

r+r− (r+ − r−)

− A(r)

r2
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=

{

−
(

1

r+
+

1

r−

)

+
2MG

r+r−
+

1

r

}

r+ + r−
r+r−

+ A(r)
r2+ + r+r− + r2

−

r2+r
2
−

− A(r)

r2

= −
(

r+ + r−
r+r−

)2

+
r+ + r−
rr+r−

+
r2+ + r+r− + r2

−

r2+r
2
−

− 1

r2
+

+2MG

{

r+ + r−
r2+r

2
−

− r+ + r+r− + r−
rr2+r

2
−

+
1

r3

}

=
−r+r−
r2+r

2
−

+
r+ + r−
rr+r−

− 1

r2
+ 2MG







r3 (r+ + r−)− r2
(

r2+ + r+r− + r2
−

)

+ r2+r
2
−

r3r2+r
2
−







=
−r2 + rr+ + rr− − r+r−

r2r+r−
− 2MG

{

(r (r+ + r−) + r+r−) (r+ − r) (r − r−)

r3r2+r
2
−

}

=
(r+ − r) (r − r−)

r2r+r−
− 2MG

{

(r (r+ + r−) + r+r−) (r+ − r) (r − r−)

r3r2+r
2
−

}

=
(r+ − r) (r − r−)

r2r+r−

{

1− 2MG
(r (r+ + r−) + r+r−)

rr+r−

}

=
(r+ − r) (r − r−)

r2r+r−

{

1− 2MG

(

r+ + r−
r+r−

+
1

r

)}

.

d. For
∣

∣

∣

∣

∣

2MG
r+ + r−
r+r−

∣

∣

∣

∣

∣

≪ 1 and

∣

∣

∣

∣

2MG

r

∣

∣

∣

∣

≪ 1

we may approximate this result by

A(r)











r2+ (A−1(r)− A−1 (r+))− r2
−
(A−1(r)− A−1 (r−))

r2+r
2
−
(A−1 (r−)− A−1 (r+))

− 1

r2











≈

≈ (r − r−)

rr−

(r+ − r)

r+r

{

1− 2MG
r+ + r−
r+r−

}

(

1− 2MG

r

)

,

the square root by

√

√

√

√

√

√

A(r)











r2+ (A−1(r)−A−1 (r+))− r2
−
(A−1(r)−A−1 (r−))

r2+r
2
−
(A−1 (r−)−A−1 (r+))

− 1

r2











≈
√

√

√

√

(r − r−)

rr−

(r+ − r)

r+r

{

1−MG
r+ + r−
r+r−

}

(

1− MG

r

)
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and the inverse of the square root by

1
√

√

√

√

√A(r)







r2+ (A−1(r)−A−1 (r+))− r2
−
(A−1(r)−A−1 (r−))

r2+r
2
−
(A−1 (r−)−A−1 (r+))

− 1
r2







≈

{

1 +MG
r+ + r−
r+r−

}

(

1 + MG
r

)

√

(r − r−)
rr−

(r+ − r)
r+r

.

e. So, we are left with the integral

ϕ ≈
{

1 +MG
r+ + r−
r+r−

}

∫

dr

r2

(

1 + MG
r

)

√

(r − r−)
rr−

(r+ − r)
r+r

.

With the substitution

sin(α) =
r (r+ + r−)− 2r+r−

r (r+ − r−)
⇐⇒ 2

r
=

r+ + r−
r+r−

+
r− − r+
r+r−

sin(α)

we obtain for the integrand
(

1 + MG
r

)

√

(r − r−)
rr−

(r+ − r)
r+r

=

=
1 +MG

(

r+ + r−
2r+r−

+
r− − r+
2r+r−

sin(α)
)

√

(

1
r− − r+ + r−

2r+r−
− r− − r+

2r+r−
sin(α)

)(

r+ + r−
2r+r−

+
r− − r+
2r+r−

sin(α)− 1
r+

)

=
2r+r− +MG (r+ + r− + (r− − r+) sin(α))

√

(2r+ − r+ − r− − (r− − r+) sin(α)) (r+ + r− + (r− − r+) sin(α)− 2r−)

=
2r+r− +MG (r+ + r− + (r− − r+) sin(α))

√

(r+ − r− − (r− − r+) sin(α)) (r+ − r− + (r− − r+) sin(α))

=
2r+r− +MG (r+ + r− + (r− − r+) sin(α))

(r+ − r−)
√

(1 + sin(α)) (1− sin(α))

=
2r+r− +MG (r+ + r− + (r− − r+) sin(α))

(r+ − r−) cos(α)

.
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and, furthermore,

− 2

r2
dr =

r− − r+
r+r−

cos(α)dα

So, we are left with the integral

ϕ ≈
{

1 +MG
r+ + r−
r+r−

}

∫

dα
2r+r− +MG (r+ + r− + (r− − r+) sin(α))

2r+r−
.

f.

ϕ ≈
{

1 +MG
r+ + r−
r+r−

}







2r+r− +MG (r+ + r−)

2r+r−
α−MG

r− − r+

2r+r−
cos(α)







.

For r = r+ (aphelion) one has

sin(α(r = r+)) =
r+ (r+ + r−)− 2r+r−

r+ (r+ − r−)
= 1 ⇐⇒ α = 1

2
π , cos(α) = 0 ,

whereas, for r = r− (perihelion) one has

sin(α(r = r−)) =
r− (r+ + r−)− 2r+r−

r− (r+ − r−)
= −1 ⇐⇒ α = −1

2
π , cos(α) = 0 .

Hence, ϕ sweeps from perihelion to aphelion an angle given by

ϕ ≈
{

1 +MG
r+ + r−
r+r−

}

∫ r+

r
−

dr

r2

(

1 + MG
r

)

√

(r − r−)
rr−

(r+ − r)
r+r

=

≈
{

1 +MG
r+ + r−
r+r−

}







2r+r− +MG (r+ + r−)

2r+r−
π







≈
{

1 +MG
r+ + r−
r+r−

}







1 +MG
(r+ + r−)

2r+r−







π ≈ π + 3
2
πMG

(r+ + r−)

r+r−
.

g. We may conclude that the orbit is NOT a perfect ellipse, since the angle from perihelion to
aphelion is different from π.
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Exerćıcio 4

The metric is given by

g
tt

= 1 + 2Φ and g
ij

= δij (−1 + 2Φ) ,

for i, j = 1, 2 and 3.
There are no time derivatives for the elements of the metric.

gtt, i = 2Φ, i and gij, k = 2δijΦ, k ,

for i, j, k = 1, 2 and 3.
Hence the non-zero Christoffel symbols, defined by

Γ
µαβ

= 1
2

{

g
µα, β

+ g
µβ, α

− g
αβ, µ

}

,

are the following:

Γ
tti

= Γ
tit

= −Γ
itt

= Φ, i and Γ
ijk

= δijΦ, k + δikΦ, j − δjkΦ, i .

for i, j = 1, 2 and 3.
The inverse metric is given by

g
tt

=
1

1 + 2Φ
and g

ij
=

δij

−1 + 2Φ
.

For the connection we find then

Γ
t

it
= Γ

t

ti
= g

tt
Γ
tti

=
Φ, i

1 + 2Φ
, Γ

i

tt
= g

ij
Γ
jtt

=
Φ, i

1− 2Φ
,

Γ
i

jk
= g

iℓ
Γ
ℓjk

=
δiℓ

−1 + 2Φ

(

δℓjΦ, k + δℓkΦ, j − δjkΦ, ℓ

)

=

=
1

−1 + 2Φ

(

δijΦ, k + δikΦ, j − δjkδ
iℓΦ, ℓ

)

.

This gives for the geodesic equations, defined by

0 =
d2uµ

ds2
+

duα

ds

duβ

ds
Γ
µ

αβ
,

the following results:

0 =
d2t

ds2
+ 2

dt

ds

dxi

ds
Γ
t

it
=

d2t

ds2
+ 2

dt

ds

dxi

ds

Φ, i

1 + 2Φ

0 =
d2xi

ds2
+

dt

ds

dt

ds
Γ
i

tt
+

dxj

ds

dxk

ds
Γ
i

jk
=
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=
d2xi

ds2
+

dt

ds

dt

ds

Φ, i

1− 2Φ
+

dxj

ds

dxk

ds

1

−1 + 2Φ

(

δijΦ, k + δikΦ, j − δjkδ
iℓΦ, ℓ

)

=

=
d2xi

ds2
+

dt

ds

dt

ds

Φ, i

1− 2Φ
+

1

−1 + 2Φ



2
dxi

ds

dxj

ds
Φ, j −

d~x

ds
· d~x
ds

Φ, i



 .

Now, since the particle moves slowly, we may assume that

∣

∣

∣

∣

∣

d~x

ds

∣

∣

∣

∣

∣

≪
∣

∣

∣

∣

∣

dt

ds

∣

∣

∣

∣

∣

,

which gives us the following equations

0 ≈ d2t

ds2
and 0 ≈ d2xi

ds2
+

dt

ds

dt

ds

Φ, i

1− 2Φ
.

The first equation allows to choose t = s and dt/ds = 1.
Since, moreover, the field is weak, we may assume

1− 2Φ ≈ 1 ,

which gives us the equation

0 ≈ d2xi

dt2
+ Φ, i or

d2~x

dt2
≈ −▽ Φ .
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